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Abstract

In this paper a new method for inverting the Laplace transform
from the real axis is formulated. This method is based on a quadrature
formula. We assume that the unknown function f(¢) is continuous
with (known) compact support. An adaptive iterative method and an
adaptive stopping rule, which yield the convergence of the approximate
solution to f(t), are proposed in this paper.
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1 Introduction

Consider the Laplace transform :

LF(p) = /0 TP (t)dt = F(p), Rep >0, 1)

where £ : Xop — L%[0, 00),

XO,b = {f € L? [0’ OO) | suppf C [0’ b)}v b>0. (2)
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We assume in (2)) that f has compact support. This is not a restriction
practically. Indeed, if lim;_,o, f(t) = 0, then |f(¢)| < d for ¢t > t5, where § >
0 is an arbitrary small number. Therefore, one may assume that suppf C
[0,%5], and treat the values of f for ¢t > t5 as noise. One may also note that
if f € L'(0,00), then

[e%) b [e%)
Fp) = /0 F(t)ePdt = /0 F()ePdt + /b F(DePdt = Fy (p) + Fa(p),

and |F(p)| < e7P4, where [ |f(t)|dt < 6. Therefore, the contribution of
the 7tail” fy(t) of f,
0, t < b,

folt) = { £#), >0,

can be considered as noise if b > 0 is large and é > 0 is small. We assume
in @) that f € L?[0,00). One may also assume that f € L'[0,00), or that
|f(t)] < cre®?t, where c1,co are positive constants. If the last assumption
holds, then one may define the function g(t) := f(t)e~ (2Tt Then g(t) €
L'[0,00), and its Laplace transform G(p) = F(p + ¢ + 1) is known on the
interval [ca +1, ca +14b] of real axis if the Laplace transform F(p) of f(t) is
known on the interval [0, b]. Therefore, our inversion methods are applicable
to these more general classes of functions f as well.

The operator £ : X — L?[0,00) is compact. Therefore, the inversion
of the Laplace transform ([I) is an ill-posed problem (see [17], [20]). Since the
problem is ill-posed, a regularization method is needed to obtain a stable in-
version of the Laplace transform. There are many methods to solve equation
(@) stably: variational regularization, quasisolutions, iterative regularization
(see e.g, [13], [17], [20], [2I]). In this paper we propose an adaptive iterative
method based on the Dynamical Systems Method (DSM) developed in [20],
[21]. Some methods have been developed earlier for the inversion of the
Laplace transform (see [2], [5], [8], [I12]). In many papers the data F(p) are
assumed exact and given on the complex axis. In [I6] it is shown that the
results of the inversion of the Laplace transform from the complex axis are
more accurate than these of the inversion of the Laplace transform from the
real axis. The reason is the ill-posedness of the Laplace transform inversion
from the real axis. A survey regarding the methods of the Laplace trans-
form inversion has been given in [5]. There are several types of the Laplace
inversion method compared in [5]. The inversion formula for the Laplace
transform is well known:

o+100
£(t) = - / F(p)edp, o >0, (3)
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is used in some of these methods, and then f(t) is computed by some quadra-
ture formulas, and many of these formulas can be found in [6] and [I5].
Moreover, the ill-posedness of the Laplace transform inversion is not dis-
cussed in all the methods compared in [5]. The approximate f(t), obtained
by these methods when the data are noisy, may differ significantly from f(¢).
There are some papers in which the inversion of the Laplace transform from
the real axis was studied (see [1], [4], [7], [10], [16], [18], [19], [23], [24]). In
[1] and [19] a method based on the Mellin transform is developed. In this
method the Mellin transform of the data F'(p) is calculated first and then
inverted for f(¢). In [4] a Fourier series method for the inversion of Laplace
transform from the real axis is developed. The drawback of this method
comes from the ill-conditioning of the discretized problem. It is shown in
[] that if one uses some basis functions in X4, the problem becomes ex-
tremely ill-conditioned if the number m of the basis functions exceeds 20.
In [I0] a reproducing kernel method is used for the inversion of the Laplace
transform. In the numerical experiments in [10] the authors use double and
multiple precision methods to obtain high accuracy inversion of the Laplace
transform. The usage of the multiple precision increases the computation
time significantly which is observed in [I0], so this method may be not effi-
cient in practice. A detailed description of the multiple precision technique
can be found in [9] and [1I]. Moreover, the Laplace transform inversion
with perturbed data is not discussed in [10]. In [24] the authors develop
an inversion formula, based on the eigenfunction expansion for the Laplace
transform. The difficulties with this method are: a) the inversion formula is
not applicable when the data are noisy, b) even for exact data the inversion
formula is not suitable for numerical implementation.

The Laplace transform as an operator from Cy into L%, where Cp, =
{f(t) € C[0,+00) | suppf C [0,k)}, k = const > 0, L? := L?[0,00), is
considered in [7]. The finite difference method is used in [7] to discretize
the problem, where the size of the linear algebraic system obtained by this
method is fixed at each iteration, so the computation time increases if one
uses large linear algebraic systems. The method of choosing the size of the
linear algebraic system is not given in [7]. Moreover, the inversion of the
Laplace transform when the data F(p) is given only on a finite interval [0, d],
d > 0, is not discussed in [7].

The novel points in our paper are:

1) the representation of the approximation solution (73]) of the function
f(t) which depends only on the kernel of the Laplace transform,

2) the adaptive iterative scheme (70) and adaptive stopping rule (87,



which generate the regularization parameter, the discrete data Fs(p)
and the number of terms in (73]), needed for obtaining an approxima-
tion of the unknown function f(¢).

We study the inversion problem using the pair of spaces (Xoyp, L%[0,d)]),
where Xy, is defined in (2]), develop an inversion method, which can be easily
implemented numerically, and demonstrate in the numerical experiments
that our method yields the results comparable in accuracy with the results,
presented in the literature, e.g., with the double precision results given in
paper [10].

The smoothness of the kernel allows one to use the compound Simp-
son’s rule in approximating the Laplace transform. Our approach yields a
representation ([73) of the approximate inversion of the Laplace transform.
The number of terms in approximation (73]) and the regularization parame-
ter are generated automatically by the proposed adaptive iterative method.
Our iterative method is based on the iterative method proposed in [14].
The adaptive stopping rule we propose here is based on the discrepancy-
type principle, established in [22]. This stopping rule yields convergence of
the approximation (73]) to f(¢) when the noise level § — 0.

