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1 .  CONTEXT AND CONTENT 

To interest an engineer in vortex rings one might cite the fact that cavitated 
rings are used for underwater drilling (Chahine & Genoux 1983), have 
potential use in fighting oil well fires (Akhmetov 1980) and are used in 
modeling the downburst, a hazard to aircraft (Lundgren et aI 1991). With 
a physicist one could reason that vortex rings (along with helical vortex 
tubes and kink waves) admit invariant states and therefore are candidates 
for "elementary excitations" in turbulence, and one could mention that 
accelerating ions in superfluid helium create quantized vortex rings ( Ray­
field & Reif 1963). To a natural philosopher one could explain how dol­
phins blow vortex ring bubbles and swim through them for amusement 
(Lundgren & Mansour 1991) and how drops falling into a glass of water 
form vortex rings . While these are all reasons for making one enchanted 
with vortex rings, the enduring value of studying them lies elsewhere. One 
need only look at work of the last century, directed towards proving 
Kelvin's theory of vortex ring atoms, or at work of two decades ago, 
sometimes interested in whether vortex rings could be employed to launch 

I The US Government has the right to retain a nonexclusive, royalty-free license in and to 

any copyright covering this paper. 
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Figure 1 From Southerland et al (1991). Shown is the mixing rate of a tracerin a well-developed 

laminar vortex ring. The tracer is a dye of Schmidt number = 600 injected into the pipe fluid. 
The measure of mixing rate depicted is V' c . V' c, where c(x, a) is the concentration field. Notice 

how the mixing rate diminishes towards the vortex center. This is because adjacent diffused 
layers have begun to overlap. Contrast this with measurements (Dabiri & Gharib J99\) employing 

a low Schmidt number tracer (temperature). 
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236 SHARIFF & LEONARD 

pollution wastes to higher altitudes, to see that what survives time are the 
purely hydrodynamic results concerning the behavior of vorticity and the 
specific examples that enrich our intuition about vorticity. That the vortex 
ring has been used to understand various aspects of vortex motion is due 
to the fact that it is fairly robust, as well as simpler to generate, analyze, 
and isolate from end-effects than other configurations. 

CONTEXT In recent years, vortex rings have been studied in the broader 
arena of three issues. 

1. Generation of sound. One probably intuitively appreciates the role 
vortices play in the generation of sound-according to a linguist (Minahen 
1983), "the words 'whirl' and 'whorl,' associated with the vortex, for 
example the breathy 'wh' in combination with the churning 'rl' indicates 
something more than simply an arbitrary relationship between the idea 
and its acoustical image." Mohring (1978) expressed the (quadrupole) 
sound field directly in terms of vorticity unsteadiness and this led Muller 
& Obermeier (1988) to take D. Kiichemann's (1965) statement that vortices 
are the "muscles and sinews" of fluid motion and add that vortices might 
also be called the "voice of the flow." In aero acoustic experiments it is 
often difficult to pinpoint individual events as sound sources. Kambe, 
Minota and their co-workers have been studying the acoustics of mutually 
interacting rings and rings interacting with edges and bluff bodies (see 
Minota et al 1988 and references therein). Because their experiments permit 
identification of the sound source and have often accompanied successful 
theoretical modeling, theirs has been rightly hailed as one of the few 
"clean" aeroacoustic experiments. 

2. Transport and mixing. We also recognize, through our everyday 
experiences, the role of vortices in mixing. Dimotakis (1984) for instance, 
describes mixing in shear layers as a two step process: engulfment by the 
Biot-Savart induced velocity followed by straining of interfaces between 
species and molecular diffusion. Both steps are exemplified in vortex rings. 
With respect to the first step, there are two forms of engulfment. One form 
is that exhibited by any temporally or spatially growing region such as a 
jct (Taylor 1958). Specifically, a viscous vortex ring carries with it a con­
tinually increasing volume of fluid and while this process can be visualized 
in the limit of self-similar decay (Allen 1984, Cantwell 1986), only a simple 
model has been constructed for earlier times (Maxworthy 1972, 1974). The 
mechanism of growth need not be viscous-this form of entrainment is 
also present in rings expanding due to buoyancy (Turner 1963) and in the 
growing spiral vortex sheet during ring formation. After formation, the 
vortex consists of certain fractions of effluent and ambient fluid (Auerbach 
1988). The second form of engulfment arises from vorticity fluctuation. It 
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VORTEX RINGS 237 

is illustrated by turbulent vortex rings. Unsteadiness of the vortical core 
causes ambient fluid to be engulfed into the "atmosphere" of fluid trans­
ported with the ring, in exchange for old fluid. This process can be studied 
for simple models of vortex pairs and rings using dynamical systems theory 
(Rom-Kedar et al 1990, Shariff et al 1989). 

Measurements illustrating the second step of mixing (straining and 
molecular diffusion) are shown in Figure 1 for the post roll-up phase of a 
laminar vortex ring. Johari (1990) has performed preliminary experiments 
of chemical reactions [or turbulent rings. 

3. Vortex interactions. The interaction of vortex tubes is a very complex 
problem without constraining symmetries. It involves core deformation, 
vorticity cancellation/merging, change of topology of vortex lines, and 
intense vorticity stretching. This review discusses axisymmetric (coaxial) 
interactions and is therefore limited to the first two issues. A vortex near 
a no-slip wall can create very intense vorticity in the unsteady boundary 
layer. This vorticity may separate to form other secondary vortices. Pro­
duction of secondary vorticity reduces the vorticity flux into bluff body 
wakes and may be the progenitor of "bursting" in the turbulent boundary 
layer (Robinson 1991). 

CONTENT Saffman (1981), in encapsulating the vortex ring problem, said 
that "one particular motion exemplifies the whole range of problems of 
vortex motion and is also a commonly known phenomenon, namely, the 
vortex ring .. .. Their formation is a problem of vortex sheet dynamics, 
the steady state is a problem of existence, their duration is a problem of 
stability, and if there are several we have a problem of vortex interactions." 
We shall do our best to follow this paradigm in organizing this article but 
sometimes we are forced to a make a division along viscousjinviscid lines. 
The next section focuses on the problem of formation by discussing how 
rings are generated naturally and in the laboratory, their resulting struc­
ture, and finally, what factors determine whether the rings are laminar or 
turbulent. Section 3 describes three stages in the life of a laminar ring. 
Section 4 discusses inviscid dynamics and begins with a discussion of how 
core dynamics influences overall ring motion (Section 4.1). There are 
examples of laminar vortices in two dimensions, which attain a balance of 
nonlinear terms in the inneT core; the suggestion that this may be also true 
of laminar rings is a thread that connects laminar rings to Section 4.2, 
which discusses the theory of in viscid steady-state rings. Largely however, 
this body of work stands apart. Unsteady inviscid effects such as mutual 
straining are discussed in Section 4.3. 

In describing how two rings interact along a common axis of symmetry, 
Section 5 is happily able to unite viscous with inviscid thinking, and 
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238 SHARIFF & LEONARD 

experimental with numerical results. Three types of interactions are con­
sidered: "leapfrogging," head-on collisions, and collisions with a no-slip 
wall. The subject of azimuthal instabilities is taken up in Section 6: The 
linear instability theory has been reasonably successful in accounting for 
experimental observation but later stages in the breakdown are not well 
understood. The last section discusses turbulent vortex rings and puffs. 

BASIC NOTATION We employ cylindrical coordinates with axial distance, 
x, radial distance normal to the symmetry axis, a, and, azimuthal angle, 
¢. The (Stokes) streamfunction If; in terms of velocity components is 

(1.1) 

The vorticity will be denoted as wand its components as OJ with an 
appropriate subscript indicating direction. For unbounded incompressible 
flow with velocity decaying algebraically and vorticity decaying expo­
nentially at infinity, the time-integral of forces that generated the flow is 
the impulse I (Batchelor 1973, Section 7.2): 

I = �P fx X wd3x, (1.2) 

where p is the constant fluid density. For the axisymmetric case 

I = Ix = pnx f w",(x, 0')0'2 dx dO'. (1.3) 

The impulse is related to the linear momentum by 

(1.4) 

and is therefore conserved even in the presence of viscosity in the absence 
of body forces. The impulse together with the circulation, 

r = f w",(x, a) dx dO', (1.5) 

leads to a definition for the toroidal radius RI of a ring such that 

I/p= nrRr. (1.6) 

An alternate definition of the radius is the radial vorticity centroid: 
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VORTEX RINGS 239 

f aw",(x, a) dx da 
if = (1.7) 

r 

The characteristic translation speed, axial position, toroidal radius, and 
core size of the ring will be denoted as U, X, R, and b, respectively. 

2. THE FORMATION PROCESS 
In his book, Sommerfeld (1950) concludes an exposition of the classical 
theory of vortex rings with a note of dissatisfaction: The theory had to be 
left incomplete with respect to one essential point, the uncertainty about 
the assumed vorticity distribution in the core. He states that this uncer­
tainty could be removed by investigation of the vortex formation process. 
Theories make statements about behavior given certain initial idealized 
characteristics of the vortex while experiments make statements about 
observatioll5 given the parameters of the apparatus such as piston speed 
and stroke length. An understanding of the formation process can not only 
serve to bridge the gap between theory and experiment but can lead to 
better controlled and documented experiments. 

Before discussing methods available to determine the characteristics of 
rings formed at a circular pipe or orifice, which are the most common 
means of creating rings in the laboratory, we shall in the next subsection 
canvass some intriguing and less common ways in which vortex rings are 
generated. 

2.1 Techniques for Producing Vortex Rings 

Of all the techniques for producing vortex rings discussed by M.I.T.'s 
founder W. B. Rogers (1858), the most intriguing yet the simplest "home­
brew" method is to allow a drop of water, lightly colored with milk or 
food dye, to fall from an eye-dropper or burette into a glass of water. A 
variation that provides consistency and repeatability is to hold a partially 
formed drop at the tip of the dropper and slowly lower it until it makes 
contact with the surface of the water. Surprisingly, a vortex ring is also 
formed without the drop having any initial kinetic energy, indicating that 
surface tension is an important source for the energy of the rotational 
motion (for a half-centimeter drop the surface energy is about four times 
the potential energy). It is entertaining to toy with different conditions. For 
example, increasing the concentration of coloring produces a negatively 
buoyant ring that cascades into many smaller rings (e.g. Chen & Chang 
1972). 

