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Abstract

This paperprovidesmeandor performancevaluationof aqueuewith PoissorParetoBurstProcesgPPBP)
input. Becausef thelong rangedependennatureof the PPBR straightforvard simulationsareunreliable.New
analyticaland simulationtechniquesare describedin this paper Numericalcomparisonbetweenthe results
shaws consisteng. Conserative dimensioningulesusingzerobuffer approximationsre examinedversusthe
moreaggressie analyticalapproactbasedntheresultsof this paperto provide practicalguidelinesor network
design.

1 Intr oduction

ThePoissorParetoBurstProcesgPPBP) alsoknown asthe M/Paretoprocesg4, 15, 16, 17], is aspecificform of
thePoissorBurstProces$21] or theM/G/oo procesg10, 19, 24, 28]. The PPBPhasgainedits appeabecausd is
formedin away consistentvith the way peoplegeneratdnternettraffic, andbecausét canbe usedto modelreal
traffic streams.

The PPBPalsohasthe highly attractve propertythatits variance-timecurve (the varianceof the total traffic
arriving in anintenal of lengtht, asafunctionof t) is asymptoticallyfor larget, the sameasfractionalBrownian
noisewith HurstparameteH > 0.5, whichis theform thathasbeenobseredin realtraffic in mary studieq12]. In
fact,thevariance-timecurve (andthereforealsothe autocwariance)of the PPBPcanbe madeascloseasrequired
to thatof ary long-rangedependentractionalBrowniannoiseprocessy appropriatechoiceof parameters.
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ThePPBPis basenanunderlyingPoissorprocessepresentingointsin time atwhich ary of alargenumber
of usersdgyinstransmittingatraffic burst. It hasbeenshavn [7] thatthedistribution of the sizesof filestransmitted
acrosghe Internetis heary-tailed. If we assumehateachfile is transferredn a singleburst,it seemgeasonable
to modelthe burstlengthsby a heary-tailed randomvariable. The Paretodistribution hasbeenchosento model
theheavy-tailed burstlengths.In this papeywe choosehe parametersf the Paretodistribution suchthatthe burst
lengthwill have infinite variancebut finite mean.

Given its practicalviability, the PPBPandits associatedjueueingproblemshave beenextensvely studied.
Tsybalov and Geoganashave beenamongstthe leadersin studiesof theseprocesses.Togetherwith Likhanos
they shavedin [13] thata modelsuchasthe PPBPcould be considereda limiting casefor the multiplexing of
a large numberof independenbn-of sourceswith heary tailed on and/oroff time distributions. They examined
the conditionsunderwhich M/G/e processesre self-similarin [26]. Resultsregardingthe propertiesof burst
processei which the transmissiormrate of eachburstis not necessarilyconstant,or the samefor all bursts,are
presentedn [27].

A numberof authorshave alsoworked to develop approximationdor the stationaryqueueingdistribution of
the PPBPandrelatedprocessesBYy far the mostcommonapproacho developingapproximationgor stationary
gueueingdistributionsis to develop a formula which is exact, or which provides upperandlower bounds,for a
limiting caseasa certainparametetendsto a specificvalue. Typically the approximationis assumedo provide a
satishctoryapproximatiorfor valuesof this parametewhich aresuficiently closeto thelimiting value.

Large deviationstheoryhasprovideda fruitful approachandin the presentontet it hasbeenusedto provide
asymptoticallyaccurataupperandlower boundsin theusuallarge deviationssenseasx — o, wherex is the buffer
contents.Examplesof this approachmay be found in the work of Tsoukatosand Makowski [24], Parulekarand
Makowski [19], GonZlez-A€wvelo andSamorodnitsk [8] andMandjeg14]. In [28], Tsybalov andGeoganasise
alarge deviationsapproactto find expressiongor both upperandlower boundsof the queueingperformancef a
finite buffer singlesener queug(SSQ)fed by anM/G/ process.

A differentlimiting caseis consideredy Addie, MannersalandNorrosin [1]. They consideranapproxima-
tion whichis accuratdor aGaussianraffic stream.Thequeueingerformancef thePPBPtendstowardsGaussian
asA, thelevel of multiplexing in the streamjncrease$4]. Thustheapproximationn [1] is accuratén thelimit as
A — oo,

Despitetheseefforts, accurateperformanceesultsfor an SSQfed by a PPBPundernormaltraffic conditions
have not beenachieved. Althoughthe approximationsaregoodin thelimit, they arenot satishctoryfor valuesof
realinterest,which happento be not suficiently closeto the limiting valuefor the quality of the approximatiorto
be satishctory Thedifficulty of estimatingthe queueingperformancef the PPBPis compoundedby thefactthat
theinfinite varianceof the burstsizemeanghatstraightforvard simulationsof PPBPSSQsareunreliable.

In this paperwe presennew insightinto the PPBPqueuebehaiour, basedn theideaof dividing the process
into a pair of independensub-processeOne of thesesub-processewill be madeup of shortbursts while the
othersub-procesis madeup of long burstswhichwill lastlongerthanthetime scaleof interest.We usethisinsight
to developnew techniguegor dealingwith the compleities of the PPBP

The contritution of this paperis fourfold: (1) we provide a nenv analyticalmethodfor obtainingthe queueing
performanceof a PPBPSSQ;(2) we provide a techniqueto improve the reliability of PPBPSSQsimulation;(3)
we usetheimproved simulationsto shawv thatthe analyticalmethodis accurateand(4) we provide dimensioning
guidelinesconsideringheabore in conjunctionwith the zerobuffer approximationZBA).

Theremaindeiof the paperis organizedasfollows. In Section2, we provide aformal descriptionof the PPBP
anddiscussts peculiaritiesrelatedto long bursts. In Section3, we motivateandpresenbour improved simulation
techniquefor a PPBPSSQ.In Section4, the analyticalapproximatioris obtained.Then,in Section5, we present
numericalresultsand discussthe accurag of the differentapproachesFinally, in Section6, we discussqueue



dimensioningmplications.

2 The PoissonPareto Burst Process

As mentionedn theintroduction,the PPBPis attractve asa modelfor Internettraffic becausét hassomeof the
samepropertiesof obseredtraffic andit is formedin away which appeargonsistentvith the way Internetusers
generatéraffic. A numberof recentstudied5, 12, 20, 29] have shavn thatmary source®f LongRangeDependent
(LRD) traffic streamssupplya significantpartof thetraffic carriedon broadbandetworks. In [29], it wasshavn
thatonepossiblesourceof this burstinessvasin the aggrgationof independenbn-of sourceswith heavy tailed,
onand/oroff, timedistributions. In [13], it wasshavn thatamodelsuchasthePPBPcouldbeconsideredlimiting
casefor the multiplexing of a large numberof suchindependenheary-tailed on-off sources.Thus,the PPBPis a
naturalcandidatdor the modelingof LRD paclet datatraffic streams.

In this section,we will presenimathematicatiefinitionsof the PPBP We notethatwhenthe Pareto-distrilnted
burstlengthshave infinite variance the PPBPis LRD. We obsenre thatthe probability of very long burstsexisting
within anLRD PPBPIs significant,andexplain how separatinghelong burstsfrom therestof the processanaid
in PPBPqueues.

2.1 Definition and Statistics

Letusdenoteby Z T thesetof non-n@ative integers,R therealnumbersandR™ thenon-ngative realnumbers\We
considera continuougime procesgB; : B; € Z*,t > 0} which representshe numberof active burstscontrituting
work to thetraffic streamattimet. We definea seriesof arrival times{a; : a; € R,i = 0,1,2,...} anda seriesof
departurdimes{w : w € R,i =0,1,2,...}. Thevalueof B; increasedy oneattimet = a; anddecreaseby one
attimet = wy. We definew = a; + d; andlabeld; (d; € R™) the durationof theith burst. We assume{a;} is a
non-decreasingeriesj.e. a; < ajy1 fori=0,1,2,..., butwe donotrestrictd; (apartfrom therequirementhatthe
burstdurationis positve) andso{w} is notordered.Thevalueof B; is givenby

Bt = 1 i
i;} te[o, o]

where v
1 — 1, if XisTrue,
X~10, otherwise.