A detailed derivation of our inversion method is given in Section 2. In
Section 3 some results of the numerical experiments are reported. These
results demonstrate the efficiency and stability of the proposed method.

2 Description of the method
Let f € Xop. Then equation (1) can be written as:
b
(Lhw) = [ eMti=F@). 0<p. 4)

Let us assume that the data F'(p), the Laplace transform of f, are known
only for 0 < p < d < co. Consider the mapping L, : L?[0,b] — R™! where

(Lo f)i = /b e Pt f(t)dt = F(p;), i=0,1,2,...,m, (5)
0

d
pi:i=1th, 1=0,1,2,...,m, h:=—, (6)
m

and m is an even number which will be chosen later. Then the unknown
function f(t) can be obtained from a finite-dimensional operator equation



). Let

(U, V) pym = Zw](-m)ujvj and |jullwm = (u, u)ym (7)
=0

(m)

be the inner product and norm in R™*! respectively, where w; " are the
weights of the compound Simpson’s rule (see [6, p.58]), i.e.,

B/3, j=0,m: J
wi™ = ¢ 43, =201, 1=1,2,...,m/% h="—, (8)
oh/3, j=2, 1=1,2,...,(m—2)/2, m

where m is an even number. Then

m b
(Lmg, V) yym = Zw](-m)/ e Pitg(t)dtv;
§=0 0

S (9)
= [ a3 u et = 0.Cn)x,
7=0
where
Vo
Lrv= Em:w(m)e_pjtv' V= . e R+ (10)
mY T 7 7 — : .
j=0 :
Um
and ,
(a:x,, = [ ama (11)

and

. e_pjtvjdt
LonLrv=



b _ o—b(pitpy)
Q™),; = w(."”/ e~opigy — LT o
0

I I Pi + Dj
(14)
Lemma 2.1. Let w](-m) be defined in (8). Then
S wl™ =4, (15)
j=0
for any even number m.
Proof. From definition (8)) one gets
m m/2 (m—2)/2
S wl™ = wf™ 4w +Zw2] L+ Z wy!
j=0
m/2 (nm——2)/2
2h 4h 2h (16)
=S tlat X G
7j=1 7=1
2h  2hm  him —2) d
3 3 3 e
Lemma 211 is proved. O

Lemma 2.2. The matriz Q™) defined in ([I4)), is positive semidefinite and
self-adjoint in R™Y with respect to the inner product ().

Proof. Let
b — e bpitp))
(Hp)ij = / ity — L€ T (17)
0 Di +Dpj
and
(m) . _ .
l%n ii = u% ’ Z——j, 18
(Drm)ig { 0, otherwise, (18)

w](-m) are defined in (8). Then (Dy, Hy, Diyyts, V) gmir = (Uy Dy Hyy D) g 41,

where
m

(U, V) gmi1 = Zujvj, u,v € RMTL (19)
j=0



We have

QM v) Zw )jv; = Z(DmHmDmu)jvj
7=0
= <D H,y Dy, V) gmsr = <u Dy Hpy, D) gt (20)
—Zu]D H Dmv]—Zu] )(Hpy Do)
= <U, Q(m U>W7”‘
Thus, Q™ is self-adjoint with respect to inner product (7). We have
b b
(Hpm)ij = / e~ Pitpiltgy — / e Pite Pt Jt
0 0 (21)

= (b, 0j)xy,,  Gilt) =P,

where (-,-)y . is defined in (II). This shows that Hy, is a Gram matrix.
Therefore,
(Hpu, wygmi1 > 0, Yu € R™L (22)

This implies
(Q(m)u,u>Wm = <Q(m)u,Dmu>Rm+1 = (HpDpu, D) gmsr > 0. (23)

Thus, Q™ is a positive semidefinite and self-adjoint matrix with respect to
the inner product (). O

Lemma 2.3. Let T(™ be defined in ([I2). Then T s self-adjoint and
positive semidefinite operator in Xo with respect to inner product (IIJ).

Proof. From definition (I2]) and inner product (IIl) we get
b m b
(T g, by, = / > wMerit / e 737 g(2)dzh(t)dt
b “ (m) b (24)
= / g(2) ij e_pjz/ e Pith(t)dtdz
0 o 0

= <g7 T(m) h>X07b'

.

Thus, 7™ is a self-adjoint operator with respect to inner product (III). Let
us prove that 7™ is positive semidefinite. Using (I2), @), (@) and (I,

EN|



one gets

b m b
<T(m)g7 g>X0 , = / Z w§m)e—pjt / e_pjzg(z)dzg(t)dt
’ 0 0
m b b
=3l [ [Certgnar (o
0 0

b 2
](-m) (/ e_pjzg(z)dz> > 0.
0

Lemma is proved. d

I
NE
g

From (I0) we get Range[L ] = Span{w](-m)k:(pj, - 0)}7Ly, where
k(p,t,z) = e PUF2), (26)
Let us approximate the unknown f(¢) as follows:
F) =Y Ml Wemrit = Lo POV = (1), (27)
§=0

where p; are defined in (@), 7}, is defined in (B4]), and cg-m) are constants
obtained by solving the linear algebraic system:

(al + Q)™ = pm), (28)

where Q™ is defined in (I3),

D F(po)

m F

M = Cl' and F™ .= (pl) . (29)
C&,T) F(pp)

To prove the convergence of the approximate solution f(¢), we use the fol-
lowing estimates, which are proved in [21], so their proofs are omitted.

Lemma 2.4. Let T™ and Q™) be defined in (I2) and ([3), respectively.
Then, for a > 0, the following estimates hold:

Qe i Ll < (30)

1
2/a’



al|Qmll < 1, (31)
1

T <= 2
| Tpmll < a7 (32)
1T, Lol < 2[ (33)

where
Qum = Q™ +al T, :=T™ 4 al, (34)

1 is the identity operator and a = const > 0.

Estimates ([B0) and (31]) are used in proving inequality ([©2]), while esti-
mates ([B2]) and ([B3) are used in the proof of lemmas 2.9 and 2.10, respec-
tively.