Thomson & Newall (1885) discovered that as the dropping height was 
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240 SHARIFF & LEONARD 

varied the penetration depth of the ring oscillated; the distance between 
optimum dropping heights corresponded to the free-fall distance of the 
drops in one period of vibration, suggesting that a slight ovalness of the 
drop at impact is somehow important in determining the vortex strength. 
Indeed, clarifying the view in the earlier work of Chapman & Critchlow 
(1967), Rodriguez & Mesler (1988) presented photographs of the shape of 
drops at impact, these show that rings penetrate the pool most when the 
drop is vertically elongated at impact and vice versa. The paper also shows 
stunning time-sequence photographs of the generation of the rings in the 
two cases; the shape of the crater on the pool surface and the deformation 
of the drop are quite different in the two cases, and this somehow affects 
the strength or stability of the ring. An explanation of how vorticity of the 
required sign is generated from torques (e.g. from the baroclinic effect) 
has not been provided to our knowledge. An element that may or may not 
be important to the explanation is the collapse of the air-film between the 
drop and pool fluid. Sigler & Mesler (1990) provide remarkable photo­
graphs that show how the thin air-film trapped between the drop and pool 
fluid forms hundreds of tiny air bubbles, some of which are subsequently 
entrained into the vortex ring. Oguz & Prosperetti (1989) studied the 

collapse of the film via a model problem involving two fluid regions 
connected at a neck. Intuitively one might expect the connecting neck to 
widen due to surface tension, thus preventing further contact between the 
liquid masses; this is in effect the picture adopted by Chapman & Critchlow 
(1967) for the drop impact problem. Contrary to expectation, the model 
problem illustrated that other points of contact may be established between 
the fluid masses, trapping the intervening fluid in bubbles. 

Another interesting method can be found in the May 1976 issue of 
National Geographic (p. 602). A beautiful photograph shows a diver 
blowing air rings in water. Initially spherical air bubbles acquire a dis­
tribution of surface vorticity due to baroclinic torque. The vorticity causes 
the spherical volume to deform into a torus after which, experiments 
(Walters & Davidson 1963) suggest, the circulation remains nearly 
constant. The rings grow to remarkably large radii as they rise. The growth 
can be accounted for by the method of Turner (1957) for buoyant rings 
by noting that the fluid impulse for a slender bubble II Pwater = 
nro=2[1 + (I)(15IR)] must increase at a constant rate due to the buoyancy 
force. Numerical simulations using a boundary integral method by 
Lundgren & Mansour (1991) exhibited high frequency oscillations of the 
radius superimposed on the growth. They provided a momentum balance 
argument of the type to be discussed in Section 4.1 that yields an appealing 
interpretation for the growth and, with the incorporation of some (I)(t5/R) 
effects, gives somewhat similar oscillations. 
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VORTEX RINGS 241 

An attractive alternative scheme for generating vortex rings in the lab­
oratory is to let a shock wave emerge at the open end of a cylindrical 
shock-tube. One advantage is that vortices approaching the idealized ring 
may be produced-i.e. they have very large Reynolds n\lmbers and thin 
cores. Also, as vortex sound is proportional to some power of the propa­
gation velocity, high speed rings produce measurable acoustic signals 
making possible fundamental studies into the nature of vortex sound. 
Moreover, shadowgraph and Schlieren visualization techniques, when 
used to visualize the slightly different density of the core, are not affected 
by history of the motion as is dye. One type of apparatus is documented 
in Sturtevant & Kulkarny (1978), Sturtevant (1979), and references therein. 
The contact discontinuity that forms between the pressurized gas and air 
can be thought of as a piston that drives fluid between itself and the faster 
moving shock. Plate 78 in Van Dyke (1982) shows a Schlieren visualization 
of a ring produced in this way by Sturtevant. A different type of apparatus 
has been used by Kambe & Minota (1983) to study the acoustic radiation 
when two vortex rings collide head-on. 

2.2 Models of Ring Formation at a Corner 

The technique most often employed to produce vortex rings is to push 
fluid through a nozzle with turning angle IX (see Figure 2b); for IX = 3nj2, 
one has a cylindrical cavity in a plane wall (Glezer 1988), while for IX = 2n, 
one has the pipe geometry. The orifice geometry (Figure 2a) also has 
turning angle IX = 2n and an additional parameter could be defined to 
distinguish it from a pipe, if desired. 

For a given geometry the characteristics of the ring depend on (a) history 
of the piston velocity scaled by the average piston velocity COp) as a 
function of time normalized by the ejection time (Te), (b) Rep == UpDjv, 
and (c) LID, where D is the diameter of the exit and L = OpTe is the piston 
stroke. For the orifice geometry the ratio of piston to exit diameter is an 
additional parameter. An equivalent set of parameters can be defined for 
drivers other than a piston such as a loudspeaker diaphragm. Given the 
parameters, the problem is to determine the characteristics of the ring 
produced. 

MODEL BASED ON SELF-SIMILAR ROLL-UP SO far the only model that 
attempts to account for vortex sheet evolution during ejection and that 
gives some insight into the core structure is the model of self-similar roll­
up. In order to keep the formation problem free of a time scale, consider 
piston velocities of the form Up(t) = Br; to evade length scales, consider 
times during which the size of the spiral (js is much larger than the viscous 
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(a) 

(b) 

T o 
1.-

Figure 2 Vortex ring generators. (a) orifice geometry, (b) nozzle geometry. 

scale (vt) 
1/2

, yet during which there exists a region far away from the spiral 
where the flow is very nearly turning flow past a two-dimensional infinite 
wedge. This region lies at distances e from the corner such that 
Os « (! « distances such as D or Dp at which deviations from the infinite 
two-dimensional geometry are felt. In this region the flow will be described 
by the complex potential for two-dimensional flow past a wedge with 
exterior angle oc 

I!>(z) = aIm:!" n = n/a, (2.1) 

with z measured as indicated in Figure 2b. The constant a can be deter-
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VORTEX RINGS 243 

mined in terms of B and apparatus geometry by considering the limit in 
the vicinity of the edge, of the potential flow in the apparatus; for example, 
Pullin (1979) provides a for a circular hole in an infinite flat plate and for 
a tube. The only remaining dimensional parameter is a; therefore the spiral 
must grow in a self-similar fashion with size and circulation 

(j = C (m n)a 1/(2-n)t<m+ 1)/(2-n) 
s I , , r = Cz(m, n)a2/(2-n)tp(m+ Il/(2-nl]-I

. 
(2.2) 

C I and C 2 are obtained by considering the problem of roll-up of a vortex 
sheet in turning flow past a two-dimensional wedge (Pullin 1978); the flow 
is steady in similarity coordinates and the vortex sheet evolution equation 
becomes an integral equation, which is solved numerically. To obtain the 
characteristics of rings ejected during a finite duration Te one may set 
t = Te in the above expressions assuming that the ring structure remains 
frozen for t> Te. In reality, the ring shrinks a little after t = Te (Didden 
1979). 

PREDICTION OF STRUCTURE The model of self-similar roll-up together with 
considerations of the effect of viscosity suggests the form of the vorticity 
distribution in the core and its dependence on the parameters of the 
generating process. The vorticity distribution has been deduced by Pullin 
(1979) and Saffman (1978) based on the work of Moore & Saffman (1973) 
for aircraft trailing vortices. It is obtained by considering only the inner­
most windings of the spiral, which are nearly circular. Choosing polar 
coordinates (Q, 8) with origin at the center of the spiral, the radial velocity 
in the inner region will be negligible and the tangential velocity Ug will be 
nearly independent of e. Hence the amount of sheet material within a 
circle of radius (} must be independent of time as must the circulation 
r(e) = 2neug. On the other hand, self-similarity requires 

(} 
11 == alP' 

m+1 p= �­- 2 - n ' 

so that the condition that r(e) be time independent gives: 

f(Y!) = CYJ(P-ll/p. 

(2.3) 

(2.4) 

This line of reasoning is due to Kaden (1931, p. 10). Note that the assump­
tion of radial symmetry has destroyed the discrete structure of the spiral. 
In the outer region of the spiral (Region I) the distance between spiral 
turns will be larger than the diffusion thickness and the discrete sheet 
structure will be present. The velocity distribution (2.4) will hold over an 
inner region (Region II) in which the diffusion thickness of the sheet 
exceeds the distance between spiral turns. For an edge (Ot = 2n), the velocity 
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244 SHARIFF & LEONARD 

at the center of the spiral is singular if m < 1/2. The singularity is resolved 
by an inner viscous subcore (Region III) of thickness (vt)I/2. The velocity 
distribution for this region is obtained solving the tangential momentum 
equation subject to Uo � r/P- 1)/1' as the initial condition and as the boundary 
condition for Q --+ 00. The result can be given analytically in terms of a 
hypergeometric function; the associated vorticity distribution is peaked 
and decays algebraically. 

There is an excellent paradigm here for how a better understanding of 
the formation process can help merge experiment and theory. Inviscid 
theories of vortex ring instability (Section 6) predict that the number of 
waves should depend on a ring speed parameter, given a fixed shape for 
the vorticity distribution. On the other hand, Leiss and Didden (Saffman 
1978) observed that in practice the number of waves changed as this 
parameter remained constant. Either the theory did not apply to reality 
or the shape of the vorticity distribution was unexpectedly and drastically 
altered with varying apparatus parameters. Saffman (1978) took the latter 
view; he input the hypergeometric velocity distribution into a stability 
calculation and showed that as the Reynolds number of the appara­
tus changed, the vorticity distribution in the core changed significantly 
to account for the experimentally observed change in the number of 
waves. 

SLUG-FLOW MODEL In order to predict the circulation perhaps the best 
current technique is to use the so-called slug-flow model with some 
judicious empirical corrections. We make constant reference to Figure 
3. The slug-flow model assumes that the velocity external to the boun­
dary layer at the exit plane is the piston velocity so that the flux of 
vorticity is 

(2.5) 

The integrals extend over the boundary layer; the first approximation sign 
means boundary layer assumptions are being invoked and the second, that 
the boundary layer edge velocity is the piston speed. In a sterling piece of 
work, Didden (1979, 1982) measured the vorticity flux for the pipe 
geometry and found that the following factors cause the actual flux to be 
different. 1. The boundary layer edge velocity at the exit is higher than the 
piston speed due both to the acceleration of the flow around the edge and 
to the boundary layer displacement effect at later times. This increases the 
flux through the pipe over the predicted value (see solid circles in Figure 
3). 2. Ingestion of vorticity of the opposite sign created on the outer pipe 
wall decreases the circulation (solid squares). 
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Figure 3 Circulation of vortex rings formed at a pipe referred to the circulation predicted 
by the slug-flow model, Equation (2.5). Unless indicated, the data are from Didden (1979). 

The multiple data points of Maxworthy (1977) at the three LID values are for different 

Reynolds numbers, increasing downward. Well-formed rings seem to have a larger circulation 

(crosses) than the total flux at the pipe (solid squares) due to slight inadequacy in measuring 

the flux at the pipe. 

