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Abstract

Thispaperprovidesmeansfor performanceevaluationof aqueuewith PoissonParetoBurstProcess(PPBP)
input. Becauseof thelongrangedependentnatureof thePPBP, straightforwardsimulationsareunreliable.New
analyticalandsimulationtechniquesaredescribedin this paper. Numericalcomparisonbetweenthe results
shows consistency. Conservativedimensioningrulesusingzerobuffer approximationsareexaminedversusthe
moreaggressiveanalyticalapproachbasedontheresultsof thispaperto providepracticalguidelinesfor network
design.

1 Intr oduction

ThePoissonParetoBurstProcess(PPBP),alsoknown astheM/Paretoprocess[4, 15, 16, 17], is aspecificform of
thePoissonBurstProcess[21] or theM/G/∞ process[10, 19, 24, 28]. ThePPBPhasgainedits appealbecauseit is
formedin a way consistentwith theway peoplegenerateInternettraffic, andbecauseit canbeusedto modelreal
traffic streams.

The PPBPalsohasthehighly attractive propertythat its variance-timecurve (the varianceof the total traffic
arriving in aninterval of lengtht, asa functionof t) is asymptotically, for large t, thesameasfractionalBrownian
noisewith HurstparameterH � 0 � 5, whichis theform thathasbeenobservedin realtraffic in many studies[12]. In
fact,thevariance-timecurve (andthereforealsotheautocovariance)of thePPBPcanbemadeascloseasrequired
to thatof any long-rangedependentfractionalBrowniannoiseprocessby appropriatechoiceof parameters.�
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ThePPBPis basedonanunderlyingPoissonprocessrepresentingpointsin timeatwhichany of alargenumber
of usersbeginstransmittingatraffic burst. It hasbeenshown [7] thatthedistributionof thesizesof filestransmitted
acrosstheInternetis heavy-tailed. If we assumethateachfile is transferredin a singleburst, it seemsreasonable
to modelthe burst lengthsby a heavy-tailed randomvariable. The Paretodistribution hasbeenchosento model
theheavy-tailedburst lengths.In thispaper, wechoosetheparametersof theParetodistribution suchthattheburst
lengthwill have infinite variancebut finite mean.

Given its practicalviability, the PPBPand its associatedqueueingproblemshave beenextensively studied.
Tsybakov andGeorganashave beenamongstthe leadersin studiesof theseprocesses.Togetherwith Likhanov
they showed in [13] that a modelsuchas the PPBPcould be considereda limiting casefor the multiplexing of
a large numberof independenton-off sourceswith heavy tailed on and/oroff time distributions. They examined
the conditionsunderwhich M/G/∞ processesareself-similar in [26]. Resultsregardingthe propertiesof burst
processesin which the transmissionrateof eachburst is not necessarilyconstant,or the samefor all bursts,are
presentedin [27].

A numberof authorshave alsoworked to develop approximationsfor thestationaryqueueingdistribution of
thePPBPandrelatedprocesses.By far themostcommonapproachto developingapproximationsfor stationary
queueingdistributions is to develop a formula which is exact, or which providesupperandlower bounds,for a
limiting case,asa certainparametertendsto a specificvalue.Typically theapproximationis assumedto provide a
satisfactoryapproximationfor valuesof thisparameterwhicharesufficiently closeto thelimiting value.

Largedeviationstheoryhasprovideda fruitful approach,andin thepresentcontext it hasbeenusedto provide
asymptoticallyaccurateupperandlowerboundsin theusuallargedeviationssenseasx � ∞, wherex is thebuffer
contents.Examplesof this approachmaybe found in thework of TsoukatosandMakowski [24], Parulekarand
Makowski [19], Gonźalez-Aŕevelo andSamorodnitsky [8] andMandjes[14]. In [28], Tsybakov andGeorganasuse
a largedeviationsapproachto find expressionsfor bothupperandlower boundsof thequeueingperformanceof a
finite buffer singleserver queue(SSQ)fedby anM/G/∞ process.

A differentlimiting caseis consideredby Addie,MannersaloandNorrosin [1]. They consideranapproxima-
tion whichis accuratefor aGaussiantraffic stream.Thequeueingperformanceof thePPBPtendstowardsGaussian
asλ � thelevel of multiplexing in thestream,increases[4]. Thustheapproximationin [1] is accuratein thelimit as
λ � ∞.

Despitetheseefforts, accurateperformanceresultsfor anSSQfed by a PPBPundernormaltraffic conditions
have not beenachieved. Althoughtheapproximationsaregoodin thelimit, they arenot satisfactoryfor valuesof
real interest,which happento benot sufficiently closeto thelimiting valuefor thequality of theapproximationto
besatisfactory. Thedifficulty of estimatingthequeueingperformanceof thePPBPis compoundedby thefactthat
theinfinite varianceof theburstsizemeansthatstraightforwardsimulationsof PPBPSSQsareunreliable.

In thispaper, we presentnew insightinto thePPBPqueuebehaviour, basedon theideaof dividing theprocess
into a pair of independentsub-processes.Oneof thesesub-processeswill be madeup of short bursts, while the
othersub-processis madeupof longburstswhichwill lastlongerthanthetimescaleof interest.Weusethis insight
to developnew techniquesfor dealingwith thecomplexities of thePPBP.

Thecontribution of this paperis fourfold: (1) we provide a new analyticalmethodfor obtainingthequeueing
performanceof a PPBPSSQ;(2) we provide a techniqueto improve the reliability of PPBPSSQsimulation;(3)
we usetheimprovedsimulationsto show that theanalyticalmethodis accurate;and(4) we provide dimensioning
guidelinesconsideringtheabove in conjunctionwith thezerobuffer approximation(ZBA).

Theremainderof thepaperis organizedasfollows. In Section2, we provide a formal descriptionof thePPBP
anddiscussits peculiaritiesrelatedto long bursts.In Section3, we motivateandpresentour improvedsimulation
techniquefor a PPBPSSQ.In Section4, theanalyticalapproximationis obtained.Then,in Section5, we present
numericalresultsanddiscussthe accuracy of the differentapproaches.Finally, in Section6, we discussqueue
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dimensioningimplications.

2 The PoissonParetoBurst Process

As mentionedin the introduction,thePPBPis attractive asa modelfor Internettraffic becauseit hassomeof the
samepropertiesof observedtraffic andit is formedin a way which appearsconsistentwith theway Internetusers
generatetraffic. A numberof recentstudies[5, 12, 20, 29] haveshown thatmany sourcesof LongRangeDependent
(LRD) traffic streamssupplya significantpartof thetraffic carriedon broadbandnetworks. In [29], it wasshown
thatonepossiblesourceof this burstinesswasin theaggregationof independenton-off sourceswith heavy tailed,
onand/oroff, timedistributions.In [13], it wasshown thatamodelsuchasthePPBPcouldbeconsideredalimiting
casefor themultiplexing of a largenumberof suchindependentheavy-tailedon-off sources.Thus,thePPBPis a
naturalcandidatefor themodelingof LRD packet datatraffic streams.

In thissection,we will presentmathematicaldefinitionsof thePPBP. WenotethatwhenthePareto-distributed
burst lengthshave infinite variance,thePPBPis LRD. We observe thattheprobabilityof very long burstsexisting
within anLRD PPBPis significant,andexplainhow separatingthelong burstsfrom therestof theprocesscanaid
in PPBPqueues.

2.1 Definition and Statistics

LetusdenotebyZ � thesetof non-negative integers,R therealnumbers,andR � thenon-negativerealnumbers.We
consideracontinuoustimeprocess	 Bt : Bt 
 Z � � t � 0 � which representsthenumberof active burstscontributing
work to thetraffic streamat time t. We definea seriesof arrival times 	 αi : αi 
 R � i  0 � 1 � 2 ��������� anda seriesof
departuretimes 	 ωi : ωi 
 R � i  0 � 1 � 2 ��������� . Thevalueof Bt increasesby oneat time t  αi anddecreasesby one
at time t  ωi . We defineωi  αi � di andlabel di (di 
 R � ) thedurationof the ith burst. We assume	 αi � is a
non-decreasingseries,i.e. αi � αi � 1 for i  0 � 1 � 2 ������� , but wedonot restrictdi (apartfrom therequirementthatthe
burstdurationis positive) andso 	 ωi � is notordered.Thevalueof Bt is givenby

Bt  ∞

∑
i � 0

1t ���αi � ωi �
where

1X  � 1 � if X is True,
0 � otherwise.