The arrival of burstsis a Poissonprocesswith rate A, so the intenvals betweenadjacentburst arrival times,
aj — 0(i_1), arenegative exponentiallydistributedwith meanl/A, andthe meannumberof new burstsarriving in
atime interval of lengthT is Poissordistributedwith meanAT. It is well known thatif the burstsarrivals area
Poissorprocessthevalueof B; is Poisson-distribted with meanA timesthe meanburstduration(e.g.,[6]).

In thePPBRtheburstdurationsg;, areindependenandidenticallydistributedParetorandomvariableshaving
the samedistribution as randomvariabled. Using Paretodistributed burst durationsallows the significantlong
burststhatcharacterizé RD traffic to occurin themodel. The complementarylistribution functionof d is

x\ Y
Pr{d > x} = (5) , X9, 1
{d>x {1, otherwise, (1)
0> 0. Forl<y< 2, wehavethat
dy
E(d) = ———~ 2



andthevarianceof d is infinite.

In orderthatthe burstprocesshouldbe stationarythe systemis initialized with by initial bursts,wherebg is a
Poissommandomvariablewith meam\E(d). Thedurationsof theseburstsareindependenandidenticallydistributed
randomvariables.Their commondistribution is the sameasa randomvariablew which is the forward recurrence
time of the Paretodistribution. Thusa; = 0 fori € {1,...,bo} andw valuesfori € {1,...,by} aredravn from

1 (x\1-y
= (X X > 0,
Pr{w>x}: { 2//(15) ’ =

v

(1-3%) + 1 otherwise. @)

We then considera relatedprocess A, the continuoustime processrepresentinghe total amountof work
contritutedby all burstsin theperiod(0,t]. We considetthe casewhereall burstscontribute work ata constantate
r. Thus

R t
0
This givesa meanof
- Atroy
E(A) = .
) (y=1)

Casesdn which the burstsdo not all contritute equalrate,or in which the work ratefrom a given burst may vary
asafunctionof time, arenot considerecdere.Resultsregardingthe propertiesof burstprocesses whichr is not
necessarilyonstantpr the samefor all bursts,arepresentedn [27].

By [21], the varianceof A, canbe obtainedby repeatedlyintegratingthe complementarylistribution function
of theburstdistribution:

VarA] = 2Ar2/0t dt/oudu/\/mder(d > ).

This calculationis performedn [17] to give

2r2\t2 -1 0<t<?d
v 1) 6)° = =
-y 1-9)ZY)E-Y) )
Examining the expressionfor the variancegiven in (4), we seethat for large t, the dominantterm is
2r%$%. If we defineH = (3—Yy)/2, thenwe can obsere that for increasingt the growth of this

functionis proportionalto t?. Thisimpliesthatfor 1 < y < 2 the PPBPis asymptoticallyself similar with Hurst
parameter 2
—-Y
H= — (5)
Theconditionsunderwhich M/G/e processeareself-similarareexaminedin moredepthin [26].
Notethatin simulationswe will considera discretetime versionof A wheretime is dividedinto fixedlength
intenals calledtime-slots. We choosean arbitraryvalue, 1, to be our time-slotsize anddefineour discretetime

procesgo be
" " (j+1)r
it

Thetime-slotsize,T, maytake onary value,but our usualchoiceis T = 1. Wewill usep= E(Aj) ando? = Var(A))
to denotethe statisticsof this discretetime process.

Thisdiscreteime procesdliffersslightly from theprocessesonsideredn [10, 19], andalsofrom theprocesses
analyzedn [25, 27, 28], in thatthe processesonsideredn thoseworks samplethe value of B, not the value of



A aswe do. Samplegdravn from B; cantake on only discretevalues,while our processds a continuous-alued
discrete-timgprocessNoticethatif a burststartsin the middle of atime-slotandcontinuesbeyondthe endof that
time-slot,its contrikution to thework arriving in thattime-slotis tr /2, whichis not necessarilynteger In limiting
casedor low A and/orhigh E(d) our proceswill behae in avery similar fashionto the discrete-aluedprocesses
of [10, 13, 19, 25, 27, 2§].

In this paper we discusghe queueingperformancef the PPBR andof otherrelatedprocessesThe queueing
performancef aprocesss generallyexpresseasthequeudengthdistribution of aninfinite buffer SSQfed by that
processHowever, in Section6, andin Subsectior®.2, we shallbe consideringmorerealisticdimensioningules,
involving finite buffer SSQgmostlyzerobuffer SSQs).For thesefinite buffer queuesthe queueingoerformances
calculatedn termsof timecongestionvalues.Thetime congestiorvaluefor a given (finite) buffer sizecorresponds
to the proportionof time for whichthebuffer is full. To avoid confusionbetweerfinite andinfinite buffer scenarios,
in theremainderof the paperwe shallreferto time congestiorvaluesin the contet of finite buffer queuesandto
gueudengthdistributionsfor infinite buffer queuesBoth measuresanprovide approximationgo the probability
of work beinglostin afinite buffer, whichis the valueof practicalconcernin network dimensioning.

2.2 Infinite Variancesand Long Bursts

For x > 9, Equation(1) shaws thatthe Paretodistribution hasa complementarylistribution functionwhich decays
geometricallyin theform of x™Y. For 1 < y < 2, a Paretodistributed randomvariablewill have infinite variance
andfinite mean.This rangeof valuesof y is of interestto us,asfor 1 < y < 2 theresultingPPBPwill be LRD.

Wheninitializing the PPBPwe considera numberof initial bursts. The durationof eachof theseburstshas
theforward recurrenceime distribution givenin Equation(3). Its tail decaysn theform of x1Y, i.e. considerably
moreslowly thanthecorrespondindParetodistribution givenin Equation(1). Noticethat,for 1 < y < 2, thePareto
forwardrecurrenceime will have infinite meanaswell asinfinite variance.

Toillustratethe effect of infinite variancen a distribution, we comparecomplementargistribution functions
for threedifferentdistributionsin Tablel. Theexponentialdistribution consideredhasa finite meanof 3 andalsoa
finite variance . The Paretodistribution hasparameter$ = 1 andy = 1.5, giving ameanof 3 oncemore.Unlike the
exponentialdistribution, the Paretodistribution hasinfinite variance.Thedistribution of Paretoforwardrecurrence
timeshasinfinite varianceandaninfinite mean.Thevaluesgivenfor the Paretoforwardrecurrencalistribution are
for thesamevalueof d andy usedto give the Paretotail probabilities.

The samplevaluesin the tableclearly illustratethe effects of usinga heary-tailed distribution. Thetail prob-
abilities of the exponentialdistribution drop to be virtually zerofor x > 1000. By comparisonthe probability of
a Paretosampleexceedingl1000is still quite significant. The probability of a samplefrom the Paretoforward
recurrencedime distribution exceedinglO00is evenlarger

In Tablel we canseethat,evenfor quite moderateraluesof y (we chosey = 1.5 which givesH = 0.75in the
correspondindg®PBP) the probability of aninitial burstin the PPBPhaving extremelylong durationis significant.
Theprobability of anequallylong burstarriving lateris significantlysmallerthanthe probability of aninitial burst
having thatlength,but is still muchhigherthanit would befor anexponentialdistribution.