The experimental data for well-formed rings at some distance from the 
pipe (x symbol) is fit well by the dashed line given by 

r -I r = 1.14+0.32(L/D) , L/D > 0.6. (2.6) s1ug 
Didden found that r /rs1ug was not very dependent on Rep in the regime 
he considered [rs1ug/v < 7000; Figure 4b in Glezer (1988)]. Thus the slug­
flow model underpredicts the circulation in this regime and the acceleration 
effect must dominate. By contrast at higher Reynolds numbers [rslug/V = 3-
5 X 104; Maxworthy (1977)] the slug-flow modcI mostly overpredicts the 
circulation, perhaps indicating greater vorticity cancellation (open circles). 
For the pipe geometry, the model of self-similar roll-up (Pullin 1979) 
predicts (chain-dashed curve) 

r 
- = 1.4l(L/D)-2/3, 
rs1ug 

(2.7) 

which agrees with Maxworthy's (1977) data but not with Didden's results. 
The fact that the slug-flow model maintains nearly uniform absolute error 
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246 SHARIFF & LEONARD 

with changing LjD and with changing Reynolds number within a certain 
range has prompted Glezer to suggest the model as a good aid for cor­
relating circulations in a single facility. 

EVALUATION OF THE MODEL OF SELF-SIMILAR ROLL-UP Didden (1979) 
measured the trajectory of the spiral formed at a pipe with uniform piston 
speed. While the radial motion followed the prediction AR � t2/3 of the 
similarity theory, at least up to small piston displacements, the axial motion 
showed a different power law, X", (312; this is also true for the generation 
of a planar vortex pair (Auerbach 1987) .  

To construct better models of  the formation process and to design 
appropriate numerical calculations it is necessary to determine the causes 
for the failure of the model . An investigation in this direction has been 
undertaken by Auerbach (1987). He considered several possibilities for the 
failure. 1 .  The flow seen by the spiral is not turning flow past a wedge 
because (a) the size of the spiral becomes comparable to the pipe radius 
or other apparatus length scales (in the course of the investigation, the 
importance of some length scales was ruled out), or (b) the size of the spiral 
becomes non-negligible compared to the ring radius or to the distance to 
its pair vortex in 2-D. Since the induced velocity'" rjR, one expects that 
this effect by itself should not alter the power law for the behavior of the 
axial position. 2. The shear layer thickness is comparable to the size of the 
spiral. Estimates of the thickness of the Stokes layer at the wall for the 
impulsively started motion indicate that it is important only during the 
early phase of the roll-up . 3. Secondary vorticity is present. 

The stability of the roll-up process is an important issue. Moore (1976) 
showed that the inner spiral turns of a self-similar roll-up are stabilized 
against Kelvin-Helmholtz instability by stretching. This seems correct in 
so far as in Glezer's (1988) experiment, turbulence during roll-up is initiated 
by Kelvin-Helmholtz instability on the cylindrical slug of fluid behind the 
main spiral. There is a fairly well defined transition boundary in the 
rS1ug/v,L/D plane (Glezer 1988), which determines whether the behavior 
immediately after the ejection is laminar or turbulent. Another mechanism 
for initiating turbulence is Rayleigh's centrifugal instability caused by 
ingestion of secondary vorticity (Maxworthy 1972). 

To help study stability and effects listed under (1) above, a numerical 
study of the roll-up of axisymmetric vortex sheets, using the techniques 
developed by Krasny (1987) to evolve vortex sheets in two dimensions, 
would be a worthwhile venture. Either vortex methods that allow pro­
duction of secondary vorticity or numerical solution of the Navier-Stokes 
equations would be required for an investigation of secondary vorticity 
production. 
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3. LAMINAR VORTEX RINGS 
Laminar rings seem to undergo three stages in their development: I. 
Relaxation to a "main sequence" state of evolution (Stanaway et al 
1988a,b), 2. diffusion of vorticity out to the symmetry axis accompanied 
by cancellation of vorticity, entrainment of irrotational fluid, and depo­
sition of diffuse vorticity into a trailing wake (Maxworthy 1972), and 3. 
asymptotic drift (Cantwell & Rott 1988). 

3.1  Relaxation Phase 

For reasons that will become apparent later, we denote as "main sequence 
behavior," the evolution proceeding from a ring of zero thickness and 
circulation r 0 at t = O. Much is known about the behavior at early times 
(Saffman 1970). Vorticity will spread in a nearly two-dimensional fashion, 
namely, as a Gaussian with characteristic core size (5 = (4vt) 1/2, but with 
correction terms of relative order (5/ R. In the vicinity of the core, the 
velocity will be the same as for a rectilinear vortex with identical vorticity 
distribution but also with irrotational correction terms of relative order 
b/R; forward translation of the ring is the most observable effect of the cor­
rections. Luckily, the speed of forward translation can be evaluated with­
out knowledge of the b/R corrections to the vorticity provided the speed 
refers to the motion of the vorticity centroid defined by Helmholtz (1858): 

f 
OJ¢xa2 d x  d a  

x=-----c----­

f OJ¢(J2 dx d(J 
(3.1) 

Since the denominator is proportional to the impulse, x is interpreted as 
the centroid of impulse elements. The evaluation of speed is made possible 
by an ingenious relation derived by Helmholtz (Equation 9b with errors) 
from the inviscid equations of motion, 

I d x  f E 
2-

d
- -6n OJ¢x(Ju"dxd(J = -, 

P t P 
(3.2) 

which Saffman (1970) shows to be equally valid for viscous flow (E is the 
kinetic energy). Each term in (3.2) can be evaluated with relative errors of 
(!)(1J/R) giving the speed as: 

dx r 0 { ( 80'0 ) 
} 

dt = 4ntTo log .j4vt -0.558 + {f)[b/R log (b/R)] . (3.3) 
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248 SHARIFF & LEONARD 

Using spectral-method simulations of the Navier-Stokes equations in 
an unbounded domain, Stanaway et al ( 1 988a,b) studied evolution when 
cores become thicker. First note that starting from any initial condition 
the (nondimensional) velocity field Ut1o/r 0 at time tv/if� will depend on the 
initial vorticity distribution as well as the Reynolds number r o/v. In the 
thin core limit of the main sequence, the Reynolds number does not enter 
as a parameter because nonlinear terms vanish for the two-dimensional 
circular vortex. However, as rings become fatter, the main sequence evol­
ution becomes segregated in terms ofr o/v. Stanaway et al ( l 988a,b) found, 
for initial conditions away from the main sequence, that the behavior of 
(ifojr)dx/dt collapsed to the main sequence after a transient. How quickly 
other characteristics of the vortex collapse is unknown but the result 
suggests that as time progresses the solution becomes universal (with a 
virtual time origin to be determined) for each r o/v. With increasing Rey­
nolds number one expects that the relaxation phase will persist longer. 
However, there are inviscid effects that can also promote equilibration. 
The most striking example is provided by a perturbed Hill's spherical 
vortex (Pozrikidis 1986), discussed in Section 4.3. 

3.2 Entrainment and Wake Formation Phase 

To describe entrainment one has to employ the term "vortex ring bubble." 
It refers to the volume of fluid being instantaneously transported with the 
ring. This concept is precise only for a steadily translating ring: It is the 
volume enclosed by the dividing streamline in a reference frame moving 
with the ring. For an unsteady ring the shape of the dividing streamline 
depends on which definition of vorticity centroid is adopted. In experi­
ments, the bubble is defined to be the propagating ellipsoidal blob of dye. 
More precise notions of entrainment are lacking. 

As pointed out by Maxworthy (1 972), it was Reynolds (1 876) who seems 
to have observed that contrary to Kelvin's inviscid picture the volume of 
the bubble continually increases due to entrainment of external fluid and 
its velocity decreases because its momentum has to be shared with a greater 
mass of fluid. Maxworthy ( 1 972) considered vortex rings with Re based on 
translation speed and maximum bubble extent of � 600. Flow visualization 
observations indicated that the speed of the bubble decreased exponentially 
with distance for a few diameters of travel before decreasing at an even 
faster rate. This implies that 

1 U�-
t' (3.4) 

where time is measured from the virtual origin such that X(O) = - 00. If 
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VORTEX RINGS 249 

the flow is self-similar then all velocity scales evolve as (3 .4) and con­
servation of linear impulse implies that the size of the ring R3 '" t, a result 
that fits the data well. 

Maxworthy (1972, 1974) provided estimates that account for these 
relationships and the observed deviations from them. The argument has 
three ingredients: 

I. a mechanism of entrainment to account for growth of bubble volume, 
2. the concept of "bubble impulse" together with a hypothesis concerning 

its loss into a wake, 
3. the hypothesis of partial self-similarity, viscous layers being allowed to 

have their own (viscosity dependent) thicknesses. 

With respect to entrainment, irrotational fluid is contaminated with vor­
ticity by diffusion as it flows along the surface of the bubble. Due to an 
associated loss in total pressure, this fluid is unable to traverse the surface 
of the bubble and it is entrained into the bubble at a volumetric rate 
proportional to the speed of propagation and the area of the diffused layer 
normal to the flow. The thickness of the diffused layer is b3 = (!)(vR/U) 1/2 = 
(!)(Re-I/2R) so that 

dR3 --;Jt = yvi/2R3f2UI/2. (3 . 5) 

Consider next the loss of bubble impulse. The properties of the bubble, 
for example its speed, will be determined by the vorticity distribution in 
the bubble. It therefore makes sense to define an impulse-like quantity 
r; p "" J Wqp2 dx d(J arising from the bubble only. The flux of this quantity 
into a wake, via a layer whose thickness is of the same order as b3, is 

d(��3) = -flVi/2R3f2U3f2. (3.6) 

Equations (3.5) and (3.6) have the solution 

(3.7) 

where Reo is the Reynolds number U oRo/vat formation and TO is the 
nondimensional time, To == Uoto/Ro, elapsed from the virtual origin to the 
time of formation. Hence at large Reynolds numbers U "-' t- I and R "-' t 1/3 
with small corrections at early times, and large deviations as the amount 
of bubble impulse lost becomes significant. 

Equating the impulse residing in the wake per unit length to the rate of 
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deposition of impulse per unit translation of the bubble provides the 
thickness of the wake as 64 = (9(Re-1/8R), i.e. the wake is very thick. 

There are preliminary results from both expcrimcnts and computations 
that give reason to believe that more information about laminar rings will 
be obtained in the future. With respect to computations, Figure 4 (Stana­
way et aI1988a,b) shows the evolution of the vorticity and streamfunction 
of a ring with an initially Gaussian core and Reynolds number r o/v = 500. 
The growth of bubble volume and the presence of a thick wake are evident. 
Near the core center, vorticity contours become more elliptical and nearly 
parallel to streamfunction contours suggesting a tendency for nonlinear 
terms to balance [strictly speaking, balance requires OJq,/(J = f(Ifr)]. With 
respect to experiments, Willert & Gharib (1991) used particle image velo­
cimetry to make preliminary measurements of the time evolving vorticity 
field of a laminar vortex ring with Rep � 1050. It is hoped that some of 
the predictions of Maxworthy's theory will be tested and possibly refined 
in future work. With respect to theory, Maxworthy's model needs to be 
formalized in the spirit of theories of viscous layers at large Reynolds 
numbers with a careful matching between the layers. A preliminary attempt 
at a theoretical study of the diffusion of Hill's spherical vortex was made 
by Batishchev & Srubshchik (1971). 