The arrival of burstsis a Poissonprocesswith rateλ � so the intervals betweenadjacentburst arrival times,
αi � α � i � 1� , arenegative exponentiallydistributedwith mean1� λ � andthemeannumberof new burstsarriving in
a time interval of lengthT is Poissondistributedwith meanλT. It is well known that if theburstsarrivals area
Poissonprocess,thevalueof Bt is Poisson-distributed, with meanλ timesthemeanburstduration(e.g.,[6]).

In thePPBP, theburstdurations,di � areindependentandidenticallydistributedParetorandomvariables,having
the samedistribution asrandomvariabled. Using Paretodistributed burst durationsallows the significantlong
burststhatcharacterizeLRD traffic to occurin themodel.Thecomplementarydistribution functionof d is

Pr 	 d � x �� � � xδ ! � γ � x � δ,
1 � otherwise,

(1)

δ � 0. For 1 " γ " 2, wehave that

E # d $% δγ# γ � 1$ (2)
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andthevarianceof d is infinite.
In orderthattheburstprocessshouldbestationary, thesystemis initialized with b0 initial bursts,whereb0 is a

Poissonrandomvariablewith meanλE # d $ . Thedurationsof theseburstsareindependentandidenticallydistributed
randomvariables.Their commondistribution is thesameasa randomvariableω which is theforwardrecurrence
timeof theParetodistribution. Thusαi  0 for i 
 	 1 �������&� b0 � andωi valuesfor i 
 	 1 �������'� b0 � aredrawn from

Pr 	 ω � x ��)( 1
γ

�
x
δ ! 1 � γ � x � δ,

γ � 1
γ

�
1 � x

δ ! � 1
γ � otherwise.

(3)

We then considera relatedprocess,Ât � the continuoustime processrepresentingthe total amountof work
contributedby all burstsin theperiod # 0 � t * . Weconsiderthecasewhereall burstscontributework ataconstantrate
r. Thus

Ât  r + t

0
Bsds�

Thisgivesameanof

E # Ât $% λtrδγ# γ � 1$ �
Casesin which theburstsdo not all contribute equalrate,or in which thework ratefrom a givenburstmayvary
asa functionof time,arenot consideredhere.Resultsregardingthepropertiesof burstprocessesin which r is not
necessarilyconstant,or thesamefor all bursts,arepresentedin [27].

By [21], thevarianceof Ât canbeobtainedby repeatedlyintegratingthecomplementarydistribution function
of theburstdistribution:

Var, Ât *- 2λr2 + t

0
dt + u

0
du + ∞

v
dxPr # d � x$-�

Thiscalculationis performedin [17] to give

Var, Ât *-/.021 2r2λt2 3 δγ
2 � γ � 1� � t

6 4 � 0 � t � δ �
2r2λ 5 δ3γ

6 � 3� γ � � δ2tγ
2 � 2 � γ � � t3 6 γδγ� 1 � γ � � 2 � γ � � 3� γ �87 � t � δ � (4)

Examining the expressionfor the variancegiven in (4), we see that for large t, the dominant term is
2r2λ δγt3 6 γ� 1 � γ � � 2 � γ � � 3 � γ � . If we defineH 9# 3 � γ $�� 2, then we can observe that for increasingt the growth of this

functionis proportionalto t2H . This impliesthat for 1 " γ " 2 thePPBPis asymptoticallyselfsimilar with Hurst
parameter

H  3 � γ
2
� (5)

TheconditionsunderwhichM/G/∞ processesareself-similarareexaminedin moredepthin [26].
Notethat in simulationswe will considera discretetime versionof Ât , wheretime is dividedinto fixedlength

intervals calledtime-slots. We choosean arbitraryvalue,τ, to be our time-slotsizeanddefineour discretetime
processto be

A j  Â � j � 1� τ � Â jτ  r + � j � 1� τ
jτ

Bsds� (6)

Thetime-slotsize,τ, maytakeonany value,but ourusualchoiceis τ  1. Wewill useµ  E # A j $ andσ2  Var# A j $
to denotethestatisticsof thisdiscretetimeprocess.

Thisdiscretetimeprocessdiffersslightly from theprocessesconsideredin [10, 19], andalsofrom theprocesses
analyzedin [25, 27, 28], in that theprocessesconsideredin thoseworkssamplethevalueof Bt � not thevalueof
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Ât aswe do. Samplesdrawn from Bt cantake on only discretevalues,while our processis a continuous-valued,
discrete-timeprocess.Noticethatif a burststartsin themiddleof a time-slotandcontinuesbeyondtheendof that
time-slot,its contribution to thework arriving in thattime-slotis τr � 2 � which is notnecessarilyinteger. In limiting
casesfor low λ and/orhigh E # d $ ourprocesswill behave in a very similar fashionto thediscrete-valuedprocesses
of [10, 13, 19, 25, 27, 28].

In this paper, we discussthequeueingperformanceof thePPBP, andof otherrelatedprocesses.Thequeueing
performanceof aprocessis generallyexpressedasthequeuelengthdistributionof aninfinite buffer SSQfedby that
process.However, in Section6, andin Subsection4.2,we shallbeconsideringmorerealisticdimensioningrules,
involving finite buffer SSQs(mostlyzerobuffer SSQs).For thesefinite buffer queues,thequeueingperformanceis
calculatedin termsof timecongestionvalues.Thetimecongestionvaluefor agiven(finite) buffer sizecorresponds
to theproportionof timefor whichthebuffer is full. To avoid confusionbetweenfinite andinfinite buffer scenarios,
in theremainderof thepaperwe shall referto time congestionvaluesin thecontext of finite buffer queues,andto
queuelengthdistributionsfor infinite buffer queues.Both measurescanprovide approximationsto theprobability
of work beinglost in afinite buffer, which is thevalueof practicalconcernin network dimensioning.

2.2 Infinite Variancesand Long Bursts

For x � δ, Equation(1) shows thattheParetodistribution hasacomplementarydistribution functionwhichdecays
geometricallyin the form of x� γ. For 1 " γ " 2, a Paretodistributedrandomvariablewill have infinite variance
andfinite mean.This rangeof valuesof γ is of interestto us,asfor 1 " γ " 2 theresultingPPBPwill beLRD.

Wheninitializing the PPBPwe considera numberof initial bursts. The durationof eachof theseburstshas
theforwardrecurrencetime distribution givenin Equation(3). Its tail decaysin theform of x1 � γ � i.e. considerably
moreslowly thanthecorrespondingParetodistribution givenin Equation(1). Noticethat,for 1 " γ " 2, thePareto
forwardrecurrencetimewill have infinite meanaswell asinfinite variance.

To illustratetheeffectof infinite variancesonadistribution,wecomparecomplementarydistribution functions
for threedifferentdistributionsin Table1. Theexponentialdistribution consideredhasafinite meanof 3 andalsoa
finite variance.TheParetodistribution hasparametersδ  1 andγ  1 � 5 � giving ameanof 3 oncemore.Unlike the
exponentialdistribution, theParetodistribution hasinfinite variance.Thedistribution of Paretoforwardrecurrence
timeshasinfinite varianceandaninfinite mean.Thevaluesgivenfor theParetoforwardrecurrencedistribution are
for thesamevalueof δ andγ usedto give theParetotail probabilities.

Thesamplevaluesin the tableclearly illustratetheeffectsof usinga heavy-taileddistribution. Thetail prob-
abilitiesof theexponentialdistribution drop to bevirtually zerofor x � 1000. By comparison,theprobabilityof
a Paretosampleexceeding1000 is still quite significant. The probability of a samplefrom the Paretoforward
recurrencetime distribution exceeding1000is evenlarger.

In Table1 we canseethat,evenfor quitemoderatevaluesof γ (we choseγ  1 � 5 which givesH  0 � 75 in the
correspondingPPBP),theprobabilityof aninitial burst in thePPBPhaving extremelylong durationis significant.
Theprobabilityof anequallylongburstarriving lateris significantlysmallerthantheprobabilityof aninitial burst
having thatlength,but is still muchhigherthanit wouldbefor anexponentialdistribution.

