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�² ±²³¤¥² .

�²® ¡»«® ¯¥°¢®£® ±¥²¿¡°¿, ª®£¤  ¬» ²®«¼ª® ·²® ¯°¨¸«¨ ¢ ¨±²¨²³². �  ¢²®°®© ¯ °¥  ¸ ¯®²®ª ¨§
·¥²»°¥µ £°³¯¯ § ¯®«¨« ®£°®¬³¾ ±²³¯¥· ²³¾  ³¤¨²®°¨¾ ¨ ± ¥²¥°¯¥¨¥¬ ±² « ¦¤ ²¼. �®¢® ¢ 1015,
±® §¢®ª®¬, ¢  ³¤¨²®°¨¾ ¢¡¥¦ « ¥¢»±®ª¨© ·¥«®¢¥ª ¢ ª³°²ª¥ ¶¢¥²  µ ª¨ ¨, ¥ ¯°¥¤±² ¢«¿¿±¼,  · « ·¨-
² ²¼ «¥ª¶¨¾. �¨² « ® ®·¥¼ ¡»±²°®, ³¢¥°¥®, ¤®±ª  ¡»«  ±²°®£® ° ±¯°¥¤¥«¥ , ¤«¿ ª ¦¤®© ´®°¬³«»
 µ®¤¨«®±¼ ±¢®¥ ¬¥±²®... �»µ®¤¿ ¨§  ³¤¨²®°¨¨ ¬» ¡»«¨ ³¤¨¢«¥» ¨ ¥±ª®«¼ª®  ¯³£ ». �¬¥® ²®£¤  ¿
¯®¿«, ª ª ¤®«¦¥ ¢»£«¿¤¥²¼  ±²®¿¹¨© «¥ª²®°. �®§¦¥ ¬» ¯°¨¢»ª«¨ ª ±²° ®©, ª § «®±¼ ¯°¨¸¥¤¸¥© ¨§
¯°®¸«®£® ¢¥ª , «¥ª±¨ª¥, ª ¡»±²°®© °³ª¥, ¢»¢®¤¨¢¸¥© ±« ¡®-¯®¿²»¥, ® ª° ±¨¢»¥ ´®°¬³«» � ²¥¬ ²¨-
·¥±ª®£® � «¨§ , ¨ ª ±®±°¥¤®²®·¥®¬³   ¬ ²¥¬ ²¨ª¥ ¯°¥¯®¤ ¢ ²¥«¾ - �£®°¾ �¨² «¼¥¢¨·³ � ¬¥¥¢³.

� ¬  · «¨ ° ¢¨²¼±¿ «¥ª¶¨¨ ¨ ±¥¬¨ °» -   ³ ¥ª®²®°»µ ¨§  ± �£®°¼ �¨² «¼¥¢¨· ¢¥« ¨ ±¥¬¨ °±ª¨¥
§ ¿²¨¿ - ¬» ±² «¨ ¨±¯®«¼§®¢ ²¼ ”ª°»« ²»¥ ¢»° ¦¥¨¿” �£®°¿ �¨² «¼¥¢¨· . �²® ¥®¦¨¤ ® ±¯«®²¨«®
 ¸ ¯®²®ª - ³  ± ¡»« ±¢®© ±¯¥¶¨´¨·¥±ª¨© ¨ ª° ±¨¢»© ¿§»ª, ¯® ª®²®°®¬³ ¬» ¢±¥£¤  ®²«¨· «¨ ”±¢®¨µ”, ³
 ± ¢±¥£¤  ¡»«  ²¥¬  ¤«¿ ° §£®¢®°®¢ - ¸³²ª¨ �£®°¿ �¨² «¼¥¢¨·  ¬®£®ª° ²® ¶¨²¨°®¢ «¨±¼, ¯®¯ ¤ «¨
¢ fido ¨ Internet...

�¦¥ ¡³¤³·¨ ±²³¤¥²®¬ ¢²®°®£® ª³°± , § ¬¥²¨¢ £°³¯¯ª³ ¯¥°¢®ª³°±¨ª®¢, ®¡° ¹ ¾¹¨µ±¿ ¤°³£ ª ¤°³£³:
”� ²¥¼ª ,...”, ¬» ¯®¨¬ «¨ - ½²® ²®¦¥ ”±¢®¨”. � ¨¬ ¬®¦® ¯®¤®©²¨ ¨ ±ª § ²¼ ”½²® ¤®ª § ²¥«¼±²¢® ¯°®-
±²® ¢³«¼£ °®”, ¨ ³±«»¸ ²¼ ¢ ®²¢¥² ·²®-¨¡³¤¼ ® ”²®«±²®¬ �¨µ²¥£®«¼¶¥”. �¥£®¤¿ ¿ ¯«®µ® ¯°¥¤±² ¢«¿¾
±¥¡¥, ª ª ¬» ±¬®¦¥¬ ¤ «¼¸¥ ³·¨²¼±¿, ¥±«¨ ³  ± ¥ ¡³¤¥² �£®°¿ �¨² «¼¥¢¨· .