3.3 Asymptotic Drift Phase 

Phillips (1956) showed that any unbounded flow that has net linear momen­
tum eventually decays to a unique vortex ring solution of the Stokes 
equations. As the vortex Reynolds number decreases, the Stokes equations 
will be a good approximation subsequent to some instant t = to, say. As 
(t- to) -t 00, only the least decaying modes near wavenumber k = 0 will 
survive. In physical space, they describe a self-similar vortex ring (with 
impulse as parameter) for which translational motion has ceased, velocities 
decay as [v(t- to)]-3I2, and lengths increase as [v(t- to)]1/2. Entrainment 
of fluid by the Stokes ring is visualized as a sink-type flow in a diagram 
that depicts particle paths in expanding coordinates, with respect to which 
the flow becomes steady (Allen 1984, Cantwell 1986). 

The Stokes vortex ring does not travel. However, one might expect large 
time solutions of the Navier-Stokes equations to continue to drift at an 
ever decreasing speed. How does one obtain this asymptotic drift? We 
shall first describe a heuristic idea and then a point of view developed in 
Cantwell & Rott (1988, hereafter CR). 

The Stokes ring does have net momentum and fluid particles do drift 
forward, but due to the absence of nonlinear terms particles do not advect 
any vorticity. Suppose, however, that one calculated for sport this advec­
tion from the full Navier-Stokes equations and expressed the answer in 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

35
-2

79
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 S

ta
nf

or
d 

U
ni

ve
rs

ity
 R

ob
er

t C
ro

w
n 

L
aw

 L
ib

. o
n 

04
/2

2/
09

. F
or

 p
er

so
na

l u
se

 o
nl

y.



VORTEX RINGS 251 

2.5 

1.5 

.5 
(1 

-.5 

-1.5 

-2.5 

2.5 

1.5 

.5 
(1 

-.5 

-1.5 

-2.5 

2.5 

1.5 

.5 
(1 

-.5 

-1.5 

-2.5 

2.5 

1.5 

.5 
(1 

-.5 

-1.5 

-2.5 
-1 0 2 3 4 5 6 7 8 9 

x 

Figure 4 From Stanaway et al (1988a). Calculation of a viscous ring: contours of vorticity 

and stream function relative to a frame moving at the speed of the Helmholtz centroid. To 
reveal the behavior of weak vorticity, the increment in vorticity between dashed contours 

was chosen to be 10 times larger than between the solid contours. The initial condition at 
the top has a Gaussian distribution of vorticity (r o/v = 500). 
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252 SHARIFF & LEONARD 

terms of the motion of Helmholtz's definition of the vorticity centroid. 
Kambe & Oshima (1975) perform this exercise and find that dxldt has the 
same power law decay � (t - t 0) � 312 as the velocity field of the Stokes 
solution. CR refer to the result as the asymptotic drift and have given it 
additional meaning but, before discussing it, some historical remarks are 
needed. 

Kambe & Oshima attempted to obtain the second term in the expansion 
in terms of inverse powers of time (for the Navier-Stokes equations) .  In 
the second-order problem, the Stokes operator acting on the second-order 
solution is equal to the nonlinear operator acting on the known first-order 
solution. The second-order solution becomes arbitrarily large compared 
to the first-order solution at large distances from the origin; a similar 
nonuniformity occurs for Stokes flow past a sphere (Whitehead's paradox). 

CR show that a uniformly valid second approximation can be obtained 
after impressing a spatially uniform drift on the first-order solution. The 
required drift velocity happens to be the same as that obtained from the 
procedure of Kambe & Oshima. The result is 

dx lip 
-
d 

= 0.0037038 [ 
( 

)]3/2. 1 v t- 10 (3.8) 

Numerical simulations from a wide variety of initial conditions (Stanaway 
et al 1988a,b) found exactly the behavior predicted by (3.8) in the final 
stages of decay. Hence, the asymptotic drift does have meaning for the 
decay of a vortex ring proceeding from the Navier-Stokes equations. The 
second-order solution of CR contains an undetermined constant, which 
reflects loss of information about the nonlinear part of the evolution. 

4. INVISCID DYNAMICS 
4.1 Speed of Propagation of Thin Vortex Rings 

An important problem in the dynamics of vortices and in the development 
of vortex methods (Leonard 1985) is the determination of the "overall" 
motion of a vortex tube given its core structure. By "overall" motion we 
mean the evolution of  a small number of degrees of  freedom, for example, 
a suitably chosen space curve and core structure parameters along the 
curve. 

We have already discussed Helmholtz's method for computing the trans­
lation speed of thin rings without knowing (!)(oIR) corrections to the 
vorticity. This is the technique that Kelvin most likely used to obtain the 
speed for a thin steady ring with wq,l(J = constant (Lamb 1932, Section 
163), the locally two-dimensional solution being a circular core with uni-
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form vorticity. Using the same technique, Moore ( 1980) showed that if the 
core is elliptical, it rotates at the constant angular velocity of the two­
dimensional Kirchhoff elliptic vortex and the propagation speed fluctuates 
in time. 

A way of obtaining the speed that is more physically appealing and 
applicable to three-dimensional tubes is to balance momentum for a vortex 
tube section. The method has been used by Widnall & Bliss ( 1971 )  and 
Moore & Saffman ( 1972) for three-dimensional vortex tubes and by Moore 
( 1 985) in which he obtains a compressibility correction to Kelvin's formula. 
The nice thing is that, as in the Helmholtz method, one does not need to 
know how the streamlines are distorted from the rectilinear vortex.  The 
following force terms are important at leading order in curvature: 

1 .  a Kutta lift acting in the radial direction away from the symmetry axis, 
proportional to the speed of the ring; 

2. several forces arising from tube curvature; their net effect opposes lift: 
(a) the so-called vortex line tension, which acts towards the center of 
curvature and results from the pressure difference created by increased 
velocity on the concave side due to contraction of area, (b) a force 
arising from low pressure on the curved wall of the tube due to the 
rotating flow that reduces effective tension, and (c) an increase in 
effective tension via suction pressure forces on the end faces of the tube, 
due to the rotating flow. 

Balance of (I) and (2) gives the speed of the ring. Many terms that appear 
to be missing from this list, for example, the product of virtual mass and 
acceleration are of higher order in curvature. 

The force balance approach allows one to quickly deduce the conse­
quences of many interesting effects. (a) A buoyant vortex ring will grow 
in radius because a Kutta lift needs to be generated in the axial direction 
to oppose buoyancy (Lundgren & Mansour 199 1 ). A similar effect occurs 
for ion-tagged superfluid vortex rings subjected to an electric field (Rayfield 
& Reif 1 964). (b) A cavitated vortex ring with surface tension will move 
faster than one without because greater Kutta lift is required to balance 
the net effect of surface tension force and excess pressure inside the bubble 
(Moore & Saffman 1 972, Chahine & Genoux 1 983). (c) Swirl (a velocity 
in the azimuthal direction) slows the ring because centrifugal force helps 
lift (Widnall & Bliss 1971 ). 

4.2 Steadily Translating Inviscid Vortex Rings 

Planar calculations of the Navier-Stokes equations depict the emergence 
of vortex pairs and isolated vortices that have steady inviscid structure in 
which nonlinear terms have balanced over a large portion of their cores 
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(Couder & Basdevant 1986, McWilliams 1984). The balance is achieved 
when the vorticity is some arbitrary function of the streamfunction, i.e. 
Wz = g('J') in 2-D and wq,/(J = I(I/!) for axisymmetric flow. I t  has been 
suggested that the principle that chooses g('J') is selective decay of en­
strophy by viscosity with energy remaining almost constant (Leith 1 984). 
At present it is difficult to state the degree to which balance is achieved for 
laminar rings, for instance in the experiments of Sullivan et al (1973) 
who depict I(I/!) from a limited set of LDV measurements and in the 
computations of Stanaway et al ( l 988a). 

This possibility, together with the fact that steady vortex rings can be 
used as initial conditions for studies of interactions and stability, motivate 
this section. 

PROBLEM STATEMENT For inviscid swirl-free axisymmetric flow the equa­
tion for the azimuthal vorticity is (Batchelor 1 973, p. 508) 

D(wq,/(J) 
Dt = O. (4.1)  

The equation describes the convection of vortex lines and the purely 
geometric stretching of the vorticity. We consider flows that are steady in 
a reference frame translating with the vortex. The speed of the frame is 
determined as part of the solution. The condition for steadiness is that 
wq,/a be constant on streamlines, that is w",/a = I(t/!), where I(t/!) is an 
arbitrary function. Then the streamfunction-vorticity relation 

(4.2) 

together with the condition of uniform flow at infinity defines the elliptic 
problem to be solved. Note that the operator D2 is not the Laplacian due 
to the sign of the last term. One is usually interested in solutions for which 
the vorticity vanishes at infinity. The known axisymmetric solutions arc 
exclusively those in which the vorticity is confined, i.e. whereI(t/!) vanishes 
outside some region!3J. One then has to solve (4.2) separately in the interior 
and exterior of!3J subject to the conditions of constant t/! and continuous 
tangential velocity on the boundary of !3J. The latter condition has been 
omitted sometimes, resulting in a vortex sheet on the boundary (O'Brien 
1961 , Durst & Schonung 1 982). The problem outlined above is difficult 
bccause the shapc of the boundary is unknown. 

THE CASEjCI/J) = CONSTANT We now discuss the case, popular for over a 
century, in whichI(t/!) = constant in !3J and zero everywhere else. This is 
also the case referred to in the Prandtl-Batchelor theorem (Batchelor 1 956) 
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VORTEX RINGS 255 

for the form of a steady recirculating eddy behind axisymmetric bodies at 
vanishingly small but nonzero viscosity. For example, in computing steady 
flow past a sphere, Fornberg ( 1 988) found that the recirculating eddy at 
sufficiently large Reynolds number has f(l/!) very nearly constant and 
resembles Hill's spherical vortex. 