2.3 The Long Burst Short Burst (LBSB) Phenomenonn PPBP Simulation

In orderto separatéhe PPBPinto long burstsandshortburstscomponentswe considera finite interval of length
W. If we considetthe PPBPover ary suchintenal, i.e., [t,t +W)], for arbitraryt, thenthereis alwaysa probability
thatsomeof theinitial burstswill lastfor theentiretime period. We labelary suchburstsaslong bursts All other
burstsare called short bursts The shortburstsinclude: (1) thoseburststhat startat or beforet and endbefore
t +W, (2) thoseburststhatstartaftert andfinish at or aftert + W and(3) thoseburststhatstartaftert andfinish at



Pr{X > x}
X Exponential Pareto Paretoforwardrecurrence
10 0.03567 0.03162 0.2108
100 | 3.34x10°% 0.001 0.06667
1000 0 3.162x 10°° 0.02108
10 0 1.000x 1076 0.006667
10° 0 3.162x 1078 0.002108
10° 0 1.000x 107° 0.000667
10 0 3.162x 10711 0.000211
1c° 0 1.000x 10712 6.67x 107°

Tablel: Comparisorof sampletail probabilities

or beforet +W. Consideringhesedongandshortbursts,we will divide the PPBPinto two independenprocesses:
(1) thelong burstsprocessand(2) the shortburstsprocess Thelong burstsprocesss a stationarybut non-egodic
procesgontainingonly thelong bursts. The shortburstsprocesscontainsall the remainingbursts,which we have
labeledshortburstsabove.

Having madethis division betweenthe long burstsprocessandthe shortburstsprocessthe behaiour of the
PPBPwithin afinite time canbemorereadilyunderstoodThelongburstsprocessvill simplybea CBR component
for thedurationof thetime period. Therateof thelong burstsprocesswill bea Poissordistributedvalue.

The statisticsof this shortburstsprocessanbe shavn to be stationarybecauset is formedfrom a stationary
procesgthe original process)y remaving a componentvhich is stationary(the long burstscomponent).These
long burstsandshortburstscomponentsre,in fact,independent.

Notethatthetermstationaryhereappliesonly to thefinite time-intenal processesnthetimeintenal [t,t +W)|.
The meaningof suchatermis directly analogougo the usualmeaning,but expectationsand eventsto which the
stationaritycondition(i.e. time invariance)appliesareall constrainedo lie entirelyinsidetheintenal [t,t +W].

Thisis nottheonly wayto subdvide theprocessnto long andshortbursts.For example we couldsubdvide the
processlefinedontheentirerealline by removing all burstslongerthanW. Thiswould bea differentsubdvision of
theprocessénto shortandlongbursts.Bothdecompositionarevalid. Thelatterdecompositiotis morecomplicated
becauseén theintenal [t,t + W] therewill belong burstswhich finish in the interval andoneswhich startin the
intenal.

Theeffect of longburstscanbe seemmostclearlyin simulation,wherewe examinethe PPBPover afinite time
period. Regardlesf the durationof the simulation,therewill alwaysbe a significantprobability of oneor more
long burstsbeingpresent.As theselong burstscanhave a significantimpacton the propertiesof the processand
in particularon the queueingperformancef the processit is importantthatthey aredealtwith. Thisissueis the
mainthemeof Section3.

The samedivision betweenthe long burstsprocessandthe shortburstsprocesss usedin the developmentof
thequasi-stationargpproximatiordescribedn Sectiord.1. In thequasi-stationargpproximationwe separat¢he
PPBPIinto long burstsandshortburstscomponentsExistingtechniquedor estimatingthe queueingperformance
of stationaryprocesseareusedto estimateheperformancef theshortburstsprocessTheseresultsarethencom-
binedaccordingto the probabilitiesof the long burstsprocesdeingin givenstateso give anoverall performance
estimatefor the PPBPqueue.



3 Simulation Techniques

We consideradiscretetime, infinite buffer SSQwith constanservicerateC fed by a PPBPLet theamountof work
bufferedin thequeueatthe endof timeinternal n be Q.. In thissectionwewill considersimulationtechniqueshat
could be usedto generatean estimateof the stationaryqueuelengthcomplementaryistribution, Pr{Q > x}, for
ary x > 0. In particular we considerthe impactof long burstson the accurag of simulationresultsfor the PPBP
SSQ.In Subsectior8.3we shav how to factorin the effectsof thelong burstsin queueingsimulationsin orderto
producereliableresults.

3.1 Long Burstsin PPBP Simulations

Thereis alwaysa probabilitythatary finite lengthsimulationof the PPBPprocesshouldincludeburstswhich last
for theentiredurationof the simulation.Dependingon the parametersf the PPBPprocessthe probability of such
long burstsoccurringmay be relatively small, but their effect may be quite significant. We thereforesearchfor a
methodto accountfor the effectsof suchlong burstson PPBPqueueingesults.

We considetthe casewherethedurationof the simulationis sometime T. We will separatéhe PPBPinto long
burstsandshortburstscomponentbasedn the simulationdurationT, makingT the simulationcounterparof the
intenal lengthW which in this paperwe usefor the analyticalapproach.The long burstswill bethosewhich are
presentfor the entire durationof the simulation. This meanghatthoseburstsmustbe amongof thosepresentat
t =0.By (3),for T > 9, the probability of ary giveninitial burstlastingthe entiretyof the simulationis

1/T\"Y
=P TI==|=< . 7
p—Prio>T} = (7) @

Thetotal numberof (long andshort)initial burstsis a PoissorrandomvariableBy with meanAE(d). Let N be
thenumberof initial burstswith durationT or greater(long bursts).Becauseachof the burstsin By is includedin
N independentlyvith probability p, N alsohasa Poissordistribution [22] with parameter

by = AE(d)p. (8)

Substituting(2) and(7) into (8) gives

17y \
= Ay 1/T — &Tlfv. 9)
y—1y\ o y—1
We aredividing the PPBPinto two independensub-processed.he meanof the PPBPis AE(d). The meanof
thelong burstsprocesss py givenby Equation(9) above. At ary pointin time, the numberof burstsin progressn
the shortburstsprocesss a Poissorrandomvariablewith meanm\E(d)(1— p).

3.2 Determining the Minimum Simulation Duration

For a given realizationof the PPBPover a finite period of time, the long burstsprocesswill behae asa CBR
componentln an SSQqueueingsimulationthe effect of thelong burstsprocesswill be areductionin the capacity
available to the shortburstsprocess. Given the durationof the simulation,and the propertiesof the PPBR we
candeterminethe probability with which the shortburstsprocesswill have a given capacityavailableto it. The
probability of the long burstsprocesshaving rate nr for the durationof the simulationis Poissorwith meanpy

givenby (9).



Thereis anon-zergorobabilitythatthelong burstsprocesswill reducethecapacityavailableto the shortbursts
processso muchthat the meanrate of the shortburstsprocesswill exceedthe capacityavailableto it, pushing
the systeminto an unstablestate. AssumingC > ArE(d), this instability would only be “temporary”. In orderto
guaranteghereliability of our results we needto ensurehatthe probability of anunstablesimulationoccurringis
lessthansomevalues.

In aninfinite buffer systemthe busy periodcausedy this instability could concevably continuefor a consid-
erabletime aftertheinstability ceasesHowever, we canputa strict boundon the durationof this periodof time as
follows.

Consideran aggrgyatedinput procesformedby collectingthe work arriving in the intenals (0, T), (T,2T),
..., andthensubtractingfrom eachnumberin this sequencéhe work which canbe completedin aninterval of
durationT. Let usdenotethis processy { Mir}, k=0, 1, .... Whatwe have hereis a very broadaggr@ate
overview of theprocessin which eachnumberin thesequenceg Mt } is asummaryof quitealong periodof time.
Thegreatmajority of entriesmustbe negative (sincethe processasa wholeis stable,andT hasbeenchoseriong
enoughthatthe probabilitythatWr > 0is quitesmall,e.g.10~°.