2.3 The Long Burst Short Burst (LBSB) Phenomenonin PPBPSimulation

In orderto separatethePPBPinto long burstsandshortburstscomponents,we considera finite interval of length
W. If we considerthePPBPover any suchinterval, i.e., , t � t � W * , for arbitraryt, thenthereis alwaysaprobability
thatsomeof theinitial burstswill lastfor theentiretimeperiod.We labelany suchburstsaslongbursts. All other
burstsarecalledshort bursts. The shortburstsinclude: (1) thoseburststhat startat or beforet andendbefore
t � W, (2) thoseburststhatstartaftert andfinish at or aftert � W and(3) thoseburststhatstartaftert andfinish at
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Pr	 X � x �
x Exponential Pareto Paretoforwardrecurrence
10 0.03567 0.03162 0.2108
100 3 � 34 : 10� 15 0.001 0.06667
1000 0 3 � 162 : 10� 5 0.02108
104 0 1 � 000 : 10� 6 0.006667
105 0 3 � 162 : 10� 8 0.002108
106 0 1 � 000 : 10� 9 0.000667
107 0 3 � 162 : 10� 11 0.000211
108 0 1 � 000 : 10� 12 6 � 67 : 10� 5

Table1: Comparisonof sampletail probabilities

or beforet � W. Consideringtheselongandshortbursts,wewill divide thePPBPinto two independentprocesses:
(1) the longburstsprocessand(2) theshortburstsprocess. Thelongburstsprocessis astationarybut non-ergodic
processcontainingonly thelong bursts.Theshortburstsprocesscontainsall theremainingbursts,which we have
labeledshortburstsabove.

Having madethis division betweenthe long burstsprocessandtheshortburstsprocess,thebehaviour of the
PPBPwithin afinite timecanbemorereadilyunderstood.Thelongburstsprocesswill simplybeaCBRcomponent
for thedurationof thetime period.Therateof thelong burstsprocesswill beaPoissondistributedvalue.

Thestatisticsof this shortburstsprocesscanbeshown to bestationarybecauseit is formedfrom a stationary
process(the original process)by removing a componentwhich is stationary(the long burstscomponent).These
longburstsandshortburstscomponentsare,in fact,independent.

Notethatthetermstationaryhereappliesonly to thefinite time-interval processesonthetimeinterval , t � t � W * .
Themeaningof sucha termis directly analogousto theusualmeaning,but expectationsandeventsto which the
stationaritycondition(i.e. time invariance)appliesareall constrainedto lie entirelyinsidetheinterval , t � t � W * .

Thisisnottheonlywayto subdividetheprocessinto longandshortbursts.Forexample,wecouldsubdividethe
processdefinedontheentirerealline by removing all burstslongerthanW. Thiswouldbeadifferentsubdivisionof
theprocessinto shortandlongbursts.Bothdecompositionsarevalid. Thelatterdecompositionismorecomplicated
becausein the interval , t � t � W * therewill be long burstswhich finish in the interval andoneswhich start in the
interval.

Theeffectof longburstscanbeseenmostclearlyin simulation,whereweexaminethePPBPoverafinite time
period. Regardlessof thedurationof thesimulation,therewill alwaysbea significantprobabilityof oneor more
long burstsbeingpresent.As theselong burstscanhave a significantimpacton thepropertiesof theprocess,and
in particularon thequeueingperformanceof theprocess,it is importantthat they aredealtwith. This issueis the
mainthemeof Section3.

Thesamedivision betweenthe long burstsprocessandtheshortburstsprocessis usedin thedevelopmentof
thequasi-stationaryapproximationdescribedin Section4.1. In thequasi-stationaryapproximation,weseparatethe
PPBPinto long burstsandshortburstscomponents.Existingtechniquesfor estimatingthequeueingperformance
of stationaryprocessesareusedto estimatetheperformanceof theshortburstsprocess.Theseresultsarethencom-
binedaccordingto theprobabilitiesof thelong burstsprocessbeingin givenstatesto give anoverall performance
estimatefor thePPBPqueue.
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3 Simulation Techniques

Weconsideradiscretetime,infinite buffer SSQwith constantservicerateC fedby aPPBP. Let theamountof work
bufferedin thequeueat theendof timeinterval n beQn. In thissection,wewill considersimulationtechniquesthat
couldbe usedto generateanestimateof thestationaryqueuelengthcomplementarydistribution, Pr	 Q � x ��� for
any x � 0. In particular, we considerthe impactof long burstson theaccuracy of simulationresultsfor thePPBP
SSQ.In Subsection3.3we show how to factorin theeffectsof thelong burstsin queueingsimulationsin orderto
producereliableresults.

3.1 Long Bursts in PPBPSimulations

Thereis alwaysaprobabilitythatany finite lengthsimulationof thePPBPprocessshouldincludeburstswhich last
for theentiredurationof thesimulation.Dependingontheparametersof thePPBPprocess,theprobabilityof such
long burstsoccurringmayberelatively small,but their effect maybequitesignificant.We thereforesearchfor a
methodto accountfor theeffectsof suchlong burstsonPPBPqueueingresults.

Weconsiderthecasewherethedurationof thesimulationis sometimeT. Wewill separatethePPBPinto long
burstsandshortburstscomponentsbasedonthesimulationdurationT, makingT thesimulationcounterpartof the
interval lengthW which in this paperwe usefor theanalyticalapproach.Thelong burstswill bethosewhich are
presentfor theentiredurationof thesimulation. This meansthat thoseburstsmustbeamongof thosepresentat
t  0. By (3), for T � δ � theprobabilityof any giveninitial burst lastingtheentiretyof thesimulationis

p  Pr	 ω � T �� 1
γ ; T

δ < 1 � γ � (7)

Thetotal numberof (long andshort)initial burstsis a PoissonrandomvariableB0 with meanλE # d $ . Let N be
thenumberof initial burstswith durationT or greater(longbursts).Becauseeachof theburstsin B0 is includedin
N independentlywith probability p � N alsohasaPoissondistribution [22] with parameter

µN  λE # d $ p � (8)

Substituting(2) and(7) into (8) gives

µN  λδγ
γ � 1

1
γ ; T

δ < 1 � γ  λδγ

γ � 1
T1 � γ � (9)

We aredividing thePPBPinto two independentsub-processes.Themeanof thePPBPis λE # d $ . Themeanof
thelongburstsprocessis µN givenby Equation(9) above. At any point in time,thenumberof burstsin progressin
theshortburstsprocessis aPoissonrandomvariablewith meanλE # d $=# 1 � p$ .
3.2 Determining the Minimum Simulation Duration

For a given realizationof the PPBPover a finite periodof time, the long burstsprocesswill behave asa CBR
component.In anSSQqueueingsimulationtheeffectof thelong burstsprocesswill bea reductionin thecapacity
available to the shortburstsprocess.Given the durationof the simulation,and the propertiesof the PPBP, we
candeterminetheprobability with which the shortburstsprocesswill have a given capacityavailableto it. The
probability of the long burstsprocesshaving ratenr for the durationof the simulationis Poissonwith meanµN

givenby (9).
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Thereis anon-zeroprobabilitythatthelongburstsprocesswill reducethecapacityavailableto theshortbursts
processso muchthat the meanrateof the shortburstsprocesswill exceedthe capacityavailable to it, pushing
thesysteminto anunstablestate.AssumingC � λrE # d $'� this instability would only be“temporary”. In orderto
guaranteethereliability of our results,weneedto ensurethattheprobabilityof anunstablesimulationoccurringis
lessthansomevalueε.

In aninfinite buffer systemthebusyperiodcausedby this instability couldconceivably continuefor a consid-
erabletimeaftertheinstability ceases.However, wecanputastrictboundon thedurationof thisperiodof timeas
follows.

Consideran aggregatedinput processformedby collectingthework arriving in the intervals # 0 � T $ , # T � 2T $ ,
. . . , andthensubtractingfrom eachnumberin this sequencethe work which canbe completedin an interval of
durationT. Let us denotethis processby 	?> kT � , k  0, 1, . . . . What we have hereis a very broadaggregate
overview of theprocess,in whicheachnumberin thesequence	?> kT � is asummaryof quitea longperiodof time.
Thegreatmajority of entriesmustbenegative (sincetheprocessasa wholeis stable,andT hasbeenchosenlong
enoughthattheprobabilitythatWkT � 0 is quitesmall,e.g.10� 9.

Weseekaboundontheproportionof theintervalsin thesequence# 0 � T $ , # T � 2T $ , . . . , duringwhichtheoriginal
processis either(i) unstable,i.e. thenumberof long burstsis sufficient thatshortburstsprocessis unstablein this
interval, or (ii) affectedby a precedinginterval or sequenceof intervals in which the short burstsprocesswas
unstableto theextentthatthebuffer is still non-empty.