In the limit of thin cores the vorticity becomes uniform and we have 
already discussed Kelvin's solution for this case. Dyson ( 1 893) considered 
thicker cores and in a paper that Fracnkel ( 1 972) called "bewildering to 
modern eyes," investigated, among many other things, corrections to the 
circular shape up to fourth order in bjR. At (9(bjR), streamlines remain 
circular but become nonconcentric (FraenkeI 1972, Fetter 1 974). The shape 
starts to become elongated in the axial direction at (9(b2jR2) due to the 
strain induced by the curvature of the ring. At the opposite limit, Hill 
( 1 894) discovered that a spherical core was also steady. In this case, (4.2) 
is amenable to solution by separation of variables. These solutions led 
Batchelor ( 1967, p. 526) to expect that a continuous family of steady rings 
ranging from a ring of zero cross-section to Hill's vortex may exist and 
indeed, Norbury ( 1 973) exhibited specific solutions in the entire range. 
Norbury's method consisted of writing down the formal solution of (4.2) 
in terms of the Green's function of the D2 operator. The problem is 
thus recast as an integral equation, the unknown being the domain of 
integration. He solved the problem numerically, approximating the inte­
gral by plane quadratures. We shall refer to the class of rings with 
f(l/!) = constant as the Norbury-Fraenkel (NF) family. 

EXISTENCE PROOFS FOR GENERAL I(I/!) There is a mathematical literature 
on proofs of existence of steady vortex rings. It is not our place to discuss 
the technical details but there are some interesting results of physical 
importance that deserve mention. 

Variational statements used in existence proofs often have interesting 
physical consequences and they can be used to develop efficient numerical 
solution techniques (Eydeland & Turkington 1 988). For example, Benja­
min ( 1976) posed the following variational form of the problem of steady 
confined vortex rings: Start with a given vorticity distribution §( x, 0) and 
imagine rearranging it by convecting it about, preserving impulse while 
doing so; among all the rearrangements, the ones that maximize the kinetic 
energy are steady solutions. Note that in this formulation one does n ot 
prescribe a vorticity function f(I/!). Rather, if the variational problem has 
a solution, to every specified §(x, 0) there will correspond a certain f(l/!) 
that is unknown beforehand. There is an alternate variational formulation 
due to Fraenkel & Berger ( 1974), which although more cumbersome has 
the advantage thatf(l/!) is prescribed. 
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The energy maximization property has an interesting consequence. Since 
perturbed vortices (within the stated class) have less energy than the steady 
state, the allowance of slight compressibility and radiation of energy by 
sound leads to growth of perturbations (Kop'ev & Leont'ev 1 988). 

A remarkably simple and constructive method for demonstrating the 
existence of steady rings is due to Moffatt ( 1 986). He exploits the analogy 
between the steady Euler equations and the equations for magnctostatics 
in a fluid with infinite magnetic conductivity: 

j x B = Vp, j = V x B, (Magnetostatics), 

w x u = - V H, W = V x U, (Euler equations), 

(4.3a) 

(4.3b) 

where j is the current density, B is the magnetic field intensity, and 
H = p/ p + 1u2 is the Bernoulli head. The advantage of the analogy is that 
one is assured, through the continual dissipation of kinetic energy by 
viscosity, that the magnetohydrodynamic equations will tend to a steady 
state described by (4.3a). The disadvantage however is that, as in Benja­
min's method, one has no control over f(rjJ). Rather, the structure of the 
vortex ring is controlled by the volume VeX) of each magnetic flux tube 
(X = constant) in the initially chosen axisymmetric magnetic field. As 
the relaxation to steady state proceeds, Vex) remains constant (because 
magnetic flux tubes are material) and gives the volume distribution V(rjJ) 
for the Euler solution; the relation between V(I/!) and I(I/!) may be quite 
complicated. 

STEADY AXISYMMETRIC RINGS WITH SWIRL Interest in axisymmetric flows 
with a velocity component, called swirl, around the symmetry axis stems 
partly from the occurrence of nearly axisymmetric breakdown bubbles in 
leading edge vortices over delta wings. We shall however limit ourselves 
here to discussing isolated ring-like solutions in which swirl is confined to 
the same region as the azimuthal vorticity. 

The problem of the existence of steady solutions has been addressed by 
Turkington ( 1 986) and Moffatt ( 1988). Specific solutions are known only 
for a two-parameter family. They are obtained as solutions to the vorticity 
streamfunction Equation (4.2); the streamfunction now describes the pro­
jection of the velocity vector in an azimuthal plane. The analog of the 

. condition w",/(J = f(rjJ) for steadiness changes. First, by Kelvin's theorem 
the circulation K = 2mr(x, (J, t)u", of a circular material line wrapped 
around the symmetry axis, will remain constant following the line. Hence, 
K = K(rjJ). Secondly, the s teady momentum equation (4.3b) implies that 
velocity vectors lie on surfaces of H = constant so that H = H(rjJ). Benja­
min (1 962) uses a vector diagram to express the azimuthal vorticity in 
terms of the two arbitrary functions H and K as 
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VORTEX RINGS 257 

ill", = 
K(t/I)K'(t/I) - H'(t/I)(J, (4.4) 

(J 

which is the condition required for steadiness (primes denote differ­
entiation with respect to the argument). The known solutions are for the 
case H(t/I) = Ho + it/l in the core, H = Ho in the exterior potential flow, 
and K( ljJ) = ± &ljJ in the core and zero in the exterior swirl-free region. 

The swirl-free limit & = 0 corresponds to the linear vorticity distribution 
and the NF family-in particular, Hill's vortex-are solutions. As the 
swirl parameter a is increased, it turns out, rather nicely, that the modified 
Hill's vortices remain spherical. These solutions are given by Moffatt 
( 1 969) and they can be obtained via separation of variables. The force 
balance argument does not apply for such a thick core and the speed of 
translation of Hill's vortices with small swirl is actually larger than in the 
swirl-free case. Swirling extensions of toroidal members of the NF family 
have been obtained by Eydeland & Turkington (1 988, and private com­
munication) using a variational approach geared to efficient numerical 
solution. They found that for all solutions the angular impulse was 
bounded by a constant times the linear impulse, suggesting that steady 
solutions arc possible only up to a critical level of swirl. The limit i = 0 
gives flow (called Beltrami) in which the vorticity is parallel to the velocity: 
U = ± am and streamlines coincide with vortex lines. 

4.3 Unsteady Behavior 

Contour dynamics methods have provided much insight into the evolution 
of two-dimensional patches with uniform vorticity [see Pullin ( 1992) in 
this volume]. A similar approach is possible for vortex rings. Equation 
(4.1 )  shows that if the vorticity ill", = Ap', in each region �; where A; is a 
constant for the region, then it remains so for all time. Hence one needs 
to track only the motion of the boundaries of :?fi; as they advect with the 
local fluid velocity. A number of workers have independently developed 
expressions for the induced field in terms of contour integrals around the 
boundaries of :?fi; that reduce the problem to one dimension. Poppe ( 1 978, 
1 980) considered steady flow, derived an expression for the streamfunction, 
and found steady solutions with nested contours. Pozrikidis ( 1986) and 
Shariff ct al ( 1989) derived expressions for the velocity field and inves­
tigated unsteady behavior. 

Moffatt & Moore ( 1978) studied the linear stability of Hill's spherical 
vortcx to pcrturbations of the boundary. They found that if the vortex is 
squashed so that initially its long dimension is along the axis of symmetry, 
it sheds a tail of volume proportional to the disturbance amplitude from 
its rear stagnation area. From contour dynamics calculations, Pozrikidis 
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258 SHARIFF & LEONARD 

( 1 986) found that even for very large perturbations the vortex returned to 
being spherical after shedding vorticity into a tail. If the vortex is squashed 
the other way, irrotational fluid enters through a spike from the rear 
creating a torus from a sphere (aside from a thin spherical cap). 

Mutual straining is an important inviscid effect that needs to be con­
sidered whenever vortex rings interact. Much of the important physics is 
captured by a simple model, which assumes that the cores remain elliptical. 
In two dimensions there exists an early model of Saffman ( 1979), which can 
be described as quasi-steady and a later unsteady model due to Melander et 
al ( 1986), which has been used to develop successful criteria for the merger 
of vortices (Melander et al 1 988). An elliptical core model has also been 
developed for vortex rings (Shariff et al 1 989): It represents the limiting 
behavior of contour dynamics for thin and widely separated rings. The 
idea is that the boundary of the vortex consists of a self-induced motion 
and a motion induced by other vortex rings. The self-induced motion is 
given by Moore's ( 1 980) elliptic core solution. The motion induced by 
other rings is taken to be a rigid translation together with a uniform plane 
strain and an additional strain required to preserve volume. The result is 
a system of ordinary differential equations for the five degrees of freedom 
for each vortex: axial position, radius, major axis, minor axis, and angle. 

5. COAXIAL INTERACTIONS 

5.1 Passage Interactions 

If two vortex rings have the same sense of rotation, they travel in the same 
direction and, under certain conditions, the rear vortex will attempt to 
pass through the front one. One reason for studying such interactions is 
that they are observed in a round jet under certain conditions and they 
may play important roles in sound generation and mixing (Crighton 1 980, 
Hussain & Zaman 1980, Zaman 1 985). 

Vortex ring models of the last century were inviscid and ignored core 
deformation; for rings of identical circulation they predict periodic leap­
frogging (e.g. Dyson 1 893): due to mutual induction the leading vortex 
widens and travels more slowly while the pursuer shrinks, travels faster, 
and penetrates the first; the process repeats ad infinitum. Following a 
period of questioning of whether a "clean" passage could be realized in 
the laboratory (Maxworthy 1972, Oshima et al 1 973, compare p.  524f in 
the 1967 and 1 973 editions of Batchelor), photographic proof was finally 
provided by Yamada & Matsui ( 1978). 

What are the factors then, which lead to a successful passage? Assuming 
that two identical rings are produced, the space of governing parameters 
includes the initial shape of the vorticity distribution (which has as one 
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VORTEX RINGS 259 

parameter the ratio of the initial core size to toroidal radius R), the reduced 
initial separation dj R, and the Reynolds number. 

Inviscid core deformation is one factor and the contour dynamics 
approach and its associated elliptic core model allows one to make state­
ments about the effect of the first two parameters (Shariff et al 1 988, 1989). 
Using the elliptic model, three outcomes of the interaction were observed 
which, in essential respects, paralleled those predicted by contour dyna­
mics. 1 .  Continued leapfrogging with weak "quasi-periodic" core defor­
mation was observed for only the thinnest cores. 2. For thicker cores, a 
resonance type phenomenon took place in which at each passage the aspect 
ratio of the initially rear vortex was kicked to a successively higher value, 
with unabated elongation at some nth passage. 3. For even thicker cores 
there was unabated elongation of the passing vortex at the very first 
passage. This is analogous to "vortex tearing" for planar flow (Moore & 
Saffman 1 975b) in which an equilibrium vortex in a straining field becomes 
unstable at a critical value of the strain-rate, however, elongation occurs 
at lower strain-rates for leapfrogging rings because time-variation of strain 
is important. 

