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ON THE PAPER BY R.R. NIGMATULLIN 
"FRACTIONAL INTEGRAL AND 

ITS PHYSICAL INTERPRETATION" 
The goal of establishing a clear relationship between fractial geometry and fractional 

calculus has been long sought by the scientific community. A number of intuitive or heuris­
tic suggestions in this direction have been made in the last decade, Le Mehaute [1] having 
come the closest to a rigorous treatment of the problem. In this line of thinking, the paper 
by Nigmatullin [2] is an attempt to interpret fractional integration in terms of the fractal 
Cantor set. The author considers the evolution of the state of a physical system through its 
input-output relation 

J(t)= f K{t,: 
Jo 

•)f{r)dt 

and suggests that fractional integration of the order v can be interpreted by the above equa­
tion, with the impulse response (memory function) K{t) r) providing for loss of some states 
of the system. This is achieved, according to the author, with the memory function gener­
ated by the Cantor set of the fractial dimension v. This set is built iteratively by deleting, 

at the first step, the middle symmetrical part of length 2(1 — )̂< К = 2 _ I / , 0 < ^ < \ \ 

of the interval [0, tf].and at each following step repeating a similar operation on all remain­
ing intervals. The "intensity" of the memory function is kept constant by a scaling factor 
inverse to the summary area of the strips. 

To this aim the author considers rectangular waveforms of a unit magnitude (2.8)1) 

(tl<r<t)=(1 К ^ М г ] , 
\ 0 otherwise. 

The linear combinations of such functions reduced consequently by a scaling factor serve as 
the memory function in the above integral. By this design, the author belie vs apparently to 
have reduced K(t, r) to K{t — r) , which should justify the use of the convolution theorem, 
therefore the Laplace transform of J(t) is taken equal to the product of K(p) and F(p)} the 
corresponding Laplace transforms of K(t) and f(t). This way relation (2.12) is obtained, 
crucial for the results presented in the paper. 

'Formula (8) of the paper [2] and so on. 
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However, by the design used by the author, both the scaling factor and the width of the 
intervals [ti, $2] become dependent on t, as can be seen from (2.10): 

4(^+1) _ JN) AN+1) _ . £N+1. 
c m + l 
AN+1) _ AN) fiN+if AN) 
l m + 3 — Sn+1 " s f> £ m + l 

(here N is the index of the step). 
Obviously, the Cantor set as a memory function allows for no convolution. In fact, 

1 V ^ Г ft2m /*'2m-l "1 m=mm£t\L
 f(T)dT-l / ( r H 

and 

H(P) 
(20 27V 

2 N + 1 

E 
771 = 1 

Д 2m \ / ? 2 m - l 

where the constants f3m =tm/t. 
If we consider now for clarity just the first step of the divisions in the Cantor set (TV = 1), 

(2.11) should read 

(1) 
1 г ft /41-О* ft* 

J{t):=Wt[jo f { T ) d T ~ l f{T)dT + Jo f{T)dT 

an expression which may very well not have a Laplace transform even for very common 
functions f(t). But even if we drop the factor 1/t and introduce the functions 

h(t): J(t)=h(t), 

s(t) = Г f(r)dr, 
Jo 

we get, for TV = 1, 

(2) 

rather than 

(3) 

H(p) = Щ 
_1 
27PL 

1 W P > 

F{p) + F{Z)-Fq} 

i „ , P ад 
Rep > 0, 

j ( p ) = L^gLM^ + exp{_pt(1 _ 0}]Fip)> 

as obtained from (2.12) in the text. In a way of verifying, one can see that setting f = 1/2 in 
(2) leads to a correct Laplace transform for the conventional integration of the order v = 1, 
whereas the same substitution into (3) does not. A similar mistake in the introductory 
Section 1 of the paper has lead to the bizarre formulas (2.6) and (2.7). 
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Futhermore, if we set as an example f(t) = 1 for t > 0, the integration with the Cantor 
set as a memory function will result in the conventional integration {y = 1) for any £ and 
any number of steps N, including N —> oo. This can be easily seen either in the t ime domain 
from (1) or using the correct Laplace transform (2). 

The aforesaid shows clearly, in the opinion of this writer, the erroneousness of the deriva­
tions in the paper and of the interpretation of the fractal Cantor set as a realization of the 
fractional integral. 

But what can one say about the underlying physical idea? May it be tha t this operation 
approximates, in a sense, the fractional integration? 

In order to answer this question, consider another example of 

F(p) = , a > 0, Rep > - a . 

ftm Am-1 
Ip + afom P + a / ? 2 m - i J 

s + a 

Then 

H(P) = Щ2М £ 
V S ' 771 = 1 

i.e., the poles of the output Laplace transform make a sequence start ing at the poles of the 
Laplace transform H(p) and tending to 0. It can be shown, however (Rutman, 1990), tha t 
in an approximation of fractional integral by an infinite product, the poles form a sequence 
tending to —oo, which describes an entirely different physical entity. 
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