Actually, we have a very goodestimateandupperboundfor the proportionof intervals # 0 � T $ , # T � 2T $ , . . . ,
which areunstable,namelyP 	?> 1 � 0 � , which is basically, by construction,ε. Thedifficult issueis to know how
many other intervals areaffectedby the heavy queueswhich build up in the buffers during overloadscausedby
theseunstableintervals.However, thisproportioncanbeestimated,andbounded,by theprobabilitythatthebuffer
in acertainqueueingsystemis non-empty. Thequeueingsystemin questionis theonewherethenetinputprocess
is 	?> kT � , k  0, 1, . . . . Let 	?@A� kT denotethebuffer processassociatedwith thisnetinput process,so @ 0  0 and@ kT  max#B@ � k � 1� T � > kT $'� (10)

k � 0. Fromthepropositionin Section2.4 of [1], Pr	?@ ∞ � 0 � is boundedby Φσ
�
Ψ � 1

c� σ # 0$ ! in which Φσ denotes
theGaussiancomplementarydistribution functionwith meanzeroandstandarddeviation σ andΨ � 1

c� σ # 0$ denotes
theinverseof thenormallossfunction, i.e.

Ψc � σ # x$% 1

σ C 2π
+ ∞

x
# y � c$ e 6 y2

2σ2 dy  σC 2π
e� x2

2σ2 � cΦσ # x$'�
evaluatedat zero.Theparameters� c andσ herearethemeanandstandarddeviation of > kT , andfor any choice
of theseparametersof realinterest,

Φσ
�
Ψ � 1

c � σ # 0$ ! " 3Pr	?> kT � 0 �� 3ε (11)

(actually, Φσ
�
Ψ � 1

c� σ # 0$ !ED 2Pr	?> kT � 0 � , but aboundis whatis wantedhere,sowemustusethelargerestimate).
Now, if we modifiedthe original queueingsystemby supplyingno work at all to the buffer during intervals

when,originally, it wasunstable,theeffect would be largely limited to thoseperiodswheretheaggregatequeue,
asdefinedin (10), wasbusy. This is still a relatively small proportionof all intervals becausewe have chosenε
asquitea smallnumber. It is alsopossiblethataninterval immediatelyfollowing a busyperiodcouldbeaffected,
andsuchintervalsaretheonly otherintervalswhichmight beaffectedby ourmodificationof theprocess,because
all otherintervalswill beseparatedfrom our modificationsby idle periods.It is to beexpectedthattheseunstable
intervalswill usuallyoccurin longclumpsseparatedby very longperiodsof time,however, in theworstcase,from
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λ T
0.5 302578
1 2314
10 52� 49
100 14� 48

1 000 9 � 819

Table2: Samplevaluesof the requiredminimum simulationdurationto avoid a significantprobability of long
burstsdominatingbehaviour

thepresentpointof view, it is possiblethateachbusyperiodwasof length1, in whichcasetheextra interval would
doublethenumberof intervalsaffected.Hence,themodifiedqueueingsystem,in which instabilityneveroccurs,is
identicalto theoriginal systemexceptin acollectionof intervals,theproportionof which is lessthan2 : 3 : ε.

We thereforelimit thescopeof this paperto systemswheretheprobabilityof instability, ε � is negligible – 1
6 :

thedegreeof accuracy soughtfor thedistribution function in thesimulationoutput. We know that thestatespace
includessomestateswherethesystemis unstable,but thetotalprobabilityof thispartof thestatespaceis lessthan
ε. Theflow-oneffectsfrom thesestatesto otherstatesstill only affectsaproportion6ε of thestatespace.Therefore,
if wealterthebehaviour of our systemin this regionof thestatespace,by ignoringthepossibilitythatwe reachan
unstablestate,theerror in our estimatesof any probabilityat all in thesystem,causedby this adjustment,will be
lessthan6ε.

Thisscopelimitation doesnotsignificantlyweakentheresultsof thispaper, becauseanalyticalresultsfor heavy
traffic casesarealreadyavailable[24]. Ourwork in factextendsthescopeto other, morerealistic,cases.

Let φ bethelargestvalueof n for which thecapacityavailableto theshortburstsprocessexceedsthemeanrate
of thatpartof theprocess.Wethereforeconsiderφ GF C � r � λµp # 1 � p$BH?� wherep  Pr	 ω � T � asin theprevious
subsection.If n � φ thenthesystemwill beunstablefor thelengthof thesimulation.

Increasingthedurationof thesimulationwill reducetheprobabilityof longburstsoccurring,soweneedto find
thesimulationtime durationT whichensuresthatPr	 N � φ � � ε. Wesolve

Pr	 N � φ �� ∞

∑
n� φ

# µN # T $�$ n
n!

e� µN
� T �  ε (12)

to find the valueof T for given valuesof φ andε. Notice that T obtainedby (12) may be too long for practical
purposes.Thescopeof thispaperis restrictedto caseswherebythesimulationlengthis practical.

We now presentseveral samplevaluesto give the readeran ideaaboutthe lengthof simulationsrequiredin
orderto ensurea smallprobability, ε  10� 9, of thesystembeingunstablefor thedurationof thesimulation.We
considera family of PPBPs,all with σ2  0 � 1066̄6 andH  0 � 75� eachfed into a SSQwith capacitysuchthatthe
servicemargin isC � µ  1. Wetake γ  1 � 5 andδ  1 in all cases.Theparameterλ is varied,andfor eachvalueof
λ � (4) is solvedto give thevalueof r � Usingtheabove discussedmethods,wedeterminethelengthof asimulation,
suchthatthesimulationis notoverwhelmedby acollectionof very long initial bursts.

The resultsarepresentedin Table2. We seethat the sizeof T decreasesasλ increases.For all the cases
considered,T  106 is easilysufficient for usto beassuredthat thelong burstsareextremelyunlikely to pushthe
systeminto instability.
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3.3 Factoring in Long Bursts

Evenwhentheeffectsof the long burstsarevery unlikely to causeinstability, they mayhave a significantimpact
on queueingperformance.To calculatesimulationestimateswhich accountfor the long bursts,we simulateto
calculateestimatesof the queuelength distribution in SSQswith serviceratenr lower than the servicerate of
interest.Theshortburstsprocessfed into anSSQwith servicerateC � nr simulatestheeffect of a PPBPwith n
burstsenduringfor thelengthof thesimulationbeingfed into anSSQwith servicerateC.

We choosethesimulationtime duration,T, accordingto (12) soasto avoid any significantimpactfrom long
burstsdriving thesysteminto instability. Weconsiderthediscretetimeversionof thePPBPgivenby (6) to beinput
to aninfinite buffer SSQwith constantservicerateC. At theendof a time-slot j � theamountof work in thebuffer
will begivenby Q j I# Q j � 1 � A j � C $J�K� whereX �L max# X � 0$ . WesetQ0  0.

To calculatetheoverall performanceof thePPBPSSQ,we subdivide thePPBPinto its long burstsandshort
burstscomponents.Thelong burstsandshortburstsprocessesareaspresentedin Subsection2.3above. Thetime
periodof interestis thesimulationtime duration,T. All initial burstswhich lasttheentirelengthof thesimulation
areassignedto thelong burstsprocess.All otherburstsform partof theshortburstsprocess.This meansthat the
shortburstsprocessincludes:thoseinitial burststhatendbeforet  T; thoseburststhatstartaftert  0 andfinish
after t  T; andthoseburststhat startafter t  0 andfinish beforet  T. The effect of the long burstsprocess
is simulatedby adjustingthe servicerate. To estimatethequeueingperformanceof theshortburstsprocess,we
simulateanSSQwith servicerateC � nr fedby theshortburstsprocess.

Theshortburstscomponentof thePPBPis initializedwith bM0 initial bursts,wherebM0 is Poissonwith parameter
λµp # 1 � p$ . In theshortburstsprocess,theseinitial burstsmustbeshortbursts,sowe truncatetheParetoforward
recurrencetime, to ensurethatnoneof theinitial burstshave lengthlarger thanT. After this initial point, theshort
burstscomponentis allowedto evolve asif it werethefull PPBP.