We seekaboundontheproportionof theintenalsin thesequencg0, T), (T,2T), ..., duringwhichtheoriginal
processs either(i) unstablej.e. the numberof long burstsis suficient thatshortburstsprocesss unstabldn this
intenal, or (ii) affectedby a precedinginterval or sequencef intenals in which the short bursts processwvas
unstableo the extentthatthebuffer is still non-empty

Actually, we have a very good estimateand upperboundfor the proportionof intenals (0, T), (T,2T), ...,
which areunstable namelyP{ 74 > 0}, whichis basically by constructiong. The difficult issueis to knov how
mary otherintervals are affectedby the heary queueswhich build up in the buffers during overloadscausedoy
theseunstabldntenals. However, this proportioncanbe estimatedandboundedby the probabilitythatthe buffer
in a certainqueueingsystems non-empty The queueingsystemin questionis the onewherethenetinput process
is{Mc}, k=0,1,.... Let {7V}« denotethebuffer processassociatedvith this netinput processso 15 = 0 and

U = max{ Vgt + Pk), (10)

k > 0. Fromthe propositionin Section2.4 of [1], PH{ ¥, > 0} is boundedby @5 (W5 (0)) in which ®, denotes
the Gaussiarcomplementarylistribution function with meanzeroandstandarddeviation o and W;},(O) denotes
theinverseof the normallossfunction i.e.

1 * -2 o _2
Weo(X) = / —c)eex?dy= ——e 202 —cPy(X),
C,O'( ) 0_\/5_[ . (y ) y \/E[ 0'( )
evaluatedat zero. The parameters-c ando herearethe meanandstandardieviation of M, andfor ary choice

of theseparametersf realinterest,

Dy (W55 (0)) < 3PH{ M >0} =3 (11)

(actually @ (w;g (0)) ~ 2P{ M > O}, but aboundis whatis wantedhere,sowe mustusethelargerestimate).
Now, if we modifiedthe original queueingsystemby supplyingno work at all to the buffer during intenals
when,originally, it wasunstable the effect would be largely limited to thoseperiodswherethe aggrgatequeue,
asdefinedin (10), wasbusy Thisis still a relatively small proportionof all intervals becausave have chosere
asquiteasmallnumber It is alsopossiblethataninterval immediatelyfollowing a busy periodcould be affected,
andsuchintenals arethe only otherintenals which might be affectedby our modificationof the processbecause
all otherintenalswill be separatedrom our modificationsby idle periods.It is to be expectedthattheseunstable
intenalswill usuallyoccurin longclumpsseparatetby verylong periodsof time, however, in theworstcase from



A T
0.5 | 302578
1 2314
10 5249
100 | 1448
1000 | 9.819

Table 2: Samplevaluesof the requiredminimum simulationdurationto avoid a significantprobability of long
burstsdominatingbehaiour

thepresenpointof view, it is possiblehateachbusy periodwasof lengthl, in which casetheextra intenal would
doublethe numberof intervals affected.Hence themodifiedqueueingsystemjn which instability never occurs,is
identicalto the original systemexceptin a collectionof intenals, the proportionof whichis lessthan2 x 3 x €.

We thereforelimit the scopeof this paperto systemsvherethe probability of instability, €, is negligible — % X
the degreeof accurag soughtfor the distribution functionin the simulationoutput. We know thatthe statespace
includessomestatesvherethe systemis unstable put thetotal probability of this partof the statespacds lessthan
€. Theflow-on effectsfrom thesestatego otherstatesstill only affectsaproportion6e of thestatespace Therefore,
if we alterthe behaiour of our systemin this region of the statespacey ignoringthe possibilitythatwe reachan
unstablestate the errorin our estimatef ary probability at all in the system causedoy this adjustmentwill be
lessthan6e.

Thisscopdimitation doesnotsignificantlywealentheresultsof this papey becausanalyticalresultsfor heary
traffic casesarealreadyavailable[24]. Ourwork in factextendsthe scopeto other morerealistic,cases.

Let @ bethelargestvalueof n for which the capacityavailableto the shortburstsprocessxceedgshe meanrate
of thatpartof theprocessWe thereforeconsiderp= |C/r —App(1— p)], wherep = Pr{w > T} asin theprevious
subsectionlf n > @thenthe systenwill beunstablefor thelengthof the simulation.

Increasinghedurationof thesimulationwill reducehe probability of long burstsoccurring,sowe needto find
thesimulationtime durationT which ensureshatPr{N > @} < €. We solve

PI’{N > (p} = % (UNE]i-Ir))ne_HN(T) =€ (12)
n=q@ '

to find the value of T for given valuesof @ ande. NoticethatT obtainedby (12) may be too long for practical
purposesThe scopeof this paperis restrictedto casesvherebythe simulationlengthis practical.

We now presentseveral samplevaluesto give the readeran ideaaboutthe length of simulationsrequiredin
orderto ensurea small probability £ = 102, of the systembeingunstablefor the durationof the simulation. We
considera family of PPBPsall with 62 = 0.1066 andH = 0.75, eachfed into a SSQwith capacitysuchthatthe
servicemalginisC—u= 1. Wetakey= 1.5andd = 1in all casesTheparametel is varied,andfor eachvalueof
A, (4) is solvedto give thevalueof r. Usingthe abore discusseanethodswe determinghelengthof a simulation,
suchthatthe simulationis not overwhelmedy a collectionof very long initial bursts.

The resultsare presentedn Table2. We seethatthe sizeof T decreaseasA increases.For all the cases
consideredT = 10° is easilysuficient for usto be assuredhatthe long burstsareextremelyunlikely to pushthe
systeminto instability.



3.3 Factoring in Long Bursts

Evenwhenthe effectsof thelong burstsarevery unlikely to causeanstability, they may have a significantimpact
on queueingperformance.To calculatesimulationestimatesvhich accountfor the long bursts, we simulateto
calculateestimatesof the queuelength distribution in SSQswith servicerate nr lower thanthe servicerate of
interest. The shortburstsprocesdsed into an SSQwith servicerateC — nr simulatesthe effect of a PPBPwith n
burstsenduringfor thelengthof the simulationbeingfed into an SSQwith servicerateC.

We choosethe simulationtime duration, T, accordingto (12) soasto avoid ary significantimpactfrom long
burstsdriving the systeminto instability We considetthe discretetime versionof the PPBPgivenby (6) to beinput
to aninfinite buffer SSQwith constanservicerateC. At theendof atime-slot j, theamountof work in the buffer
will begivenby Q; = (Qj_1+Aj —C)*, whereX™ = max(X,0). We setQq = 0.

To calculatethe overall performanceof the PPBPSSQ,we subdvide the PPBPInto its long burstsandshort
burstscomponentsThelong burstsandshortburstsprocesseareaspresentedn Subsectior2.3aborve. Thetime
periodof interestis the simulationtime duration,T. All initial burstswhich lastthe entirelengthof the simulation
areassignedo thelong burstsprocess All otherburstsform partof the shortburstsprocess.This meanghatthe
shortburstsprocessncludes:thoseinitial burststhatendbeforet = T; thoseburststhatstartaftert = 0 andfinish
aftert = T; andthoseburststhat startaftert = 0 andfinish beforet = T. The effect of the long burstsprocess
is simulatedby adjustingthe servicerate. To estimatethe queueingperformanceof the shortburstsprocesswe
simulatean SSQwith servicerateC — nr fed by the shortburstsprocess.

Theshortburstscomponenbf the PPBPis initialized with by initial bursts whereby is Poissorwith parameter
AHp(1—p). In theshortburstsprocesstheseinitial burstsmustbe shortbursts,sowe truncatethe Paretoforward
recurrencdime, to ensureghatnoneof theinitial burstshave lengthlargerthanT. After thisinitial point,the short
burstscomponents allowedto evolve asif it werethefull PPBP

The estimateof the performanceof the shortburstsprocesswill be given by averagingthe resultsof M simu-
lations,eachof which will includeT sampleintenals. In eachsimulationwe estimatePr{Q > x} by the number
of time intenvals in which the amountof bufferedwork exceedsx, divided by the total numberof intenalsin T.
We will denotethe estimateof the queudlengthcomplementargistribution given by sucha setof simulationsas
S (x;C—nr,M,T). Assumingthatthequeuesizedistribution processs bothstationaryandemgodic, this simulation
estimatewill approximatehe queudengthcomplementargistribution for theinfinite buffer SSQwith servicerate
C —nr fed by the shortburstsprocess. Thesevaluesof S*(x; (C —nr),M,T) are estimatef the queuelength
complementarylistribution for the original queug(with servicerateC) fed by a PPBPin which n burstsareactie
for thedurationof the simulation.