Let us formulate an iterative method for obtaining the approximation
solution of f(t) with the exact data F(p). Consider the following iterative
scheme

un(t) = qua—1(t) + (1 = )T, ' L*F, uo(t) =0, (35)
where L£* is the adjoint of the operator L, i.e.,
d
o) = [ o (36)
(T)(1) = (L)t /’/ (p.t,2)dpf (2)dz
b (37)
:/ _f(z) (1 — e_d(Hz)) dz
0 t+ 2z ’
k(p,t,z) is defined in (20)),
T, :=al+T, a>0, (38)
ap = qanp-1, ag>0, q€ (07 1) (39)

Lemma 2.5. Let T, be defined in B8), Lf = F, and f L N(L), where
N (L) is the null space of L. Then

al|T;7Mf =0 asa— 0. (40)
Proof. Since f L N (L), it follows from the spectral theorem that

tim o277 | = lim / (B, f) = [Py fI =

where F; is the resolution of the 1dent1ty corresponding to £*L, and P is
the orthogonal projector onto AN/ (L).
Lemma is proved. O



Theorem 2.6. Let Lf = F, and u,, be defined in ([B5) Then

lim ||f — uy,| = 0. (41)
Proof. By induction we get
n—1
un = > WT L L4F, (42)
j=0
where Ty, is defined in (38)), and
W i g g (13)
Using the identities
Lf=F, (44)
T =T, YT +al —al)=1—aT,* (45)
and
n—1
Sw =1-4¢", (46)
j=0
we get
n—1 n—1
[ == 3w Y e T
j=0 §=0
n—1 (47)
=q"f+ ) w](-n)ajﬂTinlf-
§=0
Therefore,
n—1
If = wall < @11+ D azlT0 L S (48)

5=0
To prove relation (A1) the following lemma is needed:

Lemma 2.7. Let g(x) be a continuous function on (0,00), ¢ > 0 and q €
(0,1) be constants. If

lim_g(z) = g(0) := go, (49)

then .
Tim (@ =" ) gleg?™) = go. (50)

j=0

10



Proof. Let

-1
Fi(n) =Y wMg(eg ™), (51)
j=1

where w](p) are defined in ([A3]). Then

|Frg1(n) = gol < |Ei(n)] + | > wig(cq’™) — gol.
j=l

Take € > 0 arbitrarily small. For sufficiently large fixed I(€) one can choose
n(e) > l(e), such that

[Fiey(n)] <

< %, Vn > n(e),

because lim, .o ¢" = 0. Fix | = I(e) such that |g(cg’) — go| < & for j > I(e).
This is possible because of ([Z9). One has

[Fiey(n)] < 5, n>mnle) > I(e)

€
27

Y wMgleg ) —go] < 37 wPlgled™) —gol +1 Y wi” —1]lgol
=10 7= 7=

€ n n—Il(e
<35 J(»)—Fq "] go|

< = +golg" 1O <,

if n(e) is sufficiently large. Here we have used the relation
n
Sw=1-q""
j=l

Since € > 0 is arbitrarily small, relation (50) follows.
Lemma 2.7 is proved. d

Lemma 5] together with Lemma 27 with g(a) = a7 f| yield

n—1
Tim > Va7, £l = 0. (52)
j=0

11



This together with estimate (@8] and condition ¢ € (0, 1) yield relation (4IJ).
Theorem is proved. O

Lemma 2.8. Let T and T™ be defined in 7)) and (I2), respectively. Then

(2bd)?
T T . 53
7 -7t < e (5%
Proof. From definitions ([B7) and (I2]) we get
(T — T(m / / k(p,t,z)dp — Zw k(pj.t,2)| |f(2)|dz
j=
’ ’ 4 —p(t+2)
< — t e~P(t+2) d
< [ g mas (¢ +2)'e 77 (2 -

1/2

b d° 45 b N
:/0 180m4(t+z)4\f( 2z < oo </0 (t+ z) dz) 1£ 0.
- 5 |:(t_|_b)9 _t9:|1/2

- 180m4 9 ”f”XO,b7

where the following upper bound for the error of the compound Simpson’s
rule was used (see [6, p.58]): for f € CW|xg, 2o, To < o1,

/ f dr — - |:f0+42f2(j 1) +2Zf2]+f$2[ <Rl7 (55)
7=1
where
f] :f(ﬂj‘]), :EJ:xO_‘_th 32071727a2lv h:x2l2_lx07 (56)
and ( X
_ \P2 7 T0) ) p(4)
Rl— 180(21)4 ’f (f)’, x0<§<x21. (57)
This implies
45 [(2b)10 — 2p107%/2 (2bd)
-2, < e [ 2] i, < B,
(58)
so estimate (B3)) is obtained.
Lemma 2.8 is proved. d

12



Lemma 2.9. Let 0 < a < ag,

ap 1/4
m:m(f) . k>0 (59)
Then (2ba)?
1T =T < 540V T0agrt (60)
where T and T are defined in (37) and (I2), respectively.
Proof. Inequality (60) follows from estimate (53] and formula (59]). O

Lemma 2.9 leads to an adaptive iterative scheme:
Un,m, (t) = qUn—1,m,_; T (1 - Q)Tc;zl,mnﬁfnnF(mn)v U0,mo (t) =0, (61)

where ¢ € (0,1), a, are defined in [B9), T}, is defined in (B4), A,,L is
defined in (B)), and

F(pm)
p; are defined in (G)). In the iterative scheme (€I we have used the finite-
dimensional operator T(™) approximating the operator 7. Convergence of

the iterative scheme (G1)) to the solution f of the equation Lf = F' is estab-
lished in the following lemma:

Lemma 2.10. Let Lf = F and uy m, be defined in (61)). If m,, are chosen
by the rule

ap\ /4
[ T e

an
where [[x]] is the smallest even number not less than z, then
i |[f = tnm,|| = 0. (64)
n—oo
Proof. Consider the estimate

If— un,mnH < |f = unll + llun — un,mnH = I1(n) + I2(n), (65)

13



where I1(n) = ||f — up|| and Iz(n) := |Ju, — Unm,||. By Theorem [2.6]
we get I1(n) — 0 as n — oo. Let us prove that lim, .o I2(n) = 0. Let
Up 1= Up — Up,m, . Then, from definitions (B5) and (GIl), we get

Up = qUp_1 + (1 —q) (T;c*F - T;jmnc:nnﬂmn)) . Up=0. (66)

By induction we obtain

[y

n—

=YW (T L F =Tk, (L ) FO50) (67)