Theestimateof theperformanceof theshortburstsprocesswill begivenby averagingtheresultsof M simu-
lations,eachof which will includeT sampleintervals. In eachsimulationwe estimatePr	 Q � x � by thenumber
of time intervals in which theamountof bufferedwork exceedsx, divided by the total numberof intervals in T.
We will denotetheestimateof thequeuelengthcomplementarydistribution givenby sucha setof simulationsas
SMN# x;C � nr� M � T $ . Assumingthatthequeuesizedistributionprocessis bothstationaryandergodic,thissimulation
estimatewill approximatethequeuelengthcomplementarydistribution for theinfinite buffer SSQwith servicerate
C � nr fed by the shortburstsprocess.Thesevaluesof SMN# x; # C � nr $'� M � T $ areestimatesof the queuelength
complementarydistribution for theoriginal queue(with servicerateC) fed by a PPBPin which n burstsareactive
for thedurationof thesimulation.

To estimatethe total queuelengthdistribution, taking into accounttheprobabilityof existing long bursts,we
sumtheseestimates,weightedby the probability of n long burstsappearingat the startof the simulation. The
estimateof thequeuelengthcomplementarydistribution for thePPBPis thengivenby

Pr	 Q � x �� ∞

∑
n� 0

Pr	 N  n � SM # x; # C � nr $'� M � T $'� (13)

Equation(13) usesthe idea known as the quasi-stationaryapproximation. It relies on the assumptionthat
the input processtransitsslowly betweencertainstates,so slowly that the stationarybehaviour of the queueis
approximatelytheweightedaverageof thedifferentbehaviours in thedifferentstates,weightedby theprobability
of beingin eachstate.Theideaof thequasi-stationaryapproximationis usedagainin Section4 to producea very
accurateapproximationfor theperformanceof thePPBPSSQ.
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3.4 Quantum Simulation

Anotherrelatedsimulationtechniquehasalsobeenappliedto this problem:quantumsimulation.Quantumsimu-
lation is a methodof rareeventsimulationin which multiple simulationsevolve accordingto a varietyof models,
notnecessarilyindependent,andnotnecessarilyconsistentindividually with theoriginal model.Thisaggregateof
simulationsis relatedto theoriginal modelunderconsiderationin sucha way thatanappropriateweightedaggre-
gateof all thesesimulationsis consistentwith theoriginalmodel.See[2] for furtherdetailson this methodandits
relationshipwith otherfastsimulationtechniques.Resultsfrom quantumsimulationsappearto beconsistentwith
thesimulationresultspresentedin thispaper, however it wouldaddlittle to thepresentpaperto includeadiscussion
of thoseresultshere.

4 Analytical QueueingResultsfor the PPBP

By far themostcommonapproachto developingapproximationsfor stationaryqueueingdistributionsis to develop
a formulawhich is exactfor a limiting case,asacertainparametertendsto aspecificvalue.Typically theapproxi-
mationis assumedto provide asatisfactoryapproximationfor valuesof thisparameterwhicharesufficiently close
to thelimiting value.

For example,wemightfind anapproximationwhichworkswell asx � ∞, wherex is thebuffer contents,or, in
thepresentinstance,we might developanapproximationwhich is betterandbetterasλ � ∞. In fact,severalsuch
approximationsareavailablefor thestationaryqueueingdistribution of thePPBP. Thepapers[8, 19, 28] provide
anapproximationof thefirst form for thisprocess,and[1] providesanapproximationof thesecondform.

However, with all suchapproximationsthereis the possibility that, althoughthe approximationis good in
the limit, it is not at all satisfactory for valuesof real interest,which happento be not sufficiently closeto the
limiting valuefor thequality of theapproximationto besatisfactory. In fact, this appearsto be thecasefor both
theapproximationsjustmentioned.Theapproximationswhichhold for sufficiently largebuffer valuesareactually
quitepoorfor buffer valuesof practicaluse.Similarly, althoughtherearesomecasesof interestwheretheGaussian
approximationis satisfactory, caseswhereλ is not sufficiently large for theGaussianapproximationto beuseful
arealsoof interest.

We present,in this section,a new approximationfor PPBPSSQperformanceevaluationbasedon thequasi-
stationaryidea. This approximation,which we call the quasi-stationaryapproximation, is most similar to the
Gaussianapproximationandis consistentwith it in thesensethat for sufficiently large λ, the two becomecloser
andcloser. However, thequasi-stationaryapproximationis betterthantheGaussianapproximationfor smallvalues
of λ.

In this section,we presentsomeof theanalyticalexpressionsthatcanbeusedto estimatethequeueingperfor-
manceof thePPBP. In thefirst subsection,we presentthenew quasi-stationaryapproximation.In Subsection4.2
we give considerationto a zerobuffer approximation,which couldbeconsideredanapproximationwhich is most
accurateasx � 0. In Subsection4.3 we summarizethe existing resultsdevelopedby Tsybakov andGeorganas
[28], whichgive anaccurateapproximationfor x � ∞. In Section5, we will comparetheestimatesgivenby these
varioustechniqueswith simulationresults.

4.1 Quasi-stationaryApproximation of the QueueingBehaviour of a PPBP

Wewill now applythequasi-stationaryideato obtainananalyticapproximationfor thequeuelengthdistribution of
thePPBPSSQ.Theapproximationis basicallyEquation(13),exceptthat thesimulationestimatevaluesgivenby
SM � arereplacedby estimatesobtainedby analyticalmeans.In theanalyticcase,we do nothave thelimitation of a
givensimulationlength,imposedby thespeedcomputersoperate,soinsteadof thevalueT, wewill usethevariable
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W, representingtheminimumlengthof thelong bursts.We will thenusethequasi-stationaryideato computean
estimatefor thequeuelengthdistribution asa functionof W� Notice that, for eachvalueof W� thedistribution of
thenumberof longburstsis Poisson,andtheperformanceof theshortburstsprocesscanbeobtainedusingknown
approximationsfor SRD queues.As in Subsection3.3, thequeuelengthdistribution for theshortburstsprocess
giventhatn longburstsexist, is thequeuelengthdistribution of anSSQfedby thePPBPexcludingthelongbursts,
andwith server rateC � nr.

The useof SRD queueapproximationsis justified,becausethe remainderof theprocess,excluding the long
bursts, is madeup of short bursts,and hencecan be modeledas an SRD process. Eachof theseshort bursts
processesswitchesslowly betweenstatesdictatedby the numberof long bursts,andhencethe quasi-stationary
approximationis promising.

Therearevariouswaysof modelingthe queueingbehaviour of the shortburstsprocess.Oneway which is
convenientandmayperhapsbesufficiently accurateis to modelthisprocessasGaussian.Then,theformulaof [1]
is applicable.We could regardthis approximationasasymptoticallyaccurateasλ � ∞, becausefor larger λ the
short-rangedependentprocessbecomesmoreandmoresimilar to Gaussian.

We might expectthis model,in which theslowly moving andquickly moving partsof theprocesshave been
separated,to bereasonablyaccuratefor arangeof differentvaluesof W, althoughfor quiteshortW, theassumption
thattheprocessmovesslowly betweenstateswith acertainnumberof burstslongerthanW wouldbeviolatedand
alsotheGaussianapproximationfor theshortburstsprocessmightnotbesatisfactory. On theotherhand,for large
W, theGaussianapproximationof theshortburstsprocessmight loseaccuracy for a differentreason,becausein
this casethequasi-stationaryapproximationbecomescloserandcloserto a purelyGaussianapproximationof the
process,which is known, experimentally, to underestimatequeueingdelay[17].

In orderto applythis method,we needthemeanandthevariance-timecurve of theshortburstsprocess.The
meanof the shortburstsprocessis mW  rλδγ

γ � 1

�
γδ1 � γ � W1 � γ ! � The original PPBPis a sumof two independent

components:the long burstsprocessandtheshortburstsprocess.Therefore,thevariance-timecurve, Var, Ât * , up
to timeW, of theoriginal process,givenin Equation(4) is equalto thesumof thevariancetime curve of thelong
burstsprocess,vl # t $ andthevariancetimecurve vs # t $ of theshortburstsprocess,i.e.

Var, Ât *O vl # t $ � vs # t $'� 0 � t � W�
Now, the long burstsprocessis constantover the interval # 0 �W $ , wherethe constantrate is a multiple of a

Poissondistributedrandomvariablewith meanλW P 1 6 γ Q
γ � 1 , so

vl # t $% t2 r2λW
� 1 � γ �

γ � 1
�

Hence

vs # t $R Var, Ât * � t2r2λW
� 1 � γ �

γ � 1
� 0 � t � W� (14)

For timeslongerthanW, theshortburstprocesswould exhibit roughly lineargrowth of thevariance-timecurve.
Actually, we will not make useof theform of this variance-timecurve for valuesof t larger thanW andit is even
reasonableto arguethatsincetheshort-burstprocessis only definedon theinterval , 0 �W * , thereis no meaningfor
vs # t $ for t � W.