To estimatethe total queuelengthdistribution, taking into accountthe probability of existing long bursts,we
sumtheseestimatesweightedby the probability of n long burstsappearingat the startof the simulation. The
estimateof the queudengthcomplementarylistribution for the PPBPis thengiven by

P{Q>x} = iPr{N =n}S(x(C—nr),M,T). (13)

Equation(13) usesthe idea known asthe quasi-stationaryapproximation. It relies on the assumptiorthat
the input processransitsslowvly betweencertainstates,so slowly that the stationarybehaiour of the queueis
approximatelfthe weightedaverageof the differentbehaioursin the differentstatesweightedby the probability
of beingin eachstate. Theideaof the quasi-stationarapproximatioris usedagainin Section4 to produceavery
accurateapproximatiorfor the performancef the PPBPSSQ.
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3.4 Quantum Simulation

Anotherrelatedsimulationtechniquenasalsobeenappliedto this problem: quantumsimulation. Quantumsimu-
lation is a methodof rare eventsimulationin which multiple simulationsevolve accordingto a variety of models,
not necessarilyndependentandnot necessarilconsistentndividually with the original model. This aggrejateof
simulationss relatedto the original modelunderconsiderationn suchaway thatanappropriateveightedaggre-
gateof all thesesimulationsis consistentvith the original model. See[2] for furtherdetailson this methodandits
relationshipwith otherfastsimulationtechniquesResultsfrom quantumsimulationsappeaito be consistentvith
thesimulationresultspresentedh this paperhoweverit would addlittle to the presenpapetrto includeadiscussion
of thoseresultshere.

4 Analytical QueueingResultsfor the PPBP

By farthemostcommonapproacho developingapproximationgor stationarygqueueingistributionsis to develop
aformulawhichis exactfor alimiting case asa certainparametetendsto a specificvalue. Typically theapproxi-
mationis assumedo provide a satishctoryapproximatiorfor valuesof this parametewhich aresuficiently close
to thelimiting value.

For example,we mightfind anapproximatiorwhich workswell asx — oo, wherex is the buffer contentspr, in
the preseninstancewe might develop anapproximatiorwhichis betterandbetterasA — . In fact,severalsuch
approximationsareavailablefor the stationaryqueueingdistribution of the PPBP The paperd8, 19, 28] provide
anapproximatiorof thefirst form for this processand[1] providesanapproximatiorof the secondorm.

However, with all suchapproximationghereis the possibility that, althoughthe approximationis good in
the limit, it is not at all satishctory for valuesof real interest,which happento be not sufiiciently closeto the
limiting valuefor the quality of the approximationto be satistctory In fact, this appeargo be the casefor both
theapproximationgust mentioned.Theapproximationsvhich hold for sufficiently large buffer valuesareactually
quite poorfor buffer valuesof practicaluse.Similarly, althoughtherearesomecase®f interestwherethe Gaussian
approximationis satishctory casesvhereA is not sufiiciently large for the Gaussiarapproximationto be useful
arealsoof interest.

We presentjn this section,a new approximationfor PPBPSSQperformancesvaluationbasedon the quasi-
stationaryidea. This approximation,which we call the quasi-stationaryapproximation is mostsimilar to the
Gaussiarapproximationandis consistenwith it in the sensethatfor suficiently large A, the two becomecloser
andcloser However, thequasi-stationarapproximatioris betterthanthe Gaussiarapproximatiorfor smallvalues
of A.

In this section we presensomeof the analyticalexpressionshatcanbe usedto estimatehe queueingperfor
manceof the PPBP In thefirst subsectionye presenthe nen quasi-stationargpproximation.ln Subsectiort.2
we give consideratiorio a zerohuffer approximationwhich could be considerecanapproximationwhich is most
accurateasx — 0. In Subsectiort.3 we summarizethe existing resultsdevelopedby Tsybalov and Geoganas
[28], which give anaccurateapproximatiorfor x — oo. In Section5, we will comparehe estimategivenby these
varioustechniquesvith simulationresults.

4.1 Quasi-stationary Approximation of the QueueingBehaviour of a PPBP

Wewill now applythequasi-stationarideato obtainananalyticapproximatiorfor the queudengthdistribution of
the PPBPSSQ.The approximatioris basicallyEquation(13), exceptthatthe simulationestimatevaluesgiven by
S, arereplacedy estimate®btainedby analyticalmeansin theanalyticcase we do not have thelimitation of a
givensimulationlength,imposeddy thespeeccomputer®peratesoinsteadf thevalueT, wewill usethevariable
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W, representinghe minimum lengthof the long bursts. We will thenusethe quasi-stationarydeato computean
estimatefor the queuelengthdistribution asa function of W. Notice that, for eachvalue of W, the distribution of
thenumberof long burstsis Poissonandthe performancef the shortburstsprocessanbe obtainedusingknown
approximationgor SRD queues.As in SubsectiorB8.3, the queuelengthdistribution for the shortburstsprocess
giventhatn long burstsexist, is the queudengthdistribution of an SSQfed by the PPBPexcludingthelong bursts,
andwith senerrateC — nr.

The useof SRD queueapproximationss justified, becausdhe remainderof the processgxcluding the long
bursts, is madeup of short bursts,and hencecan be modeledas an SRD process. Eachof theseshort bursts
processeswitchesslowly betweenstatesdictatedby the numberof long bursts,and hencethe quasi-stationary
approximatioris promising.

Thereare variousways of modelingthe queueingbehaiour of the shortburstsprocess.Oneway which is
corvenientandmay perhapse sufiiciently accuratds to modelthis processasGaussianThen,theformulaof [1]
is applicable.We could regardthis approximationrasasymptoticallyaccurateasA — o, becausdor larger A the
short-rangelependenproceshecomesnoreandmoresimilarto Gaussian.

We might expectthis model,in which the slowly maoving andquickly moving partsof the processhave been
separatedp bereasonablyaccuratdor arangeof differentvaluesof W, althoughfor quiteshortW, theassumption
thatthe processnovesslowly betweerstateswith a certainnumberof burstslongerthanwW would beviolatedand
alsothe Gaussiarapproximatiorfor theshortburstsprocessmight not be satishctory Ontheotherhand,for large
W, the Gaussiarapproximationof the shortburstsprocesamight loseaccurag for a differentreason pecausén
this casethe quasi-stationarapproximatiorbecomesloserandcloserto a purely Gaussiarapproximatiorof the
processwhichis known, experimentally to underestimatgueueingdelay[17].

In orderto applythis method,we needthe meanandthe variance-timecurve of the shortburstsprocess.The
meanof the shortburstsprocesss my = %51’ (yd'~Y—WIY) . The original PPBPis a sumof two independent

componentsthe long burstsprocessandthe shortburstsprocess.Therefore the variance-timecune, Var[A}], up
to timeW, of the original processgivenin Equation(4) is equalto the sumof the variancetime curve of thelong
burstsprocessy (t) andthevariancetime curve vs(t) of the shortburstsprocessi.e.

VarfA] =w(t) +vs(t), O0<t<W.

Now, the long burstsprocessis constantover the intenal (0,W), wherethe constantrateis a multiple of a

. . . . . 1-
Poissordistributedrandomvariablewith mean“’\‘/’(_l") , SO

e r2ZAwW-v)

Vi (t) y—1

Hence
e r2Zw-y)
y=1 "~

For timeslongerthanW, the shortburst processwvould exhibit roughly linear grownth of the variance-timecune.
Actually, we will not make useof the form of this variance-timecurve for valuesof t largerthanW andit is even
reasonabl¢éo aguethatsincethe short-turstprocesss only definedon theinterval [0,W], thereis no meaningfor
vs(t) fort > W.