�²³¤¥² ���, � ±²¥° �. �.
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����� I

�³ª¶¨® «¼»¥ ¯®±«¥¤®¢ ²¥«¼®±²¨ ¨ °¿¤»

.

§1. �®¿²¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨.

§1. . �µ®¤¨¬®±²¼ ´³ª¶¨® «¼»µ ¯®±«¥¤®¢ ²¥«¼®±²¥© ¨ °¿¤®¢.

� ±±¬®²°¨¬ ´³ª¶¨® «¼³¾ ¯®«¥¤®¢ ²¥«¼®±²¼

fn(x), x ∈ E, n ∈ N (1.1)

�¯°¥¤¥«¥¨¥ C C 1.1. �³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1)  §»¢ ¥²±¿ ±µ®¤¿¹¥©±¿ ¢ ²®·ª¥
x0 ∈ E, ¥±«¨ ±µ®¤¨²±¿ ·¨±«®¢ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x0), ².¥. ¥±«¨ ∃ lim

n→∞
fn(x0). 1.1. B B

�¯°¥¤¥«¥¨¥ C C 1.2. �³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1)  §»¢ ¥²±¿ ±µ®¤¿¹¥©±¿   ¬®-
¦¥±²¢¥ E, ¥±«¨ ®  ±µ®¤¨²±¿ ¢ ª ¦¤®© ²®·ª¥ ½²®£® ¬®¦¥±²¢ , ².¥. ¥±«¨ ∃ f(x) ² ª ¿, ·²® ∀x ∈ E
∃ lim
n→∞

fn(x) = f(x). �°¨ ½²®¬ ´³ª¶¨¿ f(x)  §»¢ ¥²±¿ em ¯°¥¤¥«¼®© ´³ª¶¨¥© ¤ ®© ´³ª¶¨® «¼-
®© ¯®±«¥¤®¢ ²¥«¼®±²¨   ¬®¦¥±²¢¥ �. 1.2. B B

�±«¨ ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) ±µ®¤¨²±¿ ¢ ª ¦¤®© ²®·ª¥ ¬®¦¥±²¢  E, ²® £®¢®°¿²,
·²® ³ ¤ ®© ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨   ¬®¦¥±²¢¥ E ¨¬¥¥²±¿ ¯®²®·¥· ¿ ±µ®¤¨¬®±²¼.

�¯°¥¤¥«¥¨¥ C C 1.3. ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1 )  §»¢ ¥²±¿ ±µ®¤¿¹¥©±¿   ¬®¦¥±²¢¥ E ª
¯°¥¤¥«¼®© ´³ª¶¨¨ f(x), ¥±«¨ ∀ε > 0 ∃N = N(ε, x) ∈ N ² ª®¥ ·²® ¨§ n > N =⇒ |fn(x)−f(x)| < ε (∀x ∈
E). 1.3. B B

�°¨¬¥° J1.1. � ±±¬®²°¨¬ ´³ª¶¨® «¼³¾ ¯®±«¥¤®¢ ²¥«¼®±²¼ ( ±®ª° ¹¥̈® ´.¯. ) fn(x) = xn

  ¬®¦¥±²¢¥ E = (0, 1). �«¿ ¢±¿ª®£® ´¨ª±¨°®¢ ®£® x ∈ E ·¨±«®¢ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) →
n→∞

0.

� ¯°¨¬¥°, ¥±«¨ x = 5/7, ²® (5/7)n →
n→∞

0. � ² ª ¡³¤¥² ¤«¿ ¢±¿ª®© ²®·ª¨ x ¨§ (0, 1).

�²±¾¤  ¬» ¤¥« ¥¬ ¢»¢®¤, ·²® ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) = xn ±µ®¤¨²±¿ ª 0 ¤«¿ ¢±¥µ
x ∈ (0; 1), ¨«¨, ¤°³£¨¬¨ ±«®¢ ¬¨, ´.¯. xn ±µ®¤¨²±¿   (0; 1) ª ¯°¥¤¥«¼®© ´³ª¶¨¨ f(x) = 0

∣∣∣
x∈(0;1)

.

6
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�²® ¬®¦® ¤®ª § ²¼ ¯® ®¯°¥«¥¨¾ I.1.3.