At this point, however, let usrecall theformulafor thedelaydistribution from [1] andits derivation. Suppose
V denotesthecontentsof a buffer suppliedby Gaussiantraffic with meanm, served by a server with ratec, and
in which theGaussiantraffic hasvariancetime functionv # t $ . Thenthestationarycomplementarydistribution of V
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hastheapproximation

Pr	 V � x � D exp ; � # x � # c � m$ t M $ 2
2v # t M $ < � (15)

wheret M is avaluet � 0 whichminimizestheexpression# x � # c � m$ t $ 2 � v # t $ . If v is differentiableat t M , this value
canbefoundasapositive solutionof

2
v # t M=$
vST# t M $ � t M  x�O# c � m$'� (16)

Thequantityt M hasa simpleinterpretation.It is themostlikely durationof theperiodof time over which the
queuebuilds up to thelevel x. Returningto ourquasi-stationaryapproximation,thescenariowearecontemplating
hereis thatthelevel x in thebuffer will beachievedby thefollowing eventsoccurringoneaftertheother

(i) a largerthannormalnumber, n, of longbursts(longerthanW) occurssimultaneously;

(ii) during this unusualperiod, the shortburstsalsoconspireto assemblean unusualamountof work over a
relatively shortperiodof time (shorterthanW).

So, in the presentcontext, V is the buffer contentof our shortburstsSSQ,andt M is the periodof time over
which the shortburstsprocessaccumulatessufficient work that the buffer builds to the level x. This valueof t M
mustbelessthanW or thequasi-stationaryapproximationis notvalid. Ontheotherhand,if t M , asfoundfrom (16),
is lessthanW, thenthevariancetime curve v # t $ which is usedin thisequationwill begivenby Equation(14) over
therangeof t valuesfrom 0 toW. Thus,in solvingfor t M , it is not importantto definev # t $ for valuesof t largerthan
W.

Whatvalueshouldwe choosefor W? If we chooseW too large,our approximationbecomesidenticalto the
directGaussianapproximationof theentiresystem,whichweknow providesanestimate,but is alwaysoptimistic.
For small valuesof W, the quasi-stationaryapproximationis an underestimatefor a different reason.The time
it takesfor the buffer to build up to level x will be, in suchcases,longerthanW, andso, any estimatebasedon
the assumptionthat t M is lessthanW will be low. In fact, t M is chosento maximizethe probability of the queue
exceedingthethreshold,sovaluesfor t M which areforcedto bebelow this naturalmaximumwill simply produce
low probabilities.

So,theway to chooseW is simply to find thevalueof W whichmaximizestheestimateof Pr	 Q � x � .
4.2 Zero Buffer Approximations (ZBAs)

If we considera fluid flow processwith known incrementsprocessfed into an SSQwith no buffering available,
thenthetime congestionvalueis simply theprobability that the instantaneousarrival ratewill exceedtheservice
rate.Thistimecongestionvaluecanbeusedasanestimateof theprobabilityof anon-emptyqueuein anequivalent
infinite buffer SSQ.For thePPBP, thenumberof active burstsat time t, Bt � is definedin Section2, andis known
to bePoissondistributedwith meanλE # d $ . Theinstantaneousrateof work arriving is rBt , andthezerobuffer time
congestionvalueis exactlyequalto theprobabilitythatthenumberof active burstswill exceedthecapacityof the
queue.For aqueuewith deterministicservicerate,C, this is

Pr	 Bt � C � r ��� (17)

Henceforth,we call this thePoissonZBA.
In simulatingthePPBP, wehaveconsideredadiscretizationof thesysteminto time-slotsof fixedlengthτ. The

discretetime simulationswill not give time congestionvaluesexactly equalto the Poissonvalues,asthereis an
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averagingin the discretizationprocess,asdescribedin (6). However, for τ � 0 � the zerobuffer time congestion
valueobservedin asimulationof thePPBPshouldbewell approximatedby (17).

Notealsothatoursimulationresults,includingtheresultsgivenin Section5, arequeuelengthcomplementary
distribution valuesfor an infinite buffer queueingsystem. The valueof Pr	 Q � 0 � in the infinite buffer system
will exceedthetime congestionvaluefor thezerobuffer case.This effect of theinfinite buffer will cancelout the
averagingeffectdiscussedabove to someextent.

For λ � ∞ thePPBPwill convergeto aGaussianprocess[3]. Anothersimpleestimateof theprobabilityof the
infinite buffer queuebeingnon-emptyis givenby consideringtheprobabilitythataGaussianrandomvariablewith
thesamemean,µ� andstandarddeviation, σ � asthePPBP, exceedstheavailablecapacityC. This approximation
will henceforthbecalledtheGaussianZBA.

4.3 Tsybakov and GeorganasBounds

Boundsfor the queueingperformanceof M/G/∞ processes,and specificallyfor an M/Pareto/∞ processsimilar
to the PPBP, arepresentedin [28]. In [28] estimatesof both finite queuetime congestionvalues(proportionof
time intervalswhenlossoccurs)andfinite queuelossprobabilities(proportionof work arriving which is lost) are
presented.Only theexpressionsfor thetimecongestionvaluesarepresentedhere.

Theupperboundis givenby

Pr	 Q � x � � 3 λγδγ # γ � 1$ � γ
�
C
r � 2! γ � 1

rγ � 1 4 k

k!
x
� 1 � γ � k � (18)

andthelowerboundby

Pr	 Q � x �U� γkδγkr
� γ � 1� k

γ # γ � 1$ k � E # d $ � # 1 � e� ρ V E � d � $ � 1 � 1! γ � kx
� 1 � γ � k � (19)

where

k  1 �9W Cr � λE # d $YXZ� (20)

δ  λE # d $ � F λE # d $BH%� (21)

∆  C
r �GW Cr X[� (22)

andthevalueof ρ dependsuponwhetherλE # d $ � 1 asfollows: if λE # d $ � 1,

ρ  λE # d $'� (23)

while if λE # d $\� 1, ρ maybeany valuein therange

0 � ρ " � 1 � δ � ∆ � if ∆ � δ,
δ � ∆ � if ∆ " δ.

(24)

Both the boundsgiven above arevalid for x � ∞, andboth the upperand lower boundsdecayat the same
rate. We would thereforepredictthat for large buffer sizesthePPBPprocessshouldshow queueingperformance
in which thetime congestionfunctiondecaysasx

� 1� γ � k. However, we mayobserve simulationresultswhich differ
from this for two reasons.Firstly, both boundsarevalid only for large buffer sizes,wheresimulationresultsare
likely to be leastreliable, and secondly, the systemsconsideredby Tsybakov and Georganasin deriving these
boundsarenot quite identicalto thecaseswe consider. In particular, theboundsgivenabove arefor finite buffer
timecongestionvalues,while weconsidertheinfinite buffer queuelengthdistribution in thecomparisonpresented
below.
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Figure 1: Comparisonof the queueingestimatesgiven for performanceof a PPBPSSQusing the techniques
discussedin thispaper.

5 Comparisonof Simulation and Analytical Results

In Figure1, we presenta typical setof resultsfor the PPBPSSQ.We includeresultsgiven by all the different
techniquesdiscussedin this paper. Thespecificcaseconsideredin this figure is a discretetime SSQwith service
rateC  2 � 897unitsof work per interval fed by PPBPinput. ThePPBPfed into this queuehasmeanµ  1 � 897�
varianceσ2  0 � 1066̄6 andHurstparameterH  0 � 75. Theparametersof thePPBPareλ  10� r  0 � 0632� δ  1
andγ  1 � 5 �

Thesimulationresultsshown in thefigurearegeneratedusingthemethodologydiscussedin Section3.3. The
quasi-stationaryestimatevaluesarecalculatedby the techniquedescribedin Section4.1. We observe that the
quasi-stationaryestimateagreeswith thesimulationresults.

WealsocompareagainsttheLRD Gaussianestimategivenin [1]. ThisGaussianestimateformsthebasisof the
quasi-stationaryestimate,but we do not divide thePPBPinto long andshortburstscomponentswhencalculating
theLRD Gaussianestimate.TheLRD Gaussianestimateis simplerto calculatethanthequasi-stationaryestimate,
but it doesnot guaranteeaccurateresults.Recallthat,by [3], asλ � ∞ theLRD Gaussianestimatewill provide
accurateresults.

