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Abstract

Real measurementsin high-speed communications networks have recently shown that traffic
may demonstrate properties of long-range dependency peculiar to self-similar stochastic
processes. Measurements have also shown that, with increasing buffer capacity, the
resulting cell loss is not reduced exponentially fast asit is predicted by Markov-model -based
gueueing theory but, in contrast, decreases very slowly. Presenting atheoretical understanding
to those experimental resultsis still a problem. The paper presents mathematical models for
self-similar cell traffic and analyzes the overflow behavior of afinite-size ATM buffer fed by
such atraffic. An asymptotical upper bound to the overflow probability, which decreases

hyperbollically, h—a , with buffer-size-h  is obtained. A lower bound is also described,

which demonstrates the same h™2 asymptotical behavior, thus showing an actual
hyperbolical decay of overflow probability for a self-smilar-traffic model.
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1. INTRODUCTION

Recent traffic measurements in corporate LANs, Variable-bit-rate video, 1SDN control-
channels and other communications systems have indicated traffic behavior of self-similar nature
[Leland 94], [Beran]. With actual traffic measurements, it was shown that the overall cell loss
decreases very slowly with increasing buffer capacity, in sharp contrast to Poisson-based models
where losses decrease exponentially fast with increasing buffer size. The problem is how to get a
theoretical explanation of such empirically observed behavior. An extensive bibliographical guide with
420 references to previously published papers on self-similar traffic and analysis is given in
[Willinger].

In this paper, four models for self-similar cell input traffic are considered. Asymptotical upper
bounds to overflow probability in an ATM buffer queue fed by three types of traffic are presented.
These bounds are expressed in terms of the rate of input traffic, capacity of ATM channel, buffer size,
and the Hurst parameter (the last shows the level of traffic self-similarity). The derived bounds
decrease much slower (hyperbolically) than exponentially with buffer-size growth. For a model with
constant source rate 1 and a channel of capacity 1, we are able to compare the obtained upper bounds
againgt the lower bound presented here and proved by usin{TG].

2. MODELS FOR SELF-SIMILAR TRAFFIC
We introduce here mathematical models of self-similar input cell traffic to an ATM buffer.

2. 1. Self-similar processes. First we recall the definition of a self-similar process. Consider
a second-order stationary real-number stochastic process X = (""X—l’ XO’ Xl’"') of discrete

argument (time) t 1 _ ={...,—10,1...} .Denoteby u= E)(t < oo and 02 =VarXt <o, the

mean and the varience of Xt respectively. Denote by r(k) the autocorrelation function of process X .
2

Themean U , thevarience 0, and the autocorrelation function r (k) do not depend on time t, and
r(k) =r(-k).

Now we give the definitions and some properties of exactly and asymptotically self-similar
processes ( see [Cox], [ST], [Leland 94], [TG]) .

Definition. A process X is called exactly second-order self-similar (e.s.s) with parameter

H =1—§, 0< B<1, if itsautocorrelation function is

(k) :%[(k+1)2_ﬁ 227 P -1 P2 g, koI =(L2..).



The reason the process X with r(k) = g(Kk) iscalled self-similar isthat it does not change its
correlational structure with averaging. It means that the averaged (over blocks of M ) process

(o XU A M) where ><t(m):%(xtm_m+1+...+xtm), mol, tdl_,

has the autocorrlation function 1M (k) suchtha 1M (k) = r(k) = g(k).
H iscalled the Hurst parameter of process X .
Definition. A process X is called asymptotically second-order self-similar (a.s.0.s.s) with

1’

lim (M) = g). 2.1)
m — oo

parameter H =1—§ , 0<B<1, ifforal kI

The above means that X is as.o.s.sif (after averaging over blocks of size m and with
M — o) itscorrelational structure tendsto that of the e.s.s process.
The important property of X , which guaranteesthat X is as.0.s.s with parameter
H :1—E is lim ﬂ:C, where 0<c<o jsaconstant and 0<fB<1 [TG]. It is
k - o k_’B
interesting to notice that this limiting equation gives a definition of long-range dependence (l.r.d)
process (see[Beran] , Sect. 2.1) . It meansal.r.d processis aways an a.s.0.S.S process.