∀ ε > 0 ∃ N = N(x, ε) =
[

ln ε
ln |x|

+ 1
]
, ² ª®¥ ·²®

∀ n > N(x, ε) , n ∈ N ¢»¯®«¥® ¥° ¢¥±²¢®

|xn − 0| < ε

�¥©±²¢¨²¥«¼®, ¯³±²¼ ¬» § ¤ «¨±¼ ¯°®¨§¢®«¼»¬ ε > 0 ¨ ¢§¿«¨ N(x, ε) =
[

ln ε
ln |x|

+ 1
]

�®£¤  ∀n ∈ N, n > N(x, ε) ¨¬¥¥¬: n >

[
ln ε

ln |x|
+ 1
]
>

ln ε
ln |x|

;

®²ª³¤  n ln |x| < ln ε (¯°¨ ³¬®¦¥¨¨   ®²°¨¶ ²¥«¼®¥ ·¨±«® ln |x|, £¤¥ |x| < 1

§ ª ¥° ¢¥±²¢  ¨§¬¥¨«±¿   ¯°®²¨¢®¯®«®¦»©)

=⇒ ln |x|n < ln ε ⇔ |x|n < ε

� ª ¬» ¯® ®¯°¥¤¥«¥¨¾ ¤®ª § «¨ ¯®²®·¥·³¾ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨ fn(x) =
xn ª ±¢®¥© ¯°¥¤¥«¼®© ´³ª¶¨¨ f(x) = 0   x ∈ (0; 1). 1.1. I

� ¬¥· ¨¥ � 1.1. � ¡¥£ ¿ ¢¯¥°¥¤, ®²¬¥²¨¬, ·²® ¥±«¨ ¢ ®¯°¥¤¥«¥¨¨ I.1.3 ®¬¥° N § ¢¨±¨²
²®«¼ª® ®² ε ¨ ¥ § ¢¨±¨² ®² x, ².¥. £®¤¨²±¿ «¾¡®© θ, ²® ² ª ¿ ¯®«±¥¤®¢ ²¥«¼®±²¼  §»¢ ¥²±¿ ±µ®¤¿¹¥©±¿
° ¢®¬¥°®   E. 1.1. �

� ±±¬®²°¨¬

∞∑
n=1

Un(x) = U1(x) + U2(x) + . . . (1.2)

�¯°¥¤¥«¥¨¥ C C 1.4. �³ª¶¨® «¼»© °¿¤ (1.2 )  §»¢ ¥²±¿ ±µ®¤¿¹¨¬±¿   ¬®¦¥±²¢¥ E, ¥±«¨
® ±µ®¤¨²±¿ ¢ ∀ ²®·ª¥ E, ².¥. ¥±«¨ ∃ lim

n→∞
Sn(x) = S(x), £¤¥ Sn(x) =

∑n
k=1 Uk(x), ².¥. Sn(x) - · ±²¨· ¿

±³¬¬  ´³ª¶¨® «¼®£® °¿¤  (1.2 ) 1.4. B B

�¯°¥¤¥«¥¨¥ C C 1.5. �³ª¶¨® «¼»© °¿¤ (1.2 )  §»¢ ¥²±¿  ¡±®«¾²® ±µ®¤¿¹¨¬±¿   ¬®-
¦¥±²¢¥ E1 , ¥±«¨ ±µ®¤¨²±¿ ´³ª¶¨® «¼»© °¿¤

∞∑
n=1

| Un(x) | (∀x ∈ E1) (1.3)

1.5. B B

�¯°¥¤¥«¥¨¥ C C 1.6. �®¦¥±²¢® E ² ª®¥, ·²®

1) �³ª¶¨® «¼»© °¿¤ (1.2 ) ±µ®¤¨²±¿ ∀x ∈ E

2) �³ª¶¨® «¼»© °¿¤ (1.2 ) ° ±µ®¤¨²±¿ ∀x /∈ E
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 §»¢ ²¥±¿ ®¡« ±²¼¾ ±µ®¤¨¬®±²¨ ¤ ®£® °¿¤ . 1.6. B B

� ¬¥· ¨¥ � 1.2. � ®¯°¥¤¥«¥¨¿µ (I.1.6 ) ¨ (I.1.5 ), ®¡« ±²¼ ±µ®¤¨¬®±²¨ ¥ ®¡¿§ ²¥«¼® ¿¢«¿¥²±¿
®¡« ±²¼¾  ¡±®«¾²®© ±µ®¤¨¬®±²¨. 1.2. �

� ¬¥· ¨¥ � 1.3. �±«¨ E1 6= E ²® ° §®±²¼ E − E1  §»¢ ¥²±¿ ®¡« ±²¼¾ ³±«®¢®© ±µ®¤¨¬®±²¨
´³ª¶¨® «¼®£® °¿¤  (1.2 ). 1.3. �

� ¬¥· ¨¥ � 1.4. �±«¨ Un(x) ≥ 0, ²® E1 = E. 1.4. �

�°¨¬¥°» J1.2.