ThePoissonandGaussianZBAs arealsoshown. We observe thatthevalueof Pr	 Q � 0 � givenby simulation
falls betweenthe two zerobuffer estimates.Both the PoissonZBA andthe GaussianZBA representreasonable
estimatesof theprobabilityof theinfinite buffer SSQfedby thePPBPbeingnon-empty.

Note that theTsybakov andGeorganasupperandlower bounds(Equations(18) and(19) respectively) differ
only by expressionswhich areconstantwith respectto x. For thesetof parametersconsideredherethesebounds
arefar apart.To improve thereadabilityof thefigure,we show heretherateof decayof thecommontail in these
bounds.In Figure1 we show a curve of theform Lx

� 1� γ � k � wherek is givenby (20) andtheweightof thetail, L is
givenby thevalueof Pr	 Q � 1 � producedby thesimulationresults.

In Figure2, we presenta secondscenario,in which the valueof λ is increased.The caseconsideredin this
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Figure2: Comparisonof thequeueingestimatesgivenfor performanceof aPPBPSSQfor morehighly aggregated
traffic.

figure is an SSQwith servicerateC  7 � ThePPBPfed into this queuehasmeanµ  6 � varianceσ2  0 � 1066̄6
andHurstparameterH  0 � 75. Theparametersof thePPBPareλ  100� r  0 � 02� δ  1 � andγ  1 � 5 � Although
thelevel of aggregation,λ is increasedover thatconsideredin Figure1, theservicemargin,C � µ� andthevariance
andHurstparameterof thePPBPareidenticalin bothcases.

Thesix curvesin Figure2 areproducedusingthesametechniquesasdescribedfor thecurvesin Figure1. We
wouldexpectthequasi-stationaryestimateto continueto improve,asit basedonanassumptionthattheshortbursts
processis Gaussian,andthis assumptionimprovesasλ � ∞, however it is notnecessarilyclearfrom theseresults
whethersuchanimprovementis observable. We note,however, that thequasi-stationaryestimateremainsa good
approximationof thesimulationresults.

ThesimplerLRD Gaussianestimateis now a muchbetterestimateof thequeueingperformanceof thePPBP.
This reflectsthefactthatthewholePPBPis alsotendingtowardsGaussianasλ � ∞.

WealsonotethatthegapbetweenthePoissonandGaussianZBAs hasnarrowedasλ hasbeenincreased.The
valueof the infinite buffer measurePr	 Q � 0 � given by simulationcontinuesto fall betweenthe two zerobuffer
estimates,soasλ � ∞ theGaussianZBA improvesasaconservative estimateof probabilityof anon-emptybuffer
in theinfinite buffer system.

6 SimpleDimensioningRules

In this section,we considerseveral of thedimensioningimplicationsof thePPBPasa modelfor datatraffic. In
particular, we highlight a simpledimensioningrule basedon a Gaussianzerobuffer approximation.We make use
of aPPBPfitted to realtraffic to estimatetheextentto which theGaussianrule is optimistic.
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Allowablecongestion,ξ K
0.1 1.28
0.01 2.33
0.001 3.09
10� 4 3.72
10� 5 4.27
10� 6 4.77

Table3: K requiredto give maximumcongestionof ξ.

6.1 The GaussianZBA Rule

As demonstratedin [3], asthenumberof independentsourcesbeingmultiplexedtogetherincreases,themultiplexed
streamconvergestowardsaGaussianprocess.This is true,providedthatthemultiplexedprocesseshavefinite mean
andvariance,andareof “similar” magnitude.Convergenceto a Gaussianmarginal distribution occursregardless
of thecorrelationstructuresof thecombinedtraffic streams.However, thecorrelationstructuresof thecombined
streamswill have aneffect on thecorrelationstructureof theaggregatestream.

Wherewe usea zero buffer approximation,the correlationsin the streamare irrelevant, and dimensioning
canbe carriedout basedonly on thepropertiesof themarginal distribution. Any complexities in the correlation
structureof theaggregatestreamcanthenbeignored.If thetraffic hasa trueGaussianmarginal distribution, with
meanµ andvarianceσ2, the time congestionvaluefor thezerobuffer casewill begivenby theprobability thata
samplefrom aGaussiandistribution centredatC � µ with standarddeviation σ will begreaterthanzero.

Thestandardnormaldistribution hascumulative distribution function:

Φ # x$] Pr	 X � x �^ 1C 2π
+ ∞� ∞

e� t2 V 2dt (25)

andcomplementarydistribution functiongivenby Φ̄ # x$] 1 � Φ # x$ . In a zerobuffer SSQfed by a Gaussianinput
streamthetimecongestionvaluewill be

TimeCongestion Φ̄ ; C � µ
σ < � (26)

Notethat this is theproportionof time whenlossesoccur, which is not identicalto theproportionof packetslost.
SeeFigure1 of [4] for anillustrationof thedifferencebetweenthesetwo probabilitiesin queuesfedby anEthernet
trace.

If thecapacity, C, is
C  µ � Kσ � (27)

andtheinput traffic streamhasaGaussianmarginal distribution, thenthezerobuffer time congestionis a function
only of thevalueK. Thechoiceof theparameterK will determinetheprobabilityof timecongestionin thesystem.
For agiventargetcongestionrateof ξ � avalueof K canbedetermined,andthecapacityrequiredfor atraffic stream
with known meanandvarianceis thengivenby (27). This Gaussiandimensioningrule is equivalentto Equation
(4-3) in [23] andsimilar to theonegivenin [9].

Thesuccessof thisdimensioningrule is dependentuponthechoiceof theconstantK. Wherethearrival process
is Gaussianin nature,therequiredvalueof K canbedeterminedsimply from Φ̄ � 1 # ξ $ . Table3 shows somesample
valuesof K determinedin this way. For non-Gaussianprocesses(27) still providesa simpledimensioningrule,
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Figure3: Improvementin efficiency with increasingmultiplexing.

howeverusingthevalueof K usedfor aGaussianarrival processmaynotbeappropriate.In [11] simulationis used
to calculatethevaluesof K requiredfor realtraffic streams.

The GaussianZBA rule givessignificantscopefor multiplexing gain. We considermultiplexing M identical
Gaussianstreamsto form a singleaggregatetraffic stream.Eachof the M streamshasmeanµ andvarianceσ2.
Theaggregatestreamwill bea Gaussiantraffic streamwith meanµtot  Mµ andvarianceσ2

tot  Mσ2. We assign
capacityto thisaggregatestream.

In the curve labeledGaussianZBA in Figure3 we examinethe efficiency gainswhenM identicalGaussian
processesaremultiplexedin a zerobuffer system.Thebaseprocessis Gaussianwith thesamemeanandvariance
astheIP traffic traceexaminedin [16], i.e.,µ  5225andσ2  21� 22 : 106. We thenconsidertheprocesscreated
by multiplexing M independentcopiesof this baseprocess. The result will be a Gaussianprocesswith mean
µM  Mµ  5224� 66M andvarianceσ2

M  Mσ2  21� 22 : 106M. Using the GaussianZBA rule from (27), and
choosingK  4, we assigncapacityC  µM � 4σM to this process.This valueof K givesa time congestionvalue
of ξ  3 � 17 : 10� 5. Theefficiency is givenby µM � C.

The secondcurve in Figure3 shows the efficiency gainswhen capacityis assignedaccordingto a Poisson
ZBA. For M  1, the processis a PPBPfitted to the sameIP traceconsideredfor the Gaussiandimensioning.
We have examinedthis IP tracein [16]. Using repeatedsimulation,we have found thata PPBPwith parameters
λ  0 � 4 � r  3060� δ  0 � 9153� γ  1 � 18 modelsthe IP trace,andwe have found that this processcanaccurately
predict the queueingperformanceof the original tracein an SSQ.A CBR componentlabeledκ is addedto the
PPBPin thefitting of therealtraffic carriedout in [16]. Therelevantvalueof κ for this streamis κ  � 2119.

The PPBPequivalent to the multiplexing of M independentcopiesof the fitted PPBPhasparametersλM 
Mλ � rM  r � δM  δ � γM  γ andκM  Mκ. Like the Gaussianprocess,this PPBPwill have meanµM  Mµ and
varianceσ2

M  Mσ2 � As in theGaussiancase,we determinethecapacity, C � requiredsuchthattheZBA predictsa
timecongestionof ξ  3 � 17 : 10� 5 andplot theefficiency givenby µM � C for eachvalueof M.