2. 2. Sour ce process. We consider atraffic as a stream of cells. For convenience, we assume
that a cell hasthe length 1 when it is transmitted over the ATM channel. The channel can transmit C
cells at atime unit dot; thetimeinterval [t,t +1) iscaleddot t,tI__ ={...,-1,0,1,..} and

C iscalled the channel capacity. The case of C =1 is considered in Sections 3 and 4; the general

caseof C[J Il isconsidered in Sect. 5.

The discrete-time source process Y =(...,Y,Y.,Y,,...) is arandom process where Y,
represents the number of new cellsarrived at time t, Y I, ={0,1,2,...}. The source process Y

is constructed in the following way.

Let O, (t —w, +1) bearandom sequence over time t , associated with amoment of arrival
w, of source s, tU1__ ,e, Ol_, ,6.() I, . The sources are numbered by S according to their
arivas, w_, 2w, .The B (1) represents the number of cells generated by source S upon its
ariva a w_and 6_(i) givesthe analogous number for the moment whichis i —1 time units later
than @, . The source S generatesits cells within timeinterval of length 7_ 1, ={1,2,3,...} and
the sequence 6_(i) inthisinterval _ <i <, + T_iscaledthe source S active period.

We denote by

—c0 !



Y, =6,() +..+6,(1)) (2.2)
the total number of cells generated by source S during its active period and Y is called the volume of
source S .

Let &, denote the number of new sources arrived at t . We assume in this paper that &, are
independent and Poissonian with parameter A .

It is assumed that the random sequencies (6_(1),...,6.(7.)) arei.i.d. for different S and
they are independent of the sequences ¢, and @, .

The source process Y =(...,Y,Y,,Y,,...) isdefined as
Y, :Zes(t—a)s+1), (2.3)

i.e. Y isasuperposition of source active periods. The Y, isthe total number of cells generated by

al activesourcesattime t .
2. 3. Four models for self-similar traffic. In the next sections, the most detailed results on
buffer overflow probability shall be obtained for self-similar input traffics which are the further

narrowing of the source process Y . We introduce them now. Let us consider the four special cases
of Y.

In the most interesting caseof Y™, 6,(i) = Rwhere R isagiven constant independent of
Sand i , ROI, . TheratesR which are less than 1 can not be interpreted in the framework of
process Y® (the same holdsfor Y and Y@ ), since 8,(i) has a meaning of the number of cells

arrived at i . However, these rates can be interpreted in the framwork of process Y . The process
Y® with R=1was considered in [Cox], while Y™ with arbitrary R, was considered in [LTG]

and [TG].

Inthecaseof Y® , 6.(i) = R(I) given T_ =I andthefunction R(l) is monotonic and not
random (given T_ =1 ). R(I) doesnotdependon sand i, R()Ol , 0l . However, for
the source S without the condition 7_ =1, therate R(T,) isarandom variable.

Inthecaseof Y, (i) = R(l) given 7, =1 where R(l) isarandom variable (even
for given T_=1) and the distribution of R(l) does not depend on sand i , R(I)CI,

According to assumptionsin 2.2, the random variables R (l.) (given 7_ =1_) areindependent for

different S .

Inthe case of Y, O.(1), wg i< g+ T withdifferent s are the segments of i. i. d.

stationary discrete-time processes. The process Y was introduced in [TG] . A condition of
asymptotical self-similarity of Y isgiven by:

Statement 1. If t“Pr{T>t} - c, t > o, 1<a<2(wheecisaconstant, 0<c<o )
and EO < oo, E62 <o , then Y is asymptotically second-order self-similar process with
parameter H =(3-a)/2>0.5



In what follows, we give the conditions for self-similarity of processes Y® |, i=1,2,3, and

thus present finally our remaining three self-similar cell traffic models Y | i=1,23 .
Statement 2. The process Y is asymptotically second-order self-similar (a.s.0.s.5) with
B

parameter H =1_E’ 0< B <1, if asymptoticaly with | — o
Y(l): Pr{r =1}

Y2, RRayp{r=1
YO (ER2()Pr=1)

z
o
—
i)
+
D

(2.4)

OOooOooOoOoO

where ¢ > 0 isaconstant.