At this point, however, let usrecallthe formulafor the delaydistribution from [1] andits derivation. Suppose
V denoteghe contentsof a buffer suppliedby Gaussiartraffic with meanm, sened by a sener with ratec, and
in which the Gaussiariraffic hasvariancetime functionv(t). Thenthe stationarycomplementarglistribution of V

vs(t) = VarfA] 0<t<W. (14)
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hastheapproximation

Pr{V > X} ~ exp (-%) , (15)

wheret* is avaluet > 0 which minimizesthe expression(x+ (c—m)t)?/v(t). If vis differentiableatt*, this value
canbefoundasa positive solutionof

v(t*)

v/(tr)

Thequantityt* hasa simpleinterpretation.It is the mostlikely durationof the periodof time over which the

gueuebuilds up to thelevel x. Returningto our quasi-stationargpproximationthe scenariove arecontemplating
hereis thatthelevel x in the buffer will beachieved by thefollowing eventsoccurringoneaftertheother

—t*=x/(c—m). (16)

() alargerthannormalnumbery n, of long bursts(longerthanW) occurssimultaneously;

(ii) during this unusualperiod, the shortburstsalso conspireto assemblean unusualamountof work over a
relatively shortperiodof time (shorterthanW).

So, in the presentcontet, V is the buffer contentof our shortburstsSSQ,andt* is the period of time over
which the shortburstsprocessaccumulatesuficient work that the buffer builds to the level x. This value of t*
mustbelessthanW or the quasi-stationarapproximatioris notvalid. Ontheotherhand,if t*, asfoundfrom (16),
is lessthanW, thenthevariancetime curve v(t) whichis usedin this equatiorwill be givenby Equation(14) over
therangeof t valuesfrom 0 to W. Thus,in solvingfor t*, it is notimportantto definev(t) for valuesoft largerthan
W.

What value shouldwe choosefor W? If we chooséW too large, our approximationbecomesdenticalto the
directGaussiarapproximatiorof the entiresystemwhich we know providesanestimateput is alwaysoptimistic.
For small valuesof W, the quasi-stationarapproximationis an underestimatdor a differentreason. The time
it takesfor the buffer to build up to level x will be,in suchcasesjongerthanW, andso, ary estimatebasedon
the assumptiorthatt* is lessthanW will below. In fact,t* is chosento maximizethe probability of the queue
exceedingthe threshold so valuesfor t* which areforcedto be belaw this naturalmaximumwill simply produce
low probabilities.

So,theway to chooseW is simply to find the valueof W which maximizesthe estimateof Pr{Q > x}.

4.2 Zero Buffer Approximations (ZBAs)

If we considera fluid flow processwith known incrementgprocesded into an SSQwith no buffering available,
thenthe time congestionvalueis simply the probability thatthe instantaneouarrival ratewill exceedthe service
rate. Thistime congestiorvaluecanbeusedasanestimateof theprobabilityof anon-emptyqueuen anequivalent
infinite buffer SSQ.For the PPBR the numberof active burstsattimet, B, is definedin Section2, andis known
to be Poissordistributedwith mean\E(d). Theinstantaneousateof work arriving is rB;, andthezerobuffer time
congestiorvalueis exactly equalto the probability thatthe numberof active burstswill exceedthe capacityof the
gueue For aqueuewith deterministicservicerate,C, thisis

Pr{B; > C/r}. a7)

Henceforthwe call this the PoissonZBA.
In simulatingthe PPBRwe have considerea discretizatiorof the systeminto time-slotsof fixedlengtht. The
discretetime simulationswill not give time congestionvaluesexactly equalto the Poissorvalues,asthereis an
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averagingin the discretizationprocessasdescribedn (6). However, for T — 0, the zerohbuffer time congestion
valueobsenredin asimulationof the PPBPshouldbe well approximatedy (17).

Note alsothatour simulationresults,includingtheresultsgivenin Section5, arequeudengthcomplementary
distribution valuesfor an infinite buffer queueingsystem. The value of Pr{Q > 0} in the infinite buffer system
will exceedthetime congestionvaluefor the zerobuffer case.This effect of theinfinite buffer will canceloutthe
averagingeffectdiscusse@bore to someextent.

For A — oo the PPBPwill corvergeto a Gaussiarprocesg3]. Anothersimpleestimateof the probability of the
infinite buffer queuebeingnon-emptyis givenby consideringhe probabilitythata Gaussiamandomvariablewith
the samemean,, andstandarddeviation, o, asthe PPBR exceedsthe available capacityC. This approximation
will henceforthbe calledthe GaussiarZBA.

4.3 Tsybakov and GeorganasBounds

Boundsfor the queueingperformanceof M/G/oo processesand specificallyfor an M/Paretof processsimilar
to the PPBR arepresentedn [28]. In [28] estimateof both finite queuetime congestionvalues(proportionof
time intenals whenlossoccurs)andfinite queudossprobabilities(proportionof work arriving which is lost) are
presentedOnly the expressiondor thetime congestiornvaluesarepresentedhere.

Theupperboundis givenby
k
AV (y—1) 7 (S + 2)\/71 rv-1
P{Q > x} < ( k!r ) XYk, (18)
andthelower boundby
VK (y—1)k
Pr{Q>x} > Yok VK (19)
V(Y= DK (E(d) + (1 - eP/ED)-1 — 1)
where c
k=1+ {? —)\E(d)J , (20)
5= AE(d) - [AE(d)] , (21)
Cc |C
a-S-|9]. @)
andthevalueof p dependsiponwhetherAE(d) < 1 asfollows: if AE(d) < 1,
p =AE(d), (23)

while if AE(d) > 1, p maybeary valuein therange

1+6-4, ifA>),
05p<{5—¢ if A< 5. (24)
Both the boundsgiven abore are valid for x — o, and both the upperand lower boundsdecayat the same
rate. We would thereforepredictthat for large buffer sizesthe PPBPprocessshouldshaov queueingoerformance
in which thetime congestiorfunctiondecaysasx{1¥X, However, we may obsere simulationresultswhich differ
from this for two reasons Firstly, both boundsarevalid only for large buffer sizes,wheresimulationresultsare
likely to be leastreliable, and secondly the systemsconsideredoy Tsybalov and Geoganasin derving these
boundsarenot quite identicalto the caseswe consider In particular the boundsgiven above arefor finite buffer
time congestiorvalues while we consideitheinfinite buffer queudengthdistribution in thecomparisorpresented
belaw.
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Figure 1. Comparisonof the queueingestimatesgiven for performanceof a PPBP SSQ using the techniques
discussedh this paper

5 Comparison of Simulation and Analytical Results

In Figure 1, we presenta typical setof resultsfor the PPBPSSQ.We include resultsgiven by all the different
techniquegliscussedn this paper The specificcaseconsideredn this figureis a discretetime SSQwith service
rateC = 2.897 units of work perintenal fed by PPBPinput. The PPBPfed into this queuehasmeanu = 1.897,
varianceo? = 0.106@ andHurstparameteH = 0.75. The parametersf the PPBPareA = 10,r = 0.06325 = 1
andy= 1.5.

The simulationresultsshavn in the figure aregeneratedisingthe methodologydiscussedn Section3.3. The
guasi-stationarestimatevaluesare calculatedby the techniquedescribedin Section4.1. We obsenre that the
guasi-stationargstimateagreeswith the simulationresults.

We alsocompareagainsthe LRD Gaussiarestimategivenin [1]. This Gaussiarestimatdformsthebasisof the
guasi-stationargstimate put we do not divide the PPBPinto long andshortburstscomponentsvhencalculating
the LRD Gaussiarestimate. The LRD Gaussiarestimatds simplerto calculatethanthe quasi-stationargstimate,
but it doesnot guaranteaccurataesults. Recallthat, by [3], asA — o the LRD Gaussiarestimatewill provide
accurateesults.