Aj41,MM541
0

<

where w; are defined in [@3). Using the identities Lf = F, L,,f = F™),

T T =T, YT +al —al) =1 —aT; ", (68)
T T = T (T ol —al) =1 —aT, ), (69)
Ty = Tyt =Ty (T = TO)TY, (70)
one gets
n—1 ()
-1 -1
Un = wjn aj+1 <Taj+1vmj+1 - Taj+1) f
§=0
n—1 (71)
N PN ot <T—T(mﬂ'+1)) -1 f
J Yitltajmy ajr1d
§=0
This together with the rule (63]), estimate ([B2) and Lemma 28] yield
1Unll < Zw a1 Ty gy T =TSO T2
(72)

(2bd)° = ()
S So0Jie oA 540\/_(1 K4 4 Zw a]+1H aﬁLlfH

Applying Lemma and Lemma 27 with g(a) = a|T;'f|, we obtain
limyy .o ||Un|| = 0.
Lemma 210/ is proved. d

14



2.1 Noisy data
When the data F'(p) are noisy, the approximate solution (27)) is written as

=S Wl emrit = L B, (73)
7=0

where the coefficients c(»m’é)

: are obtained by solving the following linear
algebraic system:

Qamc™® = F™), (74)
Qa,m is defined in (34),
C(E)mii Fs(po)
cmd) = [ " [ Fae) ] (75)
cg':,,';b"é) Fs5(pm)

w](-m) are defined in (§), and p; are defined in ().
To get the approximation solution of the function f(¢) with the noisy
data Fs(p), we consider the following iterative scheme:

6 6 (

* n §
Upm,, — QUn—1,m,_, + (11— ) an, mn‘c (m )7 UQ,my — 07 (76)

where T, is defined in ([B4]), a,, are defined in [B39), ¢ € (0,1), F(;(m) is
defined in ([73)), and m,, are chosen by the rule (63]). Let us assume that

Fs(pj) = F(p;) +6;, 0<|d;] <6, j=0,1,2,...,m, (77)

where §; are random quantities generated from some statistical distributions,
e.g., the uniform distribution on the interval [—§, d], and § is the noise level
of the data F'(p). It follows from assumption (7)), definition (&), Lemma 21
and the inner product (7)) that

|F™ — Fim) ||Wm_zw 52<52Zw = §%d. (78)

Lemma 2.11. Let uy, p,, and ugmn be defined in ([©1l) and (T6l), respectively.

Then
Vds
Hun,mn - nmn” = 2\/@
where a,, are defined in (39).

(1-q¢"), qe€(0,1), (79)

15



Proof. Let UJ = up m,, — ufhmn. Then, from definitions (GII) and (76]),
U = Ul + (1= )Ty b, L, () = E7) TS =00 (80)

By induction we obtain

n—1
U = 3 VT iy (Bmge) (F30) — F™00) 0 (81)
j=0

where w; are defined in (@3). Using estimates (78) and inequality (33,

one gets

n—1 m
d w( 0 — _.n
I3l < VY o 5 e < Z W( (6

where w; are defined in (43).
Lemma 2171 is proved. d

Theorem 2.12. Suppose that conditions of Lemma [2Z10 hold, and ns sat-
isfies the following conditions:

lim ns = 0o, lim = 0. (83)
6—0 -0 /Gn,
Then
tim |1~ 0, | =0 (34)
Proof. Consider the estimate:
1 = g g | S N = g s |+ (g mns = g, |- (85)

This together with Lemma 2.11] yield
Vds
2, /Gy

Applying relations (83)) in estimate (86l), one gets relation (84]).
Theorem [2.12] is proved. ]

1 = g i 1| S I = g s |+ (1—q"). (86)

In the following subsection we propose a stopping rule which implies
relations (83)).

16



2.2 Stopping rule

In this subsection a stopping rule which yields relations (83]) in Theorem 2.12}
is given. We propose the stopping rule

Gsimn, < C6° < Gum,, 1<n<ng C>Vd, e€(0,1), (87)
where
Grnmn = 4Gn-1,m, 1 + (1- q)Hﬁmnz(mm&) - Fa(mn) [l wmn s Go,mo =0, (88)

|| - [[wm is defined in (),

Lm0 =y e, (39)
=0

w](-m) and p; are defined in () and (G)), respectively, and cg-m’é) are obtained

by solving linear algebraic system (74]).
We observe that

L 008) — ) Z Qo)) _ )
— Q(m'n)(anl + Q(mn))_lFé(mn) _ Fé(mn)
— Q") + a, I — apI)(and + QU))~t (™) — plmn)
= —ap(anl + Q(m"))_lFé(m”) = —a, M9,
(90)
Thus, the sequence (88]) can be written in the following form

Gn7mn = an_lymnfl + (1 - Q)anHC(mn’é)HW’"n’ GO,mo =0, (91)

where || - ||yym is defined in (7)), and (™% solves the linear algebraic systems
([74).
It follows from estimates (78], (30) and (BI]) that
an [ = anll(@nd + QU™

< au(@nd +QU)THE™ — FO) [y
+ an|(and + Q)T EI™ [y,
< B = FO™
+ anll(and + Q) Lo, fllwmn
< SV + Vag| fllx,,-

17



This together with ([@I]) yield

Grmy < 4Cn-tim,s + (1= @) (VA + Vanlfllxy, ), (93)

or

Gnymn, — 5Vd < q(Gn-1mp_y — 5\/3) +(1—q)y an”f”Xo,b' (94)
Lemma 2.13. The sequence Q1)) satisfies the following estimate:

—(5\/E§ (1 _Q)@||f||XO,b7

Gnmn, 95
7 R (95)
where a,, are defined in (39).
Proof. Define
U, = G, — 0Vd (96)

and

¥n = (1= q)v/an|fllxq,- (97)
Then estimate ([@4]) can be rewritten as

\I/n < q\I’n—l + \/awn—ly (98)

where the relation a, = ga,—1 was used. Let us prove estimate (OF]) by
induction. For n = 0 we get

v < Lo Dvalflx,,

Uy = 99
Suppose estimate (@5]) is true for 0 < n < k. Then
q
Vi1 < qWk + qr < Y + ¥k
+ V4 = va Va
q q Pk
L Y = Ve Vi1 (100)
1-Va 1= V¥t
" \/_i% 1= ! Yr41
where the relation axi1 = gap was used.
Lemma 2.13]is proved. O
Lemma 2.14. Suppose
Gimy > 0V d, (101)

where G, p,,, are defined in ([QI). Then there exist a unique integer ngs,
satisfying the stopping rule &7) with C > V/d.
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Proof. From Lemma [2.13] we get the estimate

(1 — a)v/an| fllx,,

Grm, < 5Vd+ 102
where a,, are defined in ([39). Therefore,
lim sup Gy, < 6Vd, (103)

n—oo

where the relation lim,, .., a, = 0 was used. This together with condition
(I0T)) yield the existence of the integer ns. The uniqueness of the integer ns
follows from its definition.