For Y® with R=1 , sufficiency of the condition (2. 4) for a.s.0.s.s was given by Cox [Cox].
Statement 2 for the case of process Y™ was givenin [TG].

3. ATM - BUFFER QUEUE TO CHANNEL OF CAPACITY 1:
LOWER BOUND TO OVERFLOW PROBABILITY

In this section, we consider afinite-buffer queueing system with input cell traffic Y(l) having
sources of constant rate R =1 and denoted by Y1. We will obtain the lower bounds to the stationary
buffer-overflow probability, expressedintermsof A >0, Pr{r =n} and h, where h isthe size of
the buffer. The bound decays hyperbollically rather then exponentially fast withincreasing h when
T has Pareto-type distribution and Y1 is self-similar.

Let Y, bethe number of new cellsarrived at t and Z, be the number of cells that werein the
buffer attimet .

Definition. A service discipline d is in class D(h), if it satisfies the following two
conditions: (i) If y, +z >0, then some cell (out of the y, + z total) goes definitely into serviceat t;
(ii)If y,+z <h+1, thennocellsarediscarded attime t . If y, +z >h+1, instead, then exactly
Y, +z —h-1cdlsarediscarded & t .

Theevent { y, +z >h+1} iscalled the buffer overflow at time t. We are interested in the
stationary probability of overflow, P, .

Our result (thedetailsarein [TG]) for the lower bound to P, isexpressed by the following:

Statement 3. The queueing system Y 1/D/1/h with any service discipline from D(h) has the
overflow probability P, lowerbounded by

1 (0]
>——— YPr{t=n 3.1
o 2 (Er s g 22 @
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where Ny —éh E + 2, EK isgivenby
a

Ek=(1-eM)1-1 (3.2)
and a, b aregiven by
1
a=———¢< b=a+1>1.. 3.3
Er + EK a (3.9

We apply the bound (3.1) to the most interesting case of Pareto-type distribution,
P{r=n}=cn®", 1<a <2, and self-similar traffic Y1.

We get
c th+bg, 0

P + 2 (3.4
over a(a -1)(Er +Ek)?’[H a 5 ‘D
where
Er=cyn™®, c=(yn"H7, (3.5)

n=1 n=1
and a and b are given by (3. 3) , whereas Ek is given by (3.2).

Asymptotically, when h is large, (3.4) gives the bound

Pover >ch™a+l-cpP =Ch_2(1_H), where C is a constant independent of h but

B_3-
=

dependent on A and a and where we used the equation H =1- 9 from Statement 1. With

this bound, we come to the important conclusion that for the considered self-similar traffic Y1, the
overflow probability P, cannot decrease faster than hyperbolically with the growth of buffer size h.

To get anumerical result, let usconsider, for example the case of a=1. 5 (the Hurst parameter

isH=(3-a)/2=0.75) and A =0.2. Inthiscase, ¢c=0.745, Et=1.95, Ek=4.51 , and
0.0238
Fover 2 (3.6)
h+1. 15[|
VH o015 g

According to (3. 6) or (3.4),

P.=7.9010"° for h=0, P, =280107° for h=10,
P >9.300*, for h=100, P, =300, for h=1000,
P._ >9.4010°, for h=10,000.

4. ATM - BUFFER QUEUE TO CHANNEL OF CAPACITY 1:



UPPER BOUNDS TO OVERFLOW PROBABILITY

Here we consider the processes Y(l) and Y(2) astheinput cell trafficsto ATM finite-buffer
discrete-time queue. We are interested in the buffer-overflow probability. We adopt the usual symbols
to denote the queueing systems. Y /D/1/h/d  means that input trafficis Y (i.e. attimet ,the
input traffic provides Y, new requests or, in other words, it provides Y, new cells), service-timeis
constant and equal to 1, thereis asingle server, the buffer hassize h , and the sevice disciplineis d.
In this Section, we restrict our analysisto the case of ATM channel having capacity C =1 . The cases
of greater channel capacity are the subject of the next Section.