The PoissorandGaussiarZBAs arealsoshavn. We obsere thatthe valueof Pr{Q > 0} givenby simulation
falls betweenthe two zerobuffer estimates.Both the PoissonZBA andthe GaussiarZBA representeasonable
estimate®f the probability of theinfinite buffer SSQfed by the PPBPbeinghon-empty

Note thatthe Tsybalov and Geoganasupperandlower bounds(Equations(18) and (19) respectrely) differ
only by expressionsvhich areconstantwith respecto x. For the setof parametergonsideredherethesebounds
arefar apart. To improve the readabilityof the figure,we shav heretherate of decayof the commontail in these
bounds.In Figure1 we shaw a curve of theform Lx(!=YX wherek is given by (20) andtheweightof thetail, L is
givenby thevalueof Pr{Q > 1} producedyy the simulationresults.

In Figure 2, we presenta secondscenario,jn which the valueof A is increased.The caseconsideredn this
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Figure2: Comparisorof thequeueingestimategivenfor performancef a PPBPSSQfor morehighly aggreated
traffic.

figureis an SSQwith servicerateC = 7. The PPBPfed into this queuehasmeany = 6, variancec? = 0.1066

andHurstparameteH = 0.75. The parametersf the PPBPareA = 100 r = 0.02,6 = 1, andy = 1.5. Although
thelevel of aggr@ation,A is increaseaverthatconsideredn Figurel, theservicemamgin, C — W, andthevariance
andHurstparameteof the PPBPareidenticalin bothcases.

Thesix curvesin Figure2 areproducedusingthe sametechniquesisdescribedor the curvesin Figurel. We
would expectthequasi-stationargstimateio continueto improve, asit basedn anassumptionthattheshortbursts
processs Gaussianandthis assumptionmprovesasA — oo, however it is not necessarilelearfrom theseresults
whethersuchanimprovementis obsenable. We note,however, thatthe quasi-stationargstimateremainsa good
approximatiorof the simulationresults.

The simplerLRD Gaussiarestimateis now a muchbetterestimateof the queueingperformanceof the PPBP
Thisreflectsthefactthatthewhole PPBPis alsotendingtowardsGaussiarasA — oo.

We alsonotethatthe gapbetweerthe PoissorandGaussiarZ BAs hasharraved asA hasbeenincreasedThe
valueof the infinite buffer measurePr{Q > 0} given by simulationcontinuego fall betweerthe two zerobuffer
estimatessoasA — o the GaussiarZ BA improvesasa consenrative estimateof probability of a non-emptybuffer
in theinfinite buffer system.

6 Simple DimensioningRules

In this section,we considerseveral of the dimensioningmplicationsof the PPBPasa modelfor datatraffic. In
particular we highlight a simpledimensioningrule basedon a Gaussiarzerobuffer approximation.We make use
of a PPBPfitted to realtraffic to estimatethe extentto which the Gaussiamnule is optimistic.
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Allowablecongestion§ | K
0.1 1.28
0.01 2.33
0.001 3.09
104 3.72
10°° 4.27
10°° 4.77

Table3: K requiredto give maximumcongestiorof &.

6.1 The GaussianZBA Rule

As demonstratedh [3], asthenumberof independensourceeingmultiplexedtogethelincreaseshemultiplexed
streanconvemgestowardsa GaussiamprocessThisis true,providedthatthemultiplexed processebave finite mean
andvarianceandareof “similar’ magnitude.Corvergenceto a Gaussiarmaiginal distribution occursregardless
of the correlationstructuresof the combinedtraffic streams.However, the correlationstructuresof the combined
streamawill have aneffect onthe correlationstructureof theaggreatestream.

Wherewe usea zero buffer approximation,the correlationsin the streamare irrelevant, and dimensioning
canbe carriedout basedonly on the propertiesof the mamginal distribution. Any complities in the correlation
structureof theaggregjatestreamcanthenbeignored.If thetraffic hasatrue Gaussiamaiginal distribution, with
meanu andvarianceg?, the time congestiorvaluefor the zerobuffer casewill be given by the probability thata
samplefrom a Gaussiardistribution centredat C — p with standardieviation o will be greaterthanzero.

The standarchormaldistribution hascumulatve distribution function:

O(x) = PH{X < x} = \/%1 [ ‘: e (25)

andcomplementarylistribution functiongivenby d_J(x) = 1—d(x). In azerobuffer SSQfed by a Gaussiannput
streamthetime congestiornvaluewill be

Time Congestion= ® (%) . (26)

Notethatthis is the proportionof time whenlossesoccur which is not identicalto the proportionof pacletslost.
SeeFigurel of [4] for anillustrationof thedifferencebetweerthesetwo probabilitiesin queueded by anEthernet
trace.
If thecapacityC, is
C=u+Koa, (27)

andtheinputtraffic streamhasa Gaussiamnmaiginal distribution, thenthe zerobuffer time congestioris a function
only of thevalueK. Thechoiceof the parameteK will determinghe probabilityof time congestionn thesystem.
For agiventargetcongestiomateof &, avalueof K canbedeterminedandthe capacityrequiredfor atraffic stream
with known meanandvarianceis thengivenby (27). This Gaussiardimensioningrule is equivalentto Equation
(4-3)in [23] andsimilar to theonegivenin [9].

Thesuccessf thisdimensioningule is dependentiponthechoiceof theconstanK. Wherethearrival process
is Gaussiarin nature therequiredvalueof K canbedeterminedimply from ®~1(€). Table3 shavs somesample
valuesof K determinedn this way. For non-Gaussiaprocesse$27) still providesa simpledimensioningrule,
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Figure3: Improvementin efficiengy with increasingnultiplexing.

however usingthevalueof K usedfor a Gaussiararrival processnaynotbeappropriateln [11] simulationis used
to calculatethe valuesof K requiredfor realtraffic streams.

The GaussiarZBA rule givessignificantscopefor multiplexing gain. We considemultiplexing M identical
Gaussiarstreamso form a singleaggreatetraffic stream. Eachof the M streamshasmeanp andvarianceo?.
The aggrejatestreamwill be a Gaussiarraffic streamwith meany, = My andvariances?, = Ma?. We assign
capacityto this aggrgatestream.

In the curve labeledGaussianZBA in Figure 3 we examinethe efficiengy gainswhenM identical Gaussian
processearemultiplexedin a zerobuffer system.The baseprocesss Gaussiarwith the samemeanandvariance
asthe P traffic traceexaminedin [16], i.e., p= 5225ando? = 2122 x 10°. We thenconsiderthe processreated
by multiplexing M independentopiesof this baseprocess. The resultwill be a Gaussiarprocesswith mean
v = M= 522466M andvarianceo?, = Mg? = 21.22 x 1(PM. Usingthe GaussiarZBA rule from (27), and
choosingK = 4, we assigncapacityC = Wy + 40y to this process.This valueof K givesatime congestiorvalue
of & = 3.17x 107°. Theefficiengy is givenby py /C.

The secondcurne in Figure 3 shaws the efficiency gainswhen capacityis assignedaccordingto a Poisson
ZBA. For M = 1, the processs a PPBPfitted to the samelP traceconsideredor the Gaussiandimensioning.
We have examinedthis IP tracein [16]. Using repeatedsimulation,we have foundthata PPBPwith parameters
A =0.4,r =30600 = 0.9153y = 1.18 modelsthe IP trace,andwe have found thatthis processcanaccurately
predictthe queueingperformanceof the original tracein an SSQ.A CBR componeniabeledk is addedto the
PPBPIn thefitting of therealtraffic carriedoutin [16]. Therelevantvalueof k for this streamis kK = —2119.

The PPBPequivalentto the multiplexing of M independentopiesof the fitted PPBPhasparameterawyw =
MA,ry =1,0m = O,ym = Y andky = Mk. Like the Gaussiarprocessthis PPBPwill have meanyy = M and
varianceo?, = Ma?. As in the Gaussiarcasewe determinethe capacity C, requiredsuchthatthe ZBA predictsa
time congestiorof & = 3.17 x 10~° andplot the efficiengy givenby py /C for eachvalueof M.