Lemma 214 is proved. d

Lemma 2.15. Suppose conditions of Lemma[2.14) hold and ns is chosen by
the rule [8T). Then

—0. (104)

1m
0—0 \/Qn,

Proof. From the stopping rule (87) and estimate (I02) we get

1— s —
C6 < Gty < OV + (1-q) Viié'”'““"’, (105)

where C' > v/d, € € (0,1). This implies

$(Co V) _ (1=l fllxs

, 106
,—ané—l — 1 _ \/a ( )
so, for € € (0,1), and a,; = gan;—1, one gets
1— 51—&
lim im0 gy LD s g
0—0 \/Ans  0—0 \/q\/Ans—1 ~ -0 (/g — q)(C — 51—5\/3)
Lemma is proved. d

Lemma 2.16. Consider the stopping rule [8T), where the parameters my,
are chosen by rule (63). If ng is chosen by the rule (87) then

lim n5 = oo. 108
lim 725 = 00 (108)
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Proof. From the stopping rule (87) with the sequence G,, defined in (@I
one gets

gC6° + (1 = q)ang |50 [[yymns < qGhs—1m,, (109)
+ (1 = @)ang |5 ymns = Gig i, < CO,

where (™9 is obtained by solving linear algebraic system (74). This implies
0 < any |60 || yyrmns < COF. (110)

Thus,
N (111)

If F(™) £ 0, then there exists a )\(()m) > 0 such that

E/(\m) Fm 20, (E{VF™, FOV)y, = ) > 0, (112)

(m)
0

where Egm) is the resolution of the identity corresponding to the operator
QU™ =L, LF,. Let

han(8, @) = Q2 (|Q ™ 2rmy Qg = al + Q™.
For a fixed number a > 0 we obtain
hn (8, 0) = a?(| QL Fy™ By

©  a m) (m) ()
:/0 ((H—S)2d<Eg L

)\(()m) j2 (m) (m) (m)
> d E F m ,F wm
a /0\ (a 8)2 < B 0 o > (113)

(m)
a2 Ao

>_ °
~ (a+X0)% )y

0| B0 By
0

AEMFE™ F™y g

(a+ A2

Since Eg\?) is a continuous operator, and ||F(™) —Fé(m) lwm < V/dé, it follows
from (II2)) that
%%(EE\?)Fgm),Fé(m)>Wm = (EVFM FO Y, > 0. (114)
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Therefore, for the fixed number a > 0 we get
hm(6,a) > c2 >0 (115)

for all sufficiently small § > 0, where cs is a constant which does not depend
on 6. Suppose lims_,gan; # 0. Then there exists a subsequence §; — 0 as
j — 00, such that

Gns, 2 €1 > 0, (116)

and

0 < g, = [Islao/ans )| < [In(ao/er) /]| i= e < 00, .0 >0,
(117)
where the rule (G3]) was used to obtain the parameters m,, 5 This together

with (I12]) and (II5) yield

(mng,) (mng)
agtsj HE}\(m’:;j)Féj K le/vmnaj
Jm Ry, (05, @n,) 2 Jim, BT
(ans, +Ag 7 )2 118)
1B s R
> lim inf Y . > 0.
= (crt Xy )2

This contradicts relation (III)). Thus, lims_ga,, = lims_gapq™ =0, i.e.,
limg_,() ng = oQ.
Lemma [2.16] is proved. ]

It follows from Lemma 2.5l and Lemma [2.16 that the stopping rule (87])
yields the relations (83). We have proved the following theorem:

Theorem 2.17. Suppose all the assumptions of Theorem[2.12 hold, m.,, are
chosen by the rule (63)), ns is chosen by the rule 1) and G, > C0, where
Gn,m, are defined in (@), then

. 5 .
2.3 The algorithm

Let us formulate the algorithm for obtaining the approximate solution f9 :
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(1) The data Fs(p) on the interval [0,d], d > 0, the support of the function
f(t), and the noise level J;

(2) initialization : choose the parameters K > 0, ag > 0, ¢ € (0,1), € €
(0,1), C > V/d, and set ugmo =0,Gy=0,n=1;

(3) iterate, starting with n = 1, and stop when condition (I28)) ( see below)
holds,

(a) apn = a(]qnv
(b) choose m,, by the rule (63]),

(¢) construct the vector F, (g(m"):

(F™ ), = Fs(p)), pi=1h, h=d/my,, 1=0,1,...,m, (120)

(d) construct the matrices H,,, and D, :

1 — e~ bpitp))

b
(Hm, )ij ::/ e~ Pty = i, =1,2,3,...,mn
0

Di + pj
(121)
(Do) =4 ™ i=3 (122)
it 0, otherwise,
where w](-m) are defined in (g]),
(e) solve the following linear algebraic systems:
(anl + Hyn, Dy, )™ = B, (123)

Where (C(m'ru(s))i — Cgmn,5)’

(f) update the coefficient cg-m”’é) of the approximate solution ufl,mn (t)
defined in (73]) by the iterative formula:

u27mn (t) = qu2_17mn71(t) + (1 - q) Z c(mnﬁ)w‘gmn)e_pjt’ (124)
j=1
where
U 1o () = 0. (125)

Stop when for the first time the inequality
Grmn = 4Gty + | yymn < C6° (126)

holds, and get the approximation fo(t) = ui&mné (t) of the function
f(t) by formula (124)).
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3 Numerical experiments