We begin with consideration of input traffic Y with R=1 , denotedby Y1.

4. 1. Upper bound to overflow probability for self-similar traffic Y1. A way to get our
upper bound is based on the large-deviation results for a sum of independent random variables with
long-tailed distribution. In the case of long-tailed distribution, the large deviation of the sum occurs
mainly at the expense of just one (maximal) summand. These results originated with Chistyakov
[Chistyakov] and Chover et a. [Chover]. The more deep mathematical background for the problemis
given in the book of Bingham, Goldie, and Teugles [Bingham] in context of regular variation.

Our upper bound is presented by:
Statement 4. If for the asymptotically self-similar process Y1 with parameter

3-a
H= — the condition AET <1 is satisfied and the source-active-period length T has the

Pareto-type distribution
P{t =} ~c | ™", 1<a<2, | > o, (4.1)

then for the discrete-time Y1/D//h/d  system with any service discipline d [JD(h) , the overflow
probability for thesize h buffer is upperbounded asymptotically as
C~A
Pover < 0
Over = a(a -1)(1- AE1)

h=0*l  h_ o (4.2)

If for Y1 wealso consider the other sub-exponential distributions Pr{7 >1} withlong tails
(but not only the Pareto-type distribution), for example, the lognormal distribution or the Weibull
distribution adopted for the discrete case, and we use the results of Pakes, Cline, TeugelsWillekens
(see [Bingham]), then under the conditions of Statement 4 , we get the asymptotical upper bound

A (00)
Pover < (A= AET) n;': {rzn} . (4.3)



Asymptotically in the case of Pareto-type distribution of T, the upper bound (4.2) is again
hyperbolical over h with the same exponent (—a +1) asin the lower bound (3. 4). This shows that
both bounds demonstrate the right asymptotical behavior of P, apart from afactor which is
independent of h in (3. 4) and (4.2).

Now we give a numerical example to compare the lower bound (3. 4) and the upper bound
(4. 2)forthecaseof Pr{t =1} =c| ™", 1<a <2, andsdf-similar traffic Y1 .

Choosing a =15, A =0.2, we get 35 as the upper bound/lower bound ratio.

4. 2. Upper boundsto overflow probability for self-similar traffics Y(Z)and Y(l) with
R>1. Here, we extend Statement 4 on the self-similar input traffic Y satisfying (2. 4).
Beginning with the case of Pr{r =1} satisfying (4. 1) , we obtain finaly

_a+p-1
Prver < © h 9P h_o o  AEy<1 (4.4)
OVer = a(a -1)(1-AEy) ! ! - -

2

- Tapr ' C :
where C3 = cocz", c,=c ", ¢ = \C—,and C isthe constant from (2.4).
| 0

Thus, (4. 4) isan asymptotical (for large h ) upper bound to the overflow probability P for

over

the discrete-time Y(Z)/D/]J h/d system with any service discipline d [ID(h) in the case of
asymptotically self-similar input cell traffic Y defined in Sec. 2 and satisfying (2. 4) and (4. 1). The
bound is expressed interms of A, a, 3, and h, where (we remind) A is the intensity of source
arrivals, a isthe parameter of distribution of source active-period length T, [ =2(1-H) isthe
parameter of self-similar traffic( 0<f <1, B<a —1),and h isthebuffer size.

Since Y ismore general processthan Y, we can derive [from (4. 4)] the upper bound to
P. for YR/D/Uh/d systemwhere thesymbol YR denotes the asymptotically self-similar traffic
Y@ with any givenrate RO1, . Putting the restriction ARET <1, we obtain

c AR
Pover < 0
Over = a(a -1)(1- ARE1)
Thus, (4. 5) is an asymptotical upper bound to the overflow probability P for discrete-time
YR/D/1l/h/d system.

h=0*l K. o, 1<a<2 (4. 5)

Next, we consider the case of distribution Pr{7 =1} which decreases exponentialy,



Pir=R-~ce ? 1.w (4. 6)

where C 2 > O4 and ¢ >0 are constants.
We obtain,
b C4Ae¢ h~1 - @.7
OV = (1= AEY) (j1yP '
when AEy <1.