We seefrom thefigurethatthe Gaussiamule significantlyunderestimateghe capacityrequiredby the PPBP
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Figure4: Comparisorof PPBPtime congestiorandtime congestiorvaluepredictedby GaussiarZ BA.

6.2 Rate of Convergenceto Gaussian

In theprevioussubsectionve have shavn thatusingthe GaussiarZ BA rule givesareasonablgimpledimensioning
rule. We will now examinethe effectivenessof the GaussiarZBA rule asa simpledimensioningule for realistic
streams.

We have shavn in [16, 17] thatreal traffic streamscanbe modeledusingthe PPBP We have also obsered
thatif multiple PPBPsare multiplexed together the queueingperformanceof the overall aggrgatestreamtends
towardsthe performanceof anLRD Gaussiarstream(4, 17].

As the multiplexing level in the PPBPincreaseswe expectto seethe PPBPbehaing morelike a Gaussian
process. We will evaluatethe closenes®f the PPBPto Gaussiarby examining the time congestionfunction
obtainedby feedingthe PPBPInto a finite buffer SSQwith servicerate determinedoy the Gaussiarzero buffer
approximation.As the level of multiplexing increaseswe would expectto seethe accurag of this approximation
improving, i.e.,thetime congestionvaluein the SSQfed by the multiplexed PPBPshouldapproactthe allowable
time congestiorusedfor dimensioning.

Themultiplexing of realistictraffic streamss simulatedby creatingscaledPPBPs.Onceagain,we considera
PPBPfitted to the IP traffic byte streamexaminedin [16]. This streamcontainsmeasurementsf the numberof
bytesarriving on a singlelink measuredn 0.1 secondntervals. The measuremenwvasmadein early 1999. The
streamhasa meanrate of p = 5225 varianceof 02 = 2.122x 10’ anda Hurst parameteof H = 0.91 We have
foundthata PPBPwith parametersA = 0.4,r = 30600 = 0.9153y = 1.18 andk = —2119; accuratelypredicts
thebehaiour of therealtraffic.

We thenusethe PPBPto modelthe effect of increasindevels of multiplexing in the IP traffic. As before,the
PPBPequialentto themultiplexing of M independentopiesof theoriginal PPBPhasparameterd,, = MA,ry =
r,dv = O,ym =y andky = Mk. This processwill have meanuy = Mu and variancea?, = Ma?. The Hurst
parametewill beunchangedby thelevel of multiplexing.

Figure 4 shaws resultsfor this setof PPBPs.The dimensioningrule usedis C = pu+ 40, giving a maximum
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M | Thresholdfor GaussiarZBA congestion Delay(ms)
1 74150 313
2 18900 51.8
4 15450 26.7
8 11100 11.8
16 8650 5.50
32 6 000 2.22
64 2100 0.43

Table4: Buffering requiredto achieve allowabletime congestiorevel.

Gaussiartime congestionof 3.17 x 10°°. We seethat asM increasesthe zero buffer time congestiorvalue,
Pr{Q > 0}, approacheshe taget value permittedunderthe dimensioningrule. The resultsshavn are given by
simulation. Although error barsare not shawvn in the figure, the zero buffer approximationfalls within the 95%
confidencenterval of thePr{Q > 0} valuesfor M = 64 but notfor M = 32.

Table4 shavs theamountof extra buffering requiredto compensatéor thefactthatrealtraffic is not Gaussian.
Thisis minimumbuffer sizefor whichthetime congestiorvalueis lessthanthetime congestiorvaluegivenby the
Gaussiarzerobuffer approximationof 3.17 x 10-°. To give anideaof the impactof this extra buffering we also
shav the maximumdelaywhich maybe encounteredby dataarriving at the buffer.

6.3 When Will Convergenceto GaussianHappen?

The resultsgiven in the previous subsectionsndicatethat the GaussiarZBA is still a grossapproximationfor
realdatatraffic on finetimescalesHowever, we alsoseethattheusefulnessf the GaussiarY BA asaconserative
dimensioningule atthesdimescalesmprovesconsiderabhasthelevel of multiplexing increasesHerewe present
someof the evidencewhich suggestshatthelevel of multiplexing in realnetworksis increasing.

Figure5 shavs the growth in the numberof hostsconnectedo the public Internet. Thediamondsshav counts
of the numberof hosts,asrecordedin the InternetDomain Suney at the InternetSoftware Consortium(http://-
www.isc.og/dsj). The solid line represents doublingin the numberof hostsoccurringevery 12 months. This
givesa goodestimateof the growth of the Internetfor the period betweenJanuaryl991andJanuaryl996. The
dashedine represents doublingevery 24 months,andappeargo give a good estimateof the growth rate since
Januaryl996.

More direct evidenceof theincreasdn the amounttraffic beingcarriedacrosgshe Internethasbeencompiled
by Odlyzko [18]. Evidencefrom arangeof sourcess summarizedn [18] andindicatesthatthe amountof traffic
beingcarriedon the Internetis doublingevery twelve months.

Thus we seethat, althoughdirect measurementf the Internetis becomingincreasinglydifficult, the best
evidencesuggestghat the amountof traffic carried acrossthe Internetis growing exponentially Further the
increasingnumberof Internethostssuggestshatthe growth is at leastpartly causedoy anincreasingnumberof
streamsbeing carried,suggestinghat the level of multiplexing on individual links is alsoincreasing. The trace
modeledin Section6.2 wasrecordedn early 1999. Sincethattime the total traffic on the Internethasprobably
guadrupledandthe numberof Internethostsat leastdoubled. Assumingthat this overall increaseranslatego
similarincrease®nindividual links, thereis every reasorto suspecthatthelevel of multiplexing onthemeasured
link is likely to have atleastdoubledin the periodsincethatmeasuremenvasmade.

If Internettraffic growth resultsprimarily from anincreasinghumberof streamgasopposedo anincreasdn
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Figure5: Growth in numberof IP hosts.

thebit rateperstream)thenadoublingin loadwill translateo a doublingin multiplexing level. On currenttrends,
thetraffic onthebackbondP link wherethe 1999tracewasrecordedvill becomecloseto Gaussiarby 2004under
this assumption Alternatively, if we assumehatthe level of multiplexing is directly proportionalto the number
of separatéosts,thenthe traffic onthislink will be closeto Gaussiarby around2010. It is likely thatthereare
alreadycorelinks with Gaussiarraffic.

7 Conclusions

We have presentechew insightsinto the behaiour of SSQsfed by the PPBP We have developedour ideasby
dividing the PPBPinto two sub-processes long burstsprocessanda shortburstsprocessand consideringthe
impactof eachof thesesub-processeseparately

We have seenthat,irrespectie of the durationof a simulation,the existenceof long burstsat the beginning of
the simulationmay impacton the reliability of the simulation. We have describedan improved methodologyfor
simulationof the PPBPwhichtakesinto accountheimpactof long bursts.We have alsodevelopeda boundonthe
simulationdurationrequiredto ensurereliableresults.

A quasi-stationarapproximationfor the performanceof a PPBPSSQ,which is also basedon the idea of
treatinglong burstsseparatelyhasalsobeenpresented Comparisonsvith simulationresultshave shavn thatthe
guasi-stationargpproximatioraccuratelypredictsthe performancesf a PPBPSSQ.

Simplelink dimensioningandmultiplexing gainevaluationsbasen PoissorandGaussiarZ BAs weregiven.
We have demonstratethatthelessconserative GaussiarZ BA becomesnoreusefulastraffic becomesGaussian.

Finally, the questionof how closeis traffic in todays networks to being GaussiarwasaddressedBy means
of bothsimulationsandthe quasi-stationargapproximatiorwhich wasdevelopedin this paperit is possibleto see
explicitly how significantis the differencebetweera burstmodelof network traffic anda Gaussianimodel. Appar
ently, in somecasesthedifferenceis notsogreat.It seemdikely thattherearealreadyplacesin todays networks
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wheretraffic canberegardedcloseenoughto GaussianOf course this depend®nthelevel of aggrgation,which
will alwaysvary from placeto place.
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