Now consider the passage experiment of Yamada & Matsui ( 1978) 
shown in Figure 5. One suggestion is that the results are not of the third 
outcome even though the visualization might suggest such a classification. 
Dyson's circular core model (type I outcome) was used to compute 
unstable manifolds associated with particle motions and the results are 
shown in Figure 5 compared with the visualization of Yamada & Matsui 
( 1 978). The agreement of even fine-scale features suggests that the unstable 
manifold is a type of attractor and furthermore that, in the experiment, 
only irrotational or weakly vortical fluid is deforming in the manner 
depicted by smoke, with vortical cores remaining nearly circular. 

However, another factor is viscous diffusion. Maxworthy (1979) has 
commented that in the experiment of Yamada & Matsui (ReD == UoDjv � 
1600) there is likely to be greater merging of the vorticity than suggested 
by smoke. This is illustrated in Figure 6, which shows calculations by 
Stanaway et al ( 1 988a) using a spectral method. Because Reo � 609 for 
the simulation there is probably less merging and deformation in the 
experiment. Parameters are the same as those of the inviscid calculation 
shown in Figure 5, the core size being defined where the maximum vorticity 
occurs. The first passage is successful but note that the initially leading 
vortex has spread more after the passage because of its different strain 
history, a process which could be understood by coupling the solution of a 
diffusing line vortex in an axisymmetric strain (Kambe 1 984) with Dyson's 
( 1 893) model. This vortex is so weakened that it is unable to resist straining 
during its own passage. The truth about what is actually occurring in the 
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260 SHARIFF & LEONARD 

Figure 5 From Shariff et al ( 1 989). Unstable manifold for leapfrogging vortex rings. 
Photographs are from Yamada & Matsui (1 978). The circles in computational figures are 

the vortex cores, assumed to be in solid body rotation. 

experiment is probably a synthesis of the viscous and inviscid results 
presented. Finally, a third factor that may confront experiments at higher 
Reynolds numbers is the amplification of azimuthal waves by the mutual 
straining of the vortices. 

Since the passage interaction has some features in common with pairing 
in a round jet, it is of interest to study the generation and sound using 
Mohring's ( 1 978) theory. In many instances of passage calculated with 
contour dynamics, the acoustic power was dominated by a contribution 
at a frequency equal to half the vorticity, arising from elliptic mode core 
oscillations. Inspection of the jet-rig noise spectra of Zaman ( 1 985) indi­
cated that peaks closely corresponded to half the maximum phase averaged 
vorticity for the forced vortex pairing mode as well as the so-called pre­
ferred mode, suggesting that a similar mechanism is at work (Shariff et al 
1 989). 
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VORTEX RINGS 26 1 

f l  

Figure 6 From Stanaway et al (l988a). Vorticity contours for leapfrogging of viscous vortex 

rings (r olv = 1000, Rco � 609). The computational "mesh" translates with the rings. If the 
initial peak vorticity is denoted wOp, level increments are 0.09wop between the inner thicker 
lines and 0.009wOp between the outer thinner lines. The outermost contour level is 0.01 wOp. 

5.2 Head-on Collisions 

When two vortices have opposite senses of rotation and are travelling 
towards each other, their radii grow due to mutual induction and they 
decelerate. The reasons for studying collisions are indirect. Collisions shed 
light on what happens when two counter-rotating three-dimensional vortex 
tubes interact closely with certain symmetries. Secondly, collisions have 
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been used by Kambe and his co-workers primarily to test theories of vortex 
sound generation. Finally, McWilliams ( 1 983) suggested that collisions 
may result in the discovery of new types of vortex solutions in the same 
way that particle collisions have led to the discovery of new particles. We 
think that this motivation is not too fanciful; we shall see below that from 
a vortex ring collision, there emerges a structure related to a stationary 
solution of the two-dimensional equations. 

With perfect symmetry, each vortex can be regarded as the image of the 
other with respect to a slip wall, for example an uncontaminated free 
surface at Froude numbers so low that the surface does not deform (Bernal 
et al 1 989). Let us consider the effects of core deformation and viscosity 
in turn. Oshima ( 1 978) performed collisions at Reo between 260 and 400, 
varied by increasing the level of electric current to a speaker; apparently 
the displacement of the driving speaker also increases since thicker cores 
are formed. For small cores, the smoke cross-sections deform from a 
circular to an airfoil shape as they collidc. For thicker cores thc core 
deformation is stronger. The dye forms a head with a long trailing tail. 
Subsequently, the head pinches off from the tail and continually increases 
in radius. At larger radii, azimuthal waviness occurs. Beautiful two-color 
photographs of Lim et al ( 1989) show that the waves pinch to form a 
dozen or so smaller rings. 

Axisymmetric contour dynamics calculations (Shariff et al 1 988, 1 989) 
reveal some of the inviscid effects. Thin cores approach each other slowly 
compared to how fast they spin so the core shapes remain in equilibrium 
with respect to the slowly changing velocity field induced upon them by 
the other vortex. Their shapes evolve through the shapes of the family of 
steady translating two-dimensional vortex pairs of Pierrehumbert ( 1980) 
up to (almost) the touching member of the family. Energy conservation 
implies that the vorticity distribution cannot remain unchanged as the 
vortices stretch in radius ii. (The energy of a vortex ring dipole � r2ii for 
a given vorticity distribution in the core.) One means of conserving energy 
is for the cores to become sheet-like, however, simulations indicatc that 
this does not happen uniformly everywhere: The core retains the shape of 
a 2-D pair, which sheds vorticity into a sheet-like tail. For fat rings the 
strain-rate changes sufficiently rapidly such that the initial deformation is 
severe, but then there emerges a head with the shape of a steady 2-D pair 
with a trailing tail. The head-tail structure is also observed in symmetric 
interactions of three-dimensional vortex tubes (Pumir & Kerr 1 987, 
Melander & Hussain 1 988). 

In order to understand some effects of viscosity we turn to the numerical 
simulations of Kambe & Mya 00 ( 1 984) and Stanaway et al ( 1988c). As in 
the inviscid case, a head-tail structure forms. For thin cores, the circulation 
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VORTEX RINGS 263 
remains nearly constant initially and then decays as the cores "make 
contact" and gradients intensify at the collision plane. On the other hand, 
the energy decreases throughout. 

For the reconnection of three-dimensional vortex tubes, out-of-plane 
strain accelerates annihilation of circulation (Schatzle 1 987). Schatzle listed 
among many possible timescales, one CT}) based upon a simple solution 
for one-dimensional vortex layers of opposite circulation pressed together 
by a strain-rate e: 

1 (02e) 11 = - log - , 
28 V 

(5. 1 )  

which corresponded reasonably with his experiments. In the case of  the 
head-on collision of rings, cores are pressed together at the rate 

(5.2) 

which together with (5. 1 )  predicts a timescale that agrees best with the 
simulation of Stanaway et al ( 1988c, Case 1 )  among those listed by 
Schatzle. 

In their acoustic measurements for head-on collisions Kambe & Minota 
( 1 983) separated Mohring's ( 1978) quadrupole from a monopole con­
tribution resulting from energy dissipation. It was believed that viscosity 
was required to explain the later form of the quadrupole wave; however, the 
results of Shariff et al ( 1 988, 1 989) suggest that inviscid core deformation is 
sufficient. 

5.3  Head-On Collision with a No-Slip Wall 

Consider the interaction of a wall and a vortex ring (with + vorticity say) 
moving normally towards it. Walker et al ( 1 987) described the process 
using flow visualization experiments and analysis of the unsteady wall 
boundary layer. Professor P. Orlandi has kindly provided the results of 
some numerical calculations (see Figure 7) for which the trajectories of 
the rings agree well with the experiments and which aid the precision of 
the following description. 

The boundary layer experiences an adverse pressure gradient in the 
regions outward from the radius of the ring. At sufficiently large Reynolds 
numbers this promotes separation of wall vorticity, which creates a secon­
dary ring ( - ) bound to and orbitting about the primary ring ( + ). Mean­
while, the primary ring continues to create more vorticity of the opposite 
sign, which forms yet a tertiary ( - ) ring. At even larger Reynolds numbers, 
for example the case of Figure 7, the secondary ring becomes released 
from the primary and escapes away from the wall! Notice the role of 
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Figure Courtesy of P. Orlandi. Vorticity contours for impingement of a vortex ring on a 

no-slip wall. (r olv = 6577, ReD � 2840.) Dashed contours indicate positive vorticity. P, S & 

T denote primary, secondary and tertiary vorticity, respectively. + I - indicates the sense of 

vorticity. 
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VORTEX RINGS 265 

tertiary vorticity in causing the secondary to become unbound and then 
strengthened by pairing, thus enabling its escape. 

6. AZIMUTHAL INSTABILITIES 

Theoretical work of the late 1 800s suggested that inviscid vortex rings are 
neutrally stable. For example, Kelvin (1 880) showed that a rectilinear 
vortex with an initially circular core containing uniform vorticity could 
support a spectrum of neutrally stable modes of vibration. Analyses of 
vortex rings, carried up through terms of (!)(bjR) showed no instability. 
About half a century later, however, experiments began to suggest the 
possibility that rings that are well-formed at the orifice could undergo an 
instability to azimuthal waves (Krutzsch 1 939, Maxworthy 1 972). Perhaps 
in deference to the early theoreticians it was generally thought, at the time, 
that the observed instabilities were due to the generation process during 
which, for example, foreign matter or secondary vorticity was injected into 
the ring. 

It is now known that the instabilities are for real. The correct theoretical 
explanation for them was developed only within the last 20 years. It is 
somewhat ironic that Kelvin's analysis for the neutral waves can be used 
as one of the ingredients to a simplified demonstration of the instability 
mechanism (Widnall et al 1 974). The other ingredient is the effective 
straining field that is imposed on the vortex core because of the geometry 
of the ring. Figure 8 shows the orientation of the straining field. The 

--I"'� U 

Figure 8 Cross-section of a vortex ring with speed U showing strain axes due to curvature. 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

35
-2

79
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 S

ta
nf

or
d 

U
ni

ve
rs

ity
 R

ob
er

t C
ro

w
n 

L
aw

 L
ib

. o
n 

04
/2

2/
09

. F
or

 p
er

so
na

l u
se

 o
nl

y.



266 SHARIFF & LEONARD 

magnitude of the strain-rate 8 is (l)[r j R2 log (RjJ)]. In Figure 9 we show 
the rotation rate Q versus axial wavenumber of various neutrally stable 
modes of bending on a rectilinear vortex (after Kelvin). Adding the strain­
ing field due to the filament curvature, one can approximate the dynamics 
of the peak amplitude (�p, I]p) in the cross plane (Widnall et a1 1974, Moore 
& Saffman 1 975a) as 

d�p 
dt = Ql]p - 8(p, 

dl]p dt = -n�p +61]p" 

For 82 > Q2 one obtains an instability 

�p, l]p � exp (J82
- Q2t). 