3.1 The parameters k, ag, d

From definition (B9) and the rule (63]) we conclude that m,, — oo as a,, — 0.
Therefore, one needs to control the value of the parameter m, so that it
will not grow too fast as a, decreases. The role of the parameter x in
([63)) is to control the value of the parameter m,, so that the value of the
parameter m,, will not be too large. Since for sufficiently small noise level 9,
namely 6 € (107¢,1079], the regularization parameter ans, obtained by the
stopping rule (87), is at most O(107?), we suggest to choose x in the interval
(0,1]. For the noise level § € (1075 1072 one can choose x € (1,3]. To
reduce the number of iterations we suggest to choose the geometric sequence
an = apd®", where ag € [0.1,0.2] and a € [0.5,0.9]. One may assume without
loss of generality that b = 1, because a scaling transformation reduces the
integral over (0, b) to the integral over (0, 1). We have assumed that the data
F(p) are defined on the interval J := [0,d]. In the case the interval J =
[dy,d], 0 < dy < d, the constant d in estimates ([©0), (78], (79), (82), (©4),
[@5), and (I02]) are replaced with the constant d —d;. If b =1, i.e., f(t) =0
for t > 1, then one has to take d not too large. Indeed, if f(¢t) =0 for ¢t > 1,
then an integration by parts yields: F(p) = [f(0) — e Pf(1)]/p + O(1/p?),
p — oo. If the data are noisy, and the noise level is §, then the data becomes
indistinguishable from noise for p = O(1/§). Therefore it is useless to keep
the data Fs(p) for d > O(1/§). In practice one may get a satisfactory
accuracy of inversion by the method, proposed in this paper, when one uses
the data with d € [1,20] when 6 < 1072, In all the numerical examples we
have used d = 5. Given the interval [0, d], the proposed method generates
automatically the discrete data F5(p;), 7 = 0,1,2,...,m, over the interval
[0, d] which are needed to get the approximation of the function f(t).

3.2 Experiments

To test the proposed method we consider some examples proposed in [I],
2], B, 4, [B], [|], [10], [16], [I8] and [24]. To illustrate the numerical
stability of the proposed method with respect to the noise, we use the noisy
data Fs(p) with various noise levels 6 = 1072, § = 10~* and 6 = 1075,
The random quantities d; in (7)) are obtained from the uniform probability
density function over the interval [—4,d]. In examples 1-12 we choose the
value of the parameters as follows: a, = 0.1¢", ¢ = /2 and d = 5. The
parameter £ = 1 is used for the noise levels § = 1072 and § = 10~*. When
§ = 1075 we choose k = 0.3 so that the value of the parameters m,, are not
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very large, namely m,, < 300. Therefore, the computation time for solving
linear algebraic system (I23)) can be reduced significantly. We assume that
the support of the function f(¢) is in the interval [0,b] with b = 10. In the
stopping rule (87) the following parameters are used: C' = Vd+0.01, e =
0.99. In example 13 the function f(t) = e~* is used to test the applicability
of the proposed method to functions without compact support. The results
are given in Table 13 and Figure 13.

For a comparison with the exact solutions we use the mean absolute
error:

1/2

S (f(t) = i, ()
JEL Y Tng Lt =0.0140.1(j—1), j=1,...,100,

100

(127)
where f(t) is the exact solution and f;;né (t) is the approximate solution.
The computation time (CPU time) for obtaining the approximation of f(t),
the number of iterations (Iter.), and the parameters m,, and a,, generated
by the proposed method are given in each experiment (see Tables 1-12). All
the calculations are done in double precision generated by MATLAB.

e FExample 1. (see [10])

1, p=0,
Fi(p) = { epPoe 2 )

P 9

—_

, 1/2<t<3/2,
otherwise,

=

—— exact sol
- - - &5=1072

-0.4

Figure 1: Example 1: the stability of the approximate solution

The reconstruction of the exact solution for different values of the
noise level ¢ is shown in Figure 1. When the noise level § = 1076, our
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Table 1: Example 1.

) MAE mps Iter. CPU time(second) an,

1.00 x 1072 9.62x1072 30 3 3.13 x 1072 2.00 x 1073
1.00 x 107* 599 x 1072 32 4 6.25 x 1072 2.00 x 1077
1.00 x 1078 4.74x107%2 54 5 3.28 x 107! 2.00 x 10710

result is comparable with the double precision results shown in [10].
The proposed method is stable with respect to the noise ¢ as shown
in Table 1.

o FExample 2. (see [{)], [10] )

1/2, t=1, 9 p=0
fQ(t) == 17 1 < t < 107 Fz(p) == { lp_ —10p ’
0, elsewhere, p ’

1.2

Figure 2: Example 2: the stability of the approximate solution

Table 2: Example 2.

) MAE mps Iter. CPU time (seconds) s
1.00 x 1072 1.09 x 107+ 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107% 847 x 1072 32 3 6.25 x 1072 2.00 x 1076
1.00 x 1078 741 x1072 54 5 4.38 x 1071 2.00 x 10712

The reconstruction of the function fo(¢) is plotted in Figure 2. In [10]
a high accuracy result is given by means of the multiple precision. But,
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as reported in [10], to get such high accuracy results, it takes 7 hours.
From Table 2 and Figure 2 we can see that the proposed method yields
stable solution with respect to the noise level . The reconstruction of
the exact solution obtained by the proposed method is better than the
reconstruction shown in [4]. The result is comparable with the double
precision results given in [I0]. For § = 1075 and x = 0.3 the value of
the parameter m,,; is bounded by the constant 54.

Example 3. (see [1], [4)], [3], [18], [24])

te7t,
0,

0<t<10,
otherwise,

Fy(p) = 1 — e—(+D10  {ge—(p+1)10
T )2 p+1

Figure 3: Example 3: the stability of the approximate solution

Table 3: Example 3.

]

MAFE

mp, Iter. CPU time (seconds) ap,
1.00 x 1072 242 x107%2 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107* 1.08 x 1073 30 3 3.13 x 1072 2.00 x 1076
1.00 x 1076 4.02x107* 30 4 4.69 x 1072 2.00 x 1079

We get an excellent agreement between the approximate solution and
the exact solution when the noise level 6 = 10™% and 10~% as shown in
Figure 3. The results obtained by the proposed method are better than
the results given in [4]. The mean absolute error M AE decreases as the
noise level decreases which shows the stability of the proposed method.
Our results are more stable with respect to the noise § than the results
presented in [24]. The value of the parameter m,,, is bounded by the
constant 30 when the noise level § = 1076 and x = 0.3.
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e Example 4. (see [{], [10])

1—e 0% 0<t<10,
0, elsewhere.