Weseefrom thefigurethattheGaussianrule significantlyunder-estimatesthecapacityrequiredby thePPBP.
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Figure4: Comparisonof PPBPtimecongestionandtimecongestionvaluepredictedby GaussianZBA.

6.2 Rateof Convergenceto Gaussian

In theprevioussubsectionwehaveshown thatusingtheGaussianZBA rulegivesareasonablysimpledimensioning
rule. We will now examinetheeffectivenessof theGaussianZBA rule asa simpledimensioningrule for realistic
streams.

We have shown in [16, 17] that real traffic streamscanbe modeledusingthe PPBP. We have alsoobserved
that if multiple PPBPsaremultiplexed together, the queueingperformanceof theoverall aggregatestreamtends
towardstheperformanceof anLRD Gaussianstream[4, 17].

As the multiplexing level in the PPBPincreases,we expectto seethe PPBPbehaving morelike a Gaussian
process. We will evaluatethe closenessof the PPBPto Gaussianby examining the time congestionfunction
obtainedby feedingthe PPBPinto a finite buffer SSQwith serviceratedeterminedby the Gaussianzerobuffer
approximation.As thelevel of multiplexing increases,we would expectto seetheaccuracy of this approximation
improving, i.e., thetime congestionvaluein theSSQfed by themultiplexedPPBPshouldapproachtheallowable
timecongestionusedfor dimensioning.

Themultiplexing of realistictraffic streamsis simulatedby creatingscaledPPBPs.Onceagain,we considera
PPBPfitted to the IP traffic bytestreamexaminedin [16]. This streamcontainsmeasurementsof thenumberof
bytesarriving on a singlelink measuredin 0.1 secondintervals. Themeasurementwasmadein early1999. The
streamhasa meanrateof µ  5225� varianceof σ2  2 � 122 : 107 anda Hurst parameterof H  0 � 91� We have
found thata PPBPwith parameters:λ  0 � 4 � r  3060� δ  0 � 9153� γ  1 � 18 andκ  � 2119;accuratelypredicts
thebehaviour of therealtraffic.

We thenusethePPBPto modeltheeffect of increasinglevelsof multiplexing in theIP traffic. As before,the
PPBPequivalentto themultiplexing of M independentcopiesof theoriginalPPBPhasparametersλM  Mλ � rM 
r � δM  δ � γM  γ and κM  Mκ. This processwill have meanµM  Mµ and varianceσ2

M  Mσ2 � The Hurst
parameterwill beunchangedby thelevel of multiplexing.

Figure4 shows resultsfor this setof PPBPs.The dimensioningrule usedis C  µ � 4σ � giving a maximum
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M Thresholdfor GaussianZBA congestion Delay(ms)
1 74150 313
2 18900 51.8
4 15450 26.7
8 11100 11.8
16 8 650 5.50
32 6 000 2.22
64 2 100 0.43

Table4: Buffering requiredto achieve allowabletime congestionlevel.

Gaussiantime congestionof 3 � 17 : 10� 5. We seethat as M increases,the zero buffer time congestionvalue,
Pr	 Q � 0 ��� approachesthe target valuepermittedunderthe dimensioningrule. The resultsshown aregiven by
simulation. Although error barsarenot shown in the figure, the zerobuffer approximationfalls within the 95%
confidenceinterval of thePr	 Q � 0� valuesfor M  64 but not for M  32.

Table4 shows theamountof extrabuffering requiredto compensatefor thefactthatrealtraffic is notGaussian.
This is minimumbuffer sizefor whichthetimecongestionvalueis lessthanthetimecongestionvaluegivenby the
Gaussianzerobuffer approximationof 3 � 17 : 10� 5. To give an ideaof the impactof this extra buffering we also
show themaximumdelaywhichmaybeencounteredby dataarriving at thebuffer.

6.3 When Will Convergenceto GaussianHappen?

The resultsgiven in the previous subsectionsindicatethat the GaussianZBA is still a grossapproximationfor
realdatatraffic onfine timescales.However, wealsoseethattheusefulnessof theGaussianZBA asaconservative
dimensioningruleatthesetimescalesimprovesconsiderablyasthelevel of multiplexing increases.Herewepresent
someof theevidencewhichsuggeststhatthelevel of multiplexing in realnetworksis increasing.

Figure5 shows thegrowth in thenumberof hostsconnectedto thepublic Internet.Thediamondsshow counts
of the numberof hosts,asrecordedin the InternetDomainSurvey at the InternetSoftwareConsortium(http://-
www.isc.org/ds/). The solid line representsa doublingin the numberof hostsoccurringevery 12 months. This
givesa goodestimateof thegrowth of the Internetfor theperiodbetweenJanuary1991andJanuary1996. The
dashedline representsa doublingevery 24 months,andappearsto give a goodestimateof thegrowth ratesince
January1996.

More directevidenceof theincreasein theamounttraffic beingcarriedacrosstheInternethasbeencompiled
by Odlyzko [18]. Evidencefrom a rangeof sourcesis summarizedin [18] andindicatesthat theamountof traffic
beingcarriedon theInternetis doublingevery twelve months.

Thus we seethat, althoughdirect measurementof the Internet is becomingincreasinglydifficult, the best
evidencesuggeststhat the amountof traffic carriedacrossthe Internet is growing exponentially. Further, the
increasingnumberof Internethostssuggeststhat thegrowth is at leastpartly causedby an increasingnumberof
streamsbeingcarried,suggestingthat the level of multiplexing on individual links is also increasing.The trace
modeledin Section6.2 wasrecordedin early 1999. Sincethat time the total traffic on the Internethasprobably
quadrupled,andthe numberof Internethostsat leastdoubled. Assumingthat this overall increasetranslatesto
similar increaseson individual links, thereis every reasonto suspectthatthelevel of multiplexing onthemeasured
link is likely to have at leastdoubledin theperiodsincethatmeasurementwasmade.

If Internettraffic growth resultsprimarily from anincreasingnumberof streams(asopposedto anincreasein
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Figure5: Growth in numberof IP hosts.

thebit rateperstream),thenadoublingin loadwill translateto adoublingin multiplexing level. Oncurrenttrends,
thetraffic onthebackboneIP link wherethe1999tracewasrecordedwill becomecloseto Gaussianby 2004under
this assumption.Alternatively, if we assumethat the level of multiplexing is directly proportionalto thenumber
of separatehosts,thenthe traffic on this link will becloseto Gaussianby around2010. It is likely that thereare
alreadycorelinks with Gaussiantraffic.

7 Conclusions

We have presentednew insightsinto the behaviour of SSQsfed by the PPBP. We have developedour ideasby
dividing the PPBPinto two sub-processes;a long burstsprocessanda shortburstsprocess,andconsideringthe
impactof eachof thesesub-processesseparately.

We have seenthat,irrespective of thedurationof a simulation,theexistenceof long burstsat thebeginningof
thesimulationmay impacton the reliability of thesimulation. We have describedan improved methodologyfor
simulationof thePPBPwhichtakesinto accounttheimpactof longbursts.Wehavealsodevelopedaboundonthe
simulationdurationrequiredto ensurereliableresults.

A quasi-stationaryapproximationfor the performanceof a PPBPSSQ,which is also basedon the idea of
treatinglong burstsseparately, hasalsobeenpresented.Comparisonswith simulationresultshave shown that the
quasi-stationaryapproximationaccuratelypredictstheperformanceof a PPBPSSQ.

Simplelink dimensioningandmultiplexing gainevaluationsbasedonPoissonandGaussianZBAs weregiven.
Wehave demonstratedthatthelessconservative GaussianZBA becomesmoreusefulastraffic becomesGaussian.

Finally, the questionof how closeis traffic in today’s networks to beingGaussianwasaddressed.By means
of bothsimulationsandthequasi-stationaryapproximationwhich wasdevelopedin this paperit is possibleto see
explicitly how significantis thedifferencebetweena burstmodelof network traffic anda Gaussianmodel.Appar-
ently, in somecases,thedifferenceis not sogreat.It seemslikely thattherearealreadyplacesin today’s networks
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wheretraffic canberegardedcloseenoughto Gaussian.Of course,thisdependson thelevel of aggregation,which
will alwaysvary from placeto place.
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