(6. 1 ) 

(6.2) 

The requirement that an integer number of waves exist on the ring 
(k = Nj R) gives a discrete set of allowable ks. From an inviscid standpoint, 
the radial mode that has the minimum absolute rotation rate over the 

.50 ..----.------...----------.---..,......----. 

. 25 

2 � 3  � 

· · · · · · · · >�:r::::: ::t':��.::'::,r .. :.·�.�::�::::�1�:::··�. �.� .
. .. . 

� .
. . . 

.. -.... i _ '. 
. � ....... .. o •. � . .. .. . . . . . . . . . . .. : .. . . . . . ... . . ... . . . ' . .  '� .. . . . . . . . 
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.......
.
.. � 
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� ...... 

2 ...... ·r··---.. ----+ ......  - ·  ..... .. ... . 
-.50 � __ � ___ L.._ __ -L... __ __I ___ ....I.... __ ....J 

a 1 2 3 4 5 6 

kO 
Figure 9 Rotation rate f.! for helical waves of bending (I m l  = I) on a rectilinear vortex with 
uniform vorticity ( (after Kelvin 1 880). The waves are of the form exp [i( -f.!t+m8+kx)1. 
The numerals beside each curve are labels for the radial structure of the corresponding 

eigenfunction. The solid and dashed curves correspond to opposite senses of twist: m = + I 
and m = - I , respectively. 
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discrete set of ks would correspond to the most amplified wavy mode on 
the ring.2 However viscous effects will likely favor the mode that has the 
least radial structure (Widnall et aI 1974). This mode is labelled 2 in Figure 
9 and is called the second radial mode. 

Experimental evidence supports the above proposal. Maxworthy ( 1977) 
confirmed that during the small amplitude phase, stagnant (nonrotating 
and nonpropagating) waves grow at 45° relative to the direction of ring 
propagation. At large amplitudes, the waves begin to rotate and the core 
fluid is mixed and becomes turbulent. That it is the second radial mode 
that appears is seen in Plate 1 14 of Van Dyke's ( 1982) album. Focusing 
on a cross-section at which the inner core (the darkest portion of dye) 
moves outward, one observes that the outward portions of the core are 
displaced inward so that a profile of the eigenfunction for radial velocity 
has one zero crossing within the core. 

Theoretical confirmation of the instability came with the work of Wid­
naB & Tsai ( 1977) who determined that a thin vortex ring with a core of 
constant vorticity is indeed unstable by an analysis including terms up 
through (9«?jR2). To obtain good agreement with experiment one should 
use more realistic vorticity profiles in the stability calculation. As discussed 
in Section 2.2, Saffman ( 1 978), using a vortex sheet roll-up model, predicted 
the vorticity distributions for a series of ring experiments by Leiss and 
Diddcn. Compared with experiment the agreement for the number of 
waves from the subsequent stability analysis was excellent .  

Some important related issues remain unresolved, however. What are 
the events succeeding the development of the azimuthal waves during 
the linear amplification stage, leading to transition to turbulence? What 
characterizes the instantaneous vortical structure of a turbulent vortex 
ring? At this time we have only meager bits of sometimes conflicting 
experimental evidence to help answer these questions. Sturtevant ( 1 98 1 )  
found that the azimuthal waviness decayed and vanished while Maxworthy 
( 1 977) observed that the waves break and, therafter, a rapidly propagating 
wave of core diameter pulsation creates flow in the azimuthal direction. It 
is conjectured that the axial flow occurs because waves do not break at 
different azimuthal locations at the same time. It has been suggested that 
axial flow prevents further instability since the resulting turbulent vortex 
is apparently stable. From the flow visualization part of their investigation 
of turbulent rings, Glezer & Coles ( 1 990) suggest that secondary vortex 
tubes are wrapped around the main core, alternating in sign of circulation. 

2 As pointed out by Moore & Saffman (I975a), the concept of a "radial mode" has to be 

generalized to include the possibility of a superposition of two eigenmodes of the same axial 
wavenumber and rotation rate but different radial structure and opposite sense of twist. 

These correspond to the intersection of solid and dashed curves in Figure 9. 
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7. TURBULENT VORTEX RINGS AND PUFFS 

7 . 1 Classification 

Of the simple turbulent shear flows listed in Table 2 of the review by 
Cantwell ( 198 1 ), among the least understood are the turbulent vortex ring 
and puff. They can be described as a compact turbulent region with net 
linear momentum, statistically invariant with respect to rotation about 
one axis; one type of mean that can therefore be used is the average over 
the azimuthal direction. Such flows offer many features to interest and 
challenge a turbulence researcher: mean rotation and streamline curvature, 
a time evolving mean, and a growing interface between turbulent and 
nonturbulent flow. 

A wide range of structure is subsumed by the definition above and one 
would like to begin by listing the measurable parameters that are seen to 
affect the observables, currently the growth-rate. But as attested by the 
attempts of Maxworthy ( 1977, his Section 5) this seems very difficult at 
present. For example, one important parameter is probably the ratio of 
space integrated rms fluctuation velocity to the linear impulse; a realization 
having a small value of this parameter would have a smaller growth rate. 
However this parameter is not easily measurable and sudden changes in 
growth rate (Maxworthy 1 977, Brasseur 1 979) remind one that structure 
parameters can dramatically change in this unusual flow. Consequently, 
we shall be content to distinguish between three types of structures depend­
ing on how they are generated. There are two kinds of turbulent rings, 
those in which the turbulence initiates naturally at the vortex generator 
(Section 2.3) and those that begin as laminar and undergo transition via 
an azimuthal instability some distance after formation; differences between 
characteristics of the two types is a matter requiring study. The third type 
is the turbulent puff, which is produced by placing gauze or a perforated 
plate at the pipe exit. 

7.2 Flow Visualization Studies of Turbulent Rings 

Currently the primary source of information about processes in a turbulent 
vortex ring is flow visualization experiments. A parallel series of tests 
was conducted by Maxworthy ( 1 974) and Vladimirov & Tarasov (1 979); 
in the former case it is stated that the rings became turbulent via an 
azimuthal instability. First, a blob of dye expelled with the ring becomes 
corrugated, clear fluid is entrained and mixes with the dye and the mix­
ture is shed into a wake; eventually dye is left only in a thin slowly grow­
ing toroidal core. Next, an initially unmarked ring is pushed through a 
patch of dye; a blob of fluid becomes dyed except for a thin toroidal core, 
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VORTEX RINGS 269 

which remains clear. The blob sheds a mixture of dye and clear fluid and 
eventually only the outer edge of the core remains dyed. These features are 
also true of rings that are turbulent at the generator (A. Glezer, private 
communication). 

Since convective transport of vorticity from the core is evidently small 
compared to the influx of irrotational fluid into the bubble, it is probably 
true that a substantial fraction of the vorticity is confined to a thin toroidal 
core. Modes of unsteadiness around the core or in the azimuthal direction, 
would by their Biot-Savart induced velocity, entrain ambient irrotational 
fluid and detrain weakly vortical fluid into the wake of the ring. Low-order 
modes of the vorticity are most efficient in contributing to this process 
because the Biot-Savart velocity induced by higher-order modes decays 
faster with distance from the core. This is consistent with the observation 
of Maxworthy (1 974) that "major motions in the outer bubble are oflarger 
scale. "  To illustrate one aspect of this process we consider the simple 
unsteadiness exhibited by the axisymmetric elliptical core vortex ring solu­
tion of Moore ( 1980). Tools from dynamical systems theory can be used 
to provide information about the rate of fluid engulfment and rejection 
from the vortex bubble in each period of the unsteadiness. Figure 10  

. ::::,:::::: .. . . . . . . . . . . . •. . 

R F 

Figure 10 From Shariff et al ( 1 989). Abridged stable and unstable manifolds for an elliptic 

core ring, illustrating fluid engulfment and rejection from the vortex ring bubble. The bubble 
is well defined here as the curved region FR. 
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270 SHARIFF & LEONARD 

(Shariff et al 1 989) shows the motion of ambient fluid in lobe A 0 as it 
travels from one period to the next. It is entrained into the vortex bubble 
as lobe A 6, after which it is stretched into a thin streak. Such streaks are 
present in those studies of Maxworthy ( 1 974) and Sturtevant ( 198 1), which 
employ slight density contrast to visualize the bubble fluid. Similarly, 
region Bo in Figure 1 0  is detrained from the bubble as region Bj• Observed 
corrugations of the dye interface are probably a result of a process like 
this. Eventually some iterate of the entrained region A 7  will have a portion 
lying in Bs, i .e. some portion will be detrained. Notice the large straining 
of the detrained fluid; in a three-dimensional flow with weak vorticity 
present in the bubble (Maxworthy 1 977), this process would lead to inten­
sification of stream wise vorticity. 

The process described above represents an exchange of ambient and 
bubble fluid but does not account for net permanent entrainment. Max­
worthy's ( 1 974) view is essentially the one above but in addition emphasizes 
the fact that the core also entrains fluid but at a slower rate. This process 
accompanies the slow growth of the size of the ring. Maxworthy also 
observes loss of vorticity from the core and this forms the basis of a scaling 
theory, which we shall discuss later. 

Corrugations of the dye interface have sometimes been compared to a 
shear layer instability, entrainment is described as taking place through a 
shear layer at the bubble boundary, streaky features in the bubble have 
been described as fully developed turbulence, and loops of dye in the wake 
of the ring are interpreted as being hairpin vortices or as arising from a 
Gortler instability. Given that unsteadiness of the core can account for 
irrotational dye motions similar to those observed in experiments means 
that careful evidence must be gathered before those motions are said to 
be vortical. For example Glezer & Coles ( 1990) presented views of fluo­
rescent dye in various planes normal to the symmetry axis. Their interpret­
ation that stream wise vorticity is present is plausible only because of 
nonzero radial normal Reynolds stress behind the ring (Figure I I) .  If 
confident statements about the vorticity are to be made, dye should be 
placed only in the vortical shear layer when the ring is generated, and 
secondly, dye should not be placed nonaxisymmetrically as it  can form 
three-dimensional loops even in an axisymmetric flow. 

The viewpoint that core unsteadiness must drive the processes of entrain­
ment and detrainment and possibly the formation of secondary vorticity 
should lead one to inquire about processes that occur in the core. With 
the observation that a dye spiral injected at a particular azimuthal location 
maintained its identity for large distances, Vladimirov & Tarasov ( 1979) 
concluded that turbulence is suppressed in the core but is sustained outside. 
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Figure 11  From Glezer & Coles (1990). Experimental measurement of the radial normal 

Reynolds stress, <u;u;) (pJI) 112(t- tO)3f2, in similarity coordinates. 