8 + 26_5 p ey 0
F4(p) = 1—_e—10p 7 1—e—(p+1/2)10 07
7 pos  P>U

—— exact sol | |

—&—5=10"°

Figure 4: Example 4: the stability of the approximate solution

As in our example 3 when the noise § = 104 and 1076 are used, we
get a satisfactory agreement between the approximate solution and the
exact solution. Table 4 gives the results of the stability of the proposed
method with respect to the noise level §. Moreover, the reconstruction
of the function f4(t) obtained by the proposed method is better than
the reconstruction of f4(t) shown in [4], and is comparable with the
double precision reconstruction obtained in [10].

Table 4: Example 4.

0 MAFE mps Iter. CPU time (seconds) Ay
1.00 x 1072 1.59 x 1072 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107* 826 x10~* 30 3 9.400 x 1072 2.00 x 1076
1.00 x 1076 124 x107* 30 4 1.250 x 1071 2.00 x 1079

In this example when § = 107% and x = 0.3 the value of the parameter
my, is bounded by the constant 109 as shown in Table 4.

8

e Example 5. (see [2], [4)], [8])
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f5(t) = 2/V/3e7 % sin(tv/3/2)
_ 1 —cos(10V/3/2)e” 0P 10D 2(p +0.5)e” 0P 5in(10V/3/2)

F5(p) [(p +0.5)2 + 3/4] V3[(p + 0.5)2 + 3/4]

Figure 5: Example 5: the stability of the approximate solution

Table 5: Example 5.

5 MAFE mps Iter. CPU time (seconds) ap,

1.00 x 1072 4.26x107%2 30 3 6.300 x 1072 2.00 x 1073
1.00 x 107 1.25x1072 30 3 9.38 x 1072 2.00 x 1076
1.00 x 1076 1.86x107% 54 4 3.13 x 1072 2.00 x 1079

This is an example of the damped sine function. In [2] and [§] the
knowledge of the exact data F(p) in the complex plane is required
to get the approximate solution. Here we only use the knowledge
of the discrete perturbed data Fs(p;), j = 0,1,2,...,m, and get a
satisfactory result which is comparable with the results given in [2]
and [8] when the level noise § = 107%. The reconstruction of the
exact solution f5(t) obtained by our method is better than this of the
method given in [4]. Moreover, our method yields stable solution with
respect to the noise level § as shown in Figure 5 and Table 5 show. In
this example when x = 0.3 the value of the parameter m,,; is bounded
by 54 for the noise level § = 1076 (see Table 5).

Ezxzample 6. (see [10])
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t, 0<t<l1,
fet) =4 3/2—-1t/2, 1<t<3,

0, elsewhere.
{ 3/2, p=0,

1—e P(1+p) e 3P 4e2P(2p—1)
1172 2102 y D > 0

1.2

Figure 6: Example 6: the stability of the approximate solution

Table 6: Example 6.

) MAE mp, Iter. CPU time (seconds) ap,

1.00 x 1072 4.19x1072 30 2 4.700 x 1072 2.00 x 1073
1.00 x 107% 164 x1072 32 3 9.38 x 1072 2.00 x 1076
1.00x 1076 1.22x1072 54 4 3.13 x 1072 2.00 x 1079

Example 6 represents a class of piecewise continuous functions. ;From
Figure 6 the value of the exact solution at the points where the function
is not differentiable can not be well approximated for the given levels
of noise by the proposed method. When the noise level 6 = 1076, our
result is comparable with the results given in [10]. Table 6 reports
the stability of the proposed method with respect to the noise J. It
is shown in Table 6 that the value of the parameter m generated by
the proposed adaptive stopping rule is bounded by the constant 54 for
the noise level § = 1076 and x = 0.3 which gives a relatively small
computation time.

e Example 7. (see [10])
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—tet—et+1, 0<t<1,

fr(t) =< 1—2e71, 1<t<10,
0, elsewhere,
Fap) 3/e —14+9(1—2/e), p=0,
7\P) = —1—peltP—e(14p)24p(342 e 10p _
e—1-pe e(p;;;?1;5p(+p)+(6_2)6 1—p—10pe 1;61” p>0
Figure 7: Example 7: the stability of the approximate solution
Table 7: Example 7.
) MAE mp, Iter. CPU time (seconds) ap,
1.00 x 1072 1.52x 1072 30 2 4.600 x 1072 2.00 x 1073
1.00 x 107 2,60 x10=* 30 3 9.38 x 1072 2.00 x 1076
1.00 x 1076 2.02x107% 30 4 3.13 x 1072 2.00 x 1079

When the noise level § = 107* and § = 1075, we get numerical results
which are comparable with the double precision results given in [10].
Figure 7 and Table 7 show the stability of the proposed method for
decreasing 9.

Example 8. (see [3], [4])

41272t 0 <t < 10,
fs(t) = { 0, elsewhere.
8 + 4e~1024P)[—2 — 20(2 + p) — 100(2 — p)?
Fy(p) = [ ( ) ( ) ]'

(2+p)?
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—oab

-0.2

Figure 8: Example 8: the stability of the approximate solution

The results of this example are similar to the results of Example 3. The
exact solution can be well reconstructed by the approximate solution
obtained by our method at the levels noise § = 10™* and § = 1076
(see Figure 8). Table 8 shows that the MAE decreases as the noise
level decreases which shows the stability of the proposed method with
respect to the noise. In all the levels of noise § the computation time
of the proposed method in obtaining the approximate solution are
relatively small. We get better reconstruction results than the results
shown in [4]. Our results are comparable with the results given in [3].

Table 8: Example 8.

) MAE mp, Iter. CPU time (seconds) ap,

1.00 x 1072 2.74x1072 30 2 1.100 x 1072 2.00 x 1073
1.00 x 107* 3,58 x107% 30 3 3.13 x 1072 2.00 x 1076
1.00 x 1076 5.04x107* 30 4 4.69 x 1072 2.00 x 1079

o FExample 9. (see [18])

9—t, 0<1t<H,
folt) = { 0, elsewhere,

25,2, p=0,
Fo(p) = & 4.~
) { el p >0,

As in Example 6 the error of the approximate solution at the point

where the function is not differentiable dominates the error of the
approximation. The reconstruction of the exact solution can be seen
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Figure 9: Example 9: the stability of the approximate solution

in Figure 9. The detailed results are presented in Table 9. When the
double precision is used, we get comparable results with the results
shown in [I§].