(4. 7) gives an asymptotical upper bound to the overflow probability for a Y(Z)/D/l/h/d
system with self-similar input traffic Y(Z) satisfying (2. 4) and (4. 6). The bound (4. 7) obtained for
the exponential-tail distribution Pr{T =1} goesto zero alittle faster than the bounds (4. 2), (4. 4),
and (4. 5) obtained for hyperbollica-tail distribution Pr{T =1} .

5. ATM-BUFFER QUEUE TO CHANNEL OF CAPACITY C:
UPPER BOUNDS TO OVERFLOW PROBABILITY
So far we considered an ATM channel which could transmit one cell at itstime unit called dot.
Now we consider a channel which can transmit C cellsinitsdot, C L] I1 . Again, the problem is to

find an upper bound to the buffer-overflow probability.

5. 1. Queueing model . We consider the discrete-time queueing system Y 1/DC/1/h which
has the input cell traffic Y1, constant service-time c1 (where C isapositive integer), asingle
server, and finite buffer of h-cells size. In our consideration , discrete-time Y 1/DC/1/h is equivalent
to the system Y1/D/C/h which has C servers, each with constant service-time 1. Taking it into
account, it is more convenient for us to analyze Y1/D/C/h  since, in this case, we should deal with
only one channel-scale unit 1 and not partition the channel dotsinto subdots of length C_1 each.

We consider only the service dicsiplines d which satisfy the following two conditions: (i) If
Y +t% > O (where Y; and Z; were defined in Sect. 3), min(yt + Zt,C) cellsgointo serviceat t
(i) If Y, +z < h+C , then no cells are discarded at t . If %tz >h+C , instead, then
% % —h—-C celsarediscarded at t .

We denote by DC(h) the class of the considered disciplines.

The event { Yi + A >h+ C} iscaled the buffer overflow at time t  and
t 2
Pover B Pr{yt T4 >h+G
denotesits probability. Again, we are interested in getting an upper bound to the steady-state overflow

o 21 t
probability denoted by B o, Py = Iwn%up P. -



5.2 Upper bound to the overflow probability for self-similar traffic Y1
For the discrete-time Y1/D/C/h/d, d 0O DC(h) queueing system with self-similar input

traffic Y1 satisfying (4. 1), the overflow probability for the size h buffer and channel capacity C is

upperbounded by
C~A

Pver < 0 h=@*l  h_, AET<C. 5.1
over = g (a=1)(C=AET) G-
5. 3. Generalization on theinput traffic Y(4) . Our considerationin 5. 2 (the detailsarein
[TGa]) remains valid for the self-similar input traffic Y(4) if instead of the distribution of T, we
use the distribution of y (the source volume),

= éf(i) (5.2

where 6(i) isthe generic symbol for 8(1) , and if Pr{y =1} isa Pareto-type or sub-exponential

distribution. Thus, for Y(4)/D/C/h/d ddb (h) , We obtain

Pover < C/\)«E ZPF{V>n} h- oo, AEy<C. (5. 3)

As afirst example of Y(4), let us consider the singular case of 6(i) =R, RDIl. In this
case, Y(4) is Y(l). If Pr{r=I} satisfies(4. 1), thenusing Pr{y > X}=PI’{T>%} , We obtain

c ARO

0 -a+l
POVersa(a—l)(C—/\REr)h , h-oo ARET<C. (5. 4)

The relation (5. 4) isthe direct generalization of (4. 5) in the case of channel capacity greater
than 1.