This is supported by Glezer & Coles ( 1990, p. 276) whose measurements 
indicate lower turbulent stresses in the inner core region. Occasional 
suggestions about the suppression of turbulence in vortex cores have 
appeared in other contexts as well: for the turbulent vortex pair in Barker 
& Crow (1 977) and for thc turbulent trailing vortex in Bandyopadhyay et 
al ( 1 990). Probably the most curious observation of visualization of the 
core is the presence of a single wave of expansion on the core, which 
propagates in the direction of the vorticity and induces an axial flow in 
the azimuthal direction (Maxworthy 1 977). It is observed only at high Rep 
and its inception seems to be a result of nonuniform breaking of instability 
waves. Both of the results quoted here were made possible through selective 
tagging of fluid regions. Today, with the availability of fluorescent and 
photochromic dyes, the possibilities for investigating core dynamics have 
greatly expanded. 

7.3 Scaling Behavior 

If one assumes that after some development, the evolution of a statistical 
quantity- the mean axial velocity tAx say-becomes independent of kine­
matic viscosity and diameter of the vortex generator and depends only on 
the linear impulse lip, then from dimensional analysis (Glezer & Coles 
1 990) 
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iix 
--=- = J«(, 11), Us 
iis == (Ijp) 1/4(t_ tO)- 3/4 (a velocity scale), 

( P )1 /4 
( == (X -Xo) (t - to)/ ' 

( P )1 /4 
11 == (j (t- to)/ (7 . 1 )  

In these expressions X o  and t o  are virtual origins. The value of Ux at a point 

«(0, 11 0) fixed in similarity coordinates is propagated in physical space along 
a line with slope YJo/(o and with axial speed ", (t - to) - 3/4. The fact that the 
far-field velocity cannot decay in time provides a constraint on the behavior 
ofJ«(, l1) as (, YJ -t 00. 

These relations imply that the mean circulation decays as f '" t- 1/2 and 
this can only occur by viscous or turbulent flux of oppositely signed 
vorticity across the symmetry axis. The above scaling laws can be obtained 
in a number of other ways. For instance early work on puffs (Grigg & 
Stewart 1 963, Richards 1 965) used the experimental observation of the 
conical nature of the flow (R '" X) together with the requirement of 
conservation of impulse. 

The evidence for or against the realization of self-similarity is not over­
whelming. Accepting some scatter and oscillations in the data, most experi­
ments indicate that conical growth is present but with a notable twist in 
some observations of turbulent rings: The growth rate can change to a 
different value downstream. This transition appears to be present in the 
data of Sallet & Widmayer ( 1 974) at about 3 5  diameters of travel and is 
explicitly pointed out and studied by Maxworthy ( 1977). Two types of 
evidence exist for the scaling of the velocity. First, one has plots such as 
u- 1/3 against x. Here U is the propagation velocity from dye observations 
or peak velocities of mean hot-wire traces at the symmetry axis. One must 
be very self-critical in attempting to fit power-laws to the data since a plot 
of u- lip as a function of x - Xo with Xo as a free parameter can provide 
reasonable straight line fits for a wide range of p; one should obtain 
rather the best value of p that fits the data and, if possible, obtain Xo 
independently. The small growth rate of the vortex ring implies large 
negative virtual origins and large errors in its determination. Johnson 
( l 970, 1 97 1 )  shows that his data fits both the self-similar forms as well as 
a different set of power laws. The second piece of evidence is the fairly 
good collapse at several axial stations of suitably averaged velocity profiles 
at the symmetry axis (Glezer & Coles 1 990). 
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Maxworthy ( 1974) has put forward an alternative to the impulse based 
self-similarity hypothesis. Attention is focused on the vortical core and the 
fluid transported with it. The core loses vorticity either by pieces of it being 
torn-off or through viscous diffusion (Maxworthy 1 977). This vorticity is 
carried into the bubble and subsequently detrained into the wake and 
thereafter becomes unimportant in affecting the bubble or core dynamics. 
Now the speed of the ring and how much fluid it carries with it is deter­
mined by the properties of the dynamically active vortical core. It therefore 
makes sense to define an impulse-like quantity I' proportional to p VU, 
where V is the volume of the bubble. The hypothesis is that loss of vortical 
fluid causes I' to decrease as 

dI' 1 C" U2 R2k di = - 2. oP n , (7.2) 

where C;" is a coefficient analogous to the drag coefficient of a solid body 
and k is a shape parameter. Together with the entrainment hypothesis, 
which states that the rate of increase of bubble volume is proportional to 
bubble surface area and velocity (equivalent to the assumption of conical­
ity), one obtains 

U = D t(x- xo)-(CD+ 31, 
U = Dlt-to)-(CD+ 3)/(CD+4). 

(7.3a) 

(7.3b) 

For Co = ° one recovers the result of the similarity theory. After deter­
mining the virtual origin from the R data, Maxworthy ( 1 974) plots U vs 
(x - xo) in log-log coordinates and obtains values of CD as large as 2.7! 

Consider the dependence of spreading angle c/ = (X - X 0)/ R on appar­
atus parameters L/D and Rep. In 1 977 Maxworthy abandoned his earlier 
view that a' was universal and studied its dependence on both apparatus 
parameters (see his Table 1 ) .  Perrakis & Papailiou (1988) studied the effect 
of Reo on a' and Glezer & Coles ( 1 990, Table 3) compiled additional data. 
Disappointingly, no consistent trend emerges. We might naively expect 
thinner cores to have larger a' because their core dynamics are more rapid 
compared to forward translation. However, upon observing behavior over 
a larger range of Rep than contained in his table, Maxworthy concluded 
that fatter cores had the larger growth rate and proposed that thinner 
cores may have different core organization, for example, they may be 
stabilized by axial flow. 

7.4 Mean Structure 

Although azimuthal averages would be more revealing of the dynamics, 
current experiments obtain ensemble averages. Perhaps because mean 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

35
-2

79
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 S

ta
nf

or
d 

U
ni

ve
rs

ity
 R

ob
er

t C
ro

w
n 

L
aw

 L
ib

. o
n 

04
/2

2/
09

. F
or

 p
er

so
na

l u
se

 o
nl

y.



274 SHARIFF & LEONARD 

rotation diminishes variations in the azimuthal directions there is con­
siderably more dispersion in the properties of individual realizations; this 
point emphasized by Glezer & Coles ( 1 990) means that the ensemble 
average is not the same as the azimuthal average. 

Kovasznay et al ( 1 974) assumed that the mean flow is governed by 
the linear Stokes equation with a spatially uniform but time-dependent 
turbulent viscosity proportional to the product of an evolving velocity and 
length scale of the solution itself. Since rms velocity fluctuations decay as 
r- 3 (or faster) in the potential far-field and mean gradients decay as 1 /r4, 
the eddy viscosity cannot be uniform. However, measurements in other 
flows such as jets (Hinze 1 975, p. 537) show that within the turbulent 
region the eddy viscosity is fairly constant and decays in the free-stream. 
Solutions of the equation formulated by Kovasznay et al follow the self­
similarity scalings and the least decaying solution in time for the mean 
flow is identical to Phillips ( 1 956) decaying vortex ring solution discussed 
in Section 3 .3 with only time transformed. While the ensemble averaged 
velocity field measured by Kovasznay et al for turbulent puffs followed in 
general the scaling behavior, its structure failed to conform to the theo­
retical solution. One can only speculate that constant eddy viscosity is more 
appropriate for the azimuthal mean than the ensemble mean. In 1 969 
Lugovtsov et al (see Lugovtsov 1 976) formulated a model based on an 
identical assumption for the eddy viscosity but retained the nonlinear term 
of the mean flow and cast the equations in similarity variables; however 
no solutions were provided. One thus has a situation that is singular in the 
study of turbulent shear flows in which even a fair agreement of the 
measured and modeled mean flow is lacking. 

Glezer & Coles ( 1 990) have devoted considerable effort towards dealing 
with the problem of dispersion and of extracting meaningful averages from 
ensemble measurements. They provide for the first time measurements at 
one axial station of mean velocities, vorticity, and turbulent stresses, plot­
ted in similarity coordinates (�, 1]). Figure 1 1  shows the radial normal 
Reynolds stress; it dips in the center of the core and of all the turbulent 
stresses (for velocity components in the meridional plane) it is thc only 
one with a "wake," suggesting axial vorticity. 

7.5 Recommendations 

We hope that as mUlti-point velocimetry techniques mature the need to 
rely on ensembles will disappear. 

It is possible for thin cores that curvature effects-namely, vortex 
stretching and strain due to curvature-can be neglected in the core. In 
this case self-preserving solutions have the circulation as the invariant 
parameter and the core size grows as ( 1/2, core velocities decay as (- 112, 
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while outer flow velocities decay as log (l / t). One may therefore wish to 
inquire as to the importance of curvature effects by observing the degree 
to which turbulent stresses of velocity components, in polar coordinates 
centered at the core, are functions of the radial distance only. 

In Section 4 of his paper Maxworthy ( 1 977) initiated a useful method 
of attack -namely, that of introducing controlled perturbations to under­
stand a specific aspect of the problem. In addition to those he considered, 
we would like to suggest axisymmetric straining by passing the ring through 
a large converging tube and nonaxisymmetric straining by changing the 
cross-section through which the ring propagates. 

There are encouraging prospects for numerical simulations in this area. 
At the simplest level inviscid vortex filament calculations employing very 
many degrees of freedom may be useful. Inoue (1988) has performed such 
calculations aimed at studying transition, and while his solutions depict 
core growth there is reason to believe that it is due to amplitude error of 
the time integration scheme. Such a simulation should attempt to retain 
vortex elements in the weak vorticity region, which may subsequently be 
stretched. Another possibility is the use of spectral methods in an 
unbounded domain as initiated by Stanaway et al (l988a,b). 

Other parts of this review have discussed the use of vortex rings in 
"clean" aeroacoustic experiments to understand basic mechanisms of 
sound generation. Zaitsev et al ( 1 990) have made preliminary measure­
ments of the sound field of a turbulent vortex ring. Spectra are peaked at 
a frequency such that the Strouhal number 2fR/ U � 1 .9 initially; the peak 
frequency decays downstream. Assuming that the most efficient sound 
sources are low-order modes of core vibration, we tried to fit the initial 
measured frequency to two contenders: the elliptic azimuthal mode [see 
Equation (35) in Widnall & Sullivan ( 1 973) for the frequency] and Moore's 
( 1980) axisymmetric elliptic core ring. The former fits the data for the 
unrealistically large value of fJ/R � 3,  while the axisymmetric mode fits 
the data for a more reasonable value of b/R � 0.3; further measurements, 
of the directivity pattern say, should yield more definitive proof. In this 
context, it is relevant that Auerbach ( 199 1 )  reports, for experiments at 
smaller Reynolds numbers, that Strouhal numbers associated with periodic 
ejections of dye from the recirculation bubble were in the range of 2 to 4. 
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