Table 9: Example 9.

) MAE mp, Iter. CPU time (seconds) ap,

1.00 x 1072 2.07x107" 30 3 6.25 x 1072 2.00 x 1076
1.00 x 1074 714 x107%2 32 4 3.44 x 107! 2.00 x 1079
1.00 x 107 256 x 1072 54 5 3.75 x 1071 2.00 x 10712

e FExample 10. (see [5])

t, 0<t<10,
Fro(t) _{ 0, elsewhere,

50, =0,
Fio(p) = { 1—e—10P _ 10e~10P Z> 0.

—€
p? p

Table 10: Example 10.

) MAE mps Iter. CPU time (seconds) ap,

1.00 x 1072 2.09x10~" 30 3 3.13 x 1072 2.00 x 1076
1.00 x 107% 135 x107%2 32 4 9.38 x 1072 2.00 x 1079
1.00 x 1076 3.00 x 1073 54 4 2.66 x 107" 2.00 x 1079
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10

—— exact sol

- - - &5=102
5=10"%

2r —e— 5=10"°

Figure 10: Example 10: the stability of the approximate solution

Table 10 shows the stability of the solution obtained by our method
with respect to the noise level . We get an excellent agreement be-
tween the exact solution and the approximate solution for all the noise
levels § as shown in Figure 10.

o FExample 11. (see [5], [16])

[ sin(t), 0<t <10,
fult) = { 0, elsewhere,
1 — e~ '0P(psin(10) + cos(10))
F; = .
11(p) 1+ p2

—— exact sol
1| —-—-—- 3=102
5=10"*
—e— 5=10"1°

o 2 a 6 8 10

Figure 11: Example 11: the stability of the approximate solution

Here the function fi1(t) represents the class of periodic functions. It is
mentioned in [I6] that oscillating function can be found with accept-
able accuracy only for relatively small values of t. In this example the
best approximation is obtained when the noise level § = 10~¢ which is
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comparable with the results given in [5] and [16]. The reconstruction
of the function f11(¢t) for various levels of the noise § are given in Fig-
ure 11. The stability of the proposed method with respect to the noise
0 is shown in Table 11. In this example the parameter m,,, is bounded
by the constant 54 when the noise level § = 1075 and x = 0.3.

Table 11: Example 11.

) MAE mp, Iter. CPU time (seconds) ap,

1.00 x 1072 247 x 107" 30 3 9.38 x 1072 2.00 x 1076
1.00 x 107% 491 x1072 32 4 2.50 x 1071 2.00 x 1079
1.00 x 1076 246 x 1072 54 5 4.38 x 1071 2.00 x 10712

e FExample 12. (see [3], [5])

tcos(t), 0<t <10,

Fa(t) = { 0, " elsewhere,

(p? —1) — e 1%P(—1 + p% 4 10p + 10p?) cos(10)

(1+p?)?

e~ 19(2p + 10 + 10p?) sin(10)
(1+p)?

Fia(p) =

+

—— exact sol
- - - 5=102

s=10"%
—&—5=10"°

Figure 12: Example 12: the stability of the approximate solution

Here we take an increasing function which oscillates as the variable ¢
increases over the interval [0,10). A poor approximation is obtained
when the noise level § = 1072, Figure 12 shows that the exact solution
can be approximated very well when the noise level § = 1076, The
results of our method are comparable with these of the methods given
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in [3] and [5]. The stability of our method with respect to the noise
level is shown in Table 12.

Table 12: Example 12.

) MAE mp, Iter. CPU time (seconds) ap,
1.00 x 1072 1.37x10° 96 3 9.38 x 102 2.00 x 1076
1.00 x 107* 598 x 10~! 100 4 2.66 x 101 2.00 x 107?
1.00 x 1076 224 x10"Y 300 5 3.44 x 1071 2.00 x 10712
o FExample 13.
fis®) =™, Fis(p) = ——
13 = s 13\P) = 1 +p-

Here the support of f13(¢) is not compact. From the Laplace transform
formula one gets

[e.e] b oo
Fi3(p) =/ e‘te‘ptdt:/ e—(1+:0)tdt+/ o= (D)t gy
0 0 b

e—(1+p)b
1+

b
N / fra(t)e P tdt + =11 + I,
0

where 0(b) := e~°. Therefore, I5 can be considered as noise of the data
Flg(p), i.e.,

F3(p) == Fiz(p) — 8(b), (128)
where 6(b) := e?. In this example the following parameters are used:
d=2k=10""for 6 = e¢® and Kk = 107° for § = 1078, 10720
and 10730, Table 13 shows that the error decreases as the parameter b
increases. The approximate solution obtained by the proposed method
converges to the function fi3(¢) as b increases (see Figure 13).
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Table 13: Example 13.

b MAE mgs Iter CPU time (seconds)

5 1487 x107%2 2 4 3.125 x 1072

2183 x107* 2 4 3.125 x 1072
20 4.517x1072 2 4 3.125 x 1072
30 1.205 x 1071 2 4 3.125 x 1072

b=5, d=2 b=8, d=2

—F— exact sol 08 —k— exact sol
0.5 —o—35=e® : —6—35=e®

(0] 2 4 6 (0] 2 4 6 8

b=20, d=2 b=30, d=2

—— exact sol —— exact sol
—o—5=e2° —o— 5=

Figure 13: Example 13: the stability of the approximate solution

4 Conclusion

We have tested the proposed algorithm on the wide class of examples con-
sidered in the literature. Using the rule (63]) and the stopping rule (87),
the number of terms in representation (73), the discrete data Fs(p;), j =
0,1,2,...,m, and regularization parameter a,;, which are used in comput-
ing the approximation f2 (t) (see (Z3)) of the unknown function f(t), are
obtained automatically. Our numerical experiments show that the computa-
tion time (CPU time) for approximating the function f(t¢) is small, namely
CPU time < 1 seconds, and the proposed iterative scheme and the proposed
adaptive stopping rule yield stable solution with respect to the noise level ¢.
The proposed method also works for f without compact support as shown
in Example 13. Moreover, in the proposed method we only use a simple
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representation (73]) which is based on the kernel of the Laplace transform
integral, so it can be easily implemented numerically.
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