As asecond example of Y(4), let usconsider i.i.d. 6(i) with

Pr{6(i) =1 =1-Pr{6(i)=0} = p. (5.5)
If Pr{r=I} isthe Pareto-type distribution (4. 1), then

5 C /\p
over = ala - 1)(C ApPET)
The bound (5. 6) isanatura extention of the bound (4. 5) inthe caseof R<1 and C>1.

h=@*l  h_ o, ApEr<C. (5. 6)

These considerations can be extended to the traffic Y{%)  with ergodic sequence 6(i).

-10-



5. 4. Generalization on the input traffic Y(2). The consideration in 5. 2 (the details are in

[TGa]) remainsaso valid for the input traffic Y(z), if instead of the distribution of T, we use the
distribution of ¥ = TR(T) asin 4. 2. Eventually for the C>1 case, if AEY <C, we get the upper

bounds which are the same as (4. 4) [for Y(Z)/D/C/h/d with the traffic Y(z) satisfying (2. 4)

and (4. 1)] and (4. 7) [for Y(Z)/D/C/h/d with the traffic Y(Z) satisfying (2. 4) and (4. 6)] with
the only change of theterm (1— AEY) for theterm (C — AEY) in the denominators.

6. CONCLUSIONS
Four models for ATM cell traffic were considered in this paper. Then afinite buffer fed by

self-similar traffic Y(l) was treated as a queueing system. The problem was to find an asymptotical
bound to the buffer overflow steady-state probability and with this bound to explain the slow decay of
cell-loss probability measured in high-speed networks. Indeed, we got bounds which decrease
hyperbollically with increasing buffer size and this decay is much slower than regular exponential
decay. The bounds have simple and explicit expressionsin terms of intensity and the Hurst parameter
of input traffic, ATM channel capacity, and buffer size.

References

[Beran] J. Beran, "Statistics for Long-Memory Processedlew Y ork, Chapman and Hall,
1994.

[Bingham]  N. H. Bingham, C. M. Goldie, and J. L. Teugels, "Regular variation",Cambridge,
New York, Melburn, Cambridge University Press, 1987.

[Chistyakov] V. P. Chistyakov, "A theorem on sums of independent positive random variables and
its applications to branching processes’, Theory Prob. Appl. vol. 9, No. 4, pp. 640-
648, 1964.

[Chover] J. Chover, P. Ney, and S. Wainger, "Functions of probability measures’, J. d'Anal.
Math. , vol. 26, pp. 255-302, 1973.

[Cox] D. R. Cox, "Long-range dependence:A review", In Statistics:An Appraisal,H. A.
David and H. T. David, eds. Ames, |A:The lowa State University Press, 1984, pp.
55-74.

[Leland94] W. E. Leland, M. S. Tagqu, W. Willinger, and D. V. Wilson, "On the self-similar
nature of Ethernet traffic (Extended version)”, IEEE/ACM Trans. on Networking,
vol. 2, No. 1, pp.1-15, 1994.

[LTG] N. Likhanov, B. Tsybakov and N. D. Georganas, "Analysis of an ATM buffer with
self-similar ("Fractal") input traffic", Proc. IEEE INFOCOM'95 Boston, MA, pp.
985-992 , 1995.

-11-



[ST]

[TC]

[TGel

[TK]

[Willinger]

G. Samorodnitsky and M. S. Taggu, Stable non-Gaussian random processhi®w
Y ork, London, Chapman and Hall, 1995.

B. Tsybakov and N. D. Georganas, "On self-similar traffic in ATM queues.
Definitions, overflow probability bound and cell delay distribution”, submitted to
IEEE/ACM Trans. on Networking.

B. Tsybakov and N. D. Georganas, "Self-similar traffic and upper bounds to buffer-
overflow probability in ATM queue”, submitted to Performance Evaluatian

B. Tsybakov and P. Papantoni-Kazakos, "The best and the worst packet transmission
policies’, Information Transmission Problems) appear in 1996.
W.Willinger,M.S.Taqqu,and A.Erramilli, "A bibliographical guide to self-similar
traffic and performance modelling for modern high-speed networks" in "Stochastic
networks:Theory and applicationsEd.F.P.Kelly, S.Zachary, and |.Ziedins, Oxford
University Press,Oxford,1996.

-12-