1)
∞∑
n=1

1
nx

; E1 = E = (1; +∞).

2)
∞∑
n=1

(−1)n+1

nx
; E = (0; +∞), E1 = (1; +∞).

3)
∞∑
n=2

(−1)n

nx + (−1)n
; E = (

1
2

; +∞), E1 = (1; +∞).

1.2. I

�¯° ¦¥¨¥ C � 1.1. � ©²¨ E ¨ E1 ¤«¿

 )

∞∑
n=1

sin(π∗n4 )
nx + sin(π∗n4 ).

¡)

∞∑
n=2

(−1)n

[nx + (−1)n]λ
.

1.1. � B

§1.¡. � ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼»µ ¯®±«¥¤®¢ ²¥«¼®±²¥© ¨
°¿¤®¢.

� ±±¬®²°¨¬ ´³ª¶¨® «¼³¾ ¯®±«¥¤®¢ ²¥«¼®±²¼

fn(x), x ∈ E, n ∈ N, ¨ ¯³±²¼ fn(x) ±µ®¤¨²±¿   E, ².¥. ∃ f(x) = lim
n→∞

fn(x). (1.4)

�¯°¥¤¥«¥¨¥ C C 1.7. �ª ¦¥¬, ·²® ¯®±«¥¤®¢ ²¥«¼®±²¼ fn ±µ®¤¨²±¿ ª ±¢®¥© ¯°¥¤¥«¼®© ´³ª¶¨¨
f(x) ° ¢®¬¥°®   ¬®¦¥±²¢¥ E , ¥±«¨

∀ε > 0 ∃N = N(ε) ∈ N, ¥ § ¢¨±¿¹¥¥ ®² x , ² ª®¥, ·²®
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∀n > N(ε), n ∈ N =⇒ | fn(x)− f(x) |< ε (∀x ∈ E)

1.7. B B

� ¬¥· ¨¥ � 1.5. �¢¥¤¥¬ ®¡®§ ·¥¨¿ ±µ®¤¨¬®±²¨ fn(x) →
n→∞

f(x) ¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨

fn(x) ⇒
n→∞

f(x) 1.5. �

� ¬¥· ¨¥ � 1.6. � ®¯°¥¤¥«¥¨¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ±³¹¥±²¢¥» ³ª § »¥ ¬®¦¥-
±²¢ , ® ª®²®°»µ ¨¤¥² °¥·¼, ¨¡® ®¤  ¨ ²  ¦¥ ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼   ®¤®¬ ¬®¦¥±²¢¥
±µ®¤¨²±¿ ° ¢®¬¥°®,     ¤°³£®¬ - ¥². 1.6. �

� ¬¥· ¨¥ � 1.7. �³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1 )  §»¢ ¥²±¿ ¥° ¢®¬¥°® ±µ®¤¿-
¹¥©±¿   ¬®¦¥±²¢¥ E, ¥±«¨ ®  ±µ®¤¨²±¿   ¬®¦¥±²¢¥ E, ® ¥ ¿¢«¿¥²±¿ ° ¢®¬¥°® ±µ®¤¿¹¥©±¿  
¤ ®¬ ¬®¦¥±²¢¥. 1.7. �

�¯° ¦¥¨¥ C � 1.2. � ²¼ ®¯°¥¤¥«¥¨¥ ¥° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¢ ¯®«®¬ ±¬»±«¥. 1.2. � B

�°¨¬¥° J1.3. �°¨¬¥° ° ¢®¬¥°® ±µ®¤¿¹¥©±¿ ¯®±«¥¤®¢ ²¥«¼®±²¨.

fn(x) =
nx

1 + n2x2 , E = [1; +∞)

�°¥¤¥«¼®© ´³ª¶¨¥© ¤«¿ ½²®© ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨ ¡³¤¥²

f(x) = lim
n→∞

nx

1 + n2x2 = 0 (∀x ∈ E)

(�°¥¤¥« ¢»·¨±«¿¥²±¿ ¯°¨ ¢±¿ª®¬ ´¨ª±¨°®¢ ®¬ x)
�®ª ¦¥¬ ¯® ®¯°¥¤¥«¥¨¾, ·²® ¨¬¥¥² ¬¥±²® ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼. � ±±¬®²°¨¬ ° §®±²¼ |fn(x)−f(x)|:

|fn(x)− f(x)| = nx

1 + n2x2

�¶¥¨¬ ±¢¥°µ³ ½²³ ´³ª¶¨¾ ¢¥«¨·¨®©, ¥ § ¢¨±¿¹¥© ®² x. � ©¤¥̈¬  ¨¡®«¼¸¥¥ § ·¥¨¥ ½²®© ´³ª¶¨¨

  E ¤«¿ ¢±¿ª®£® ´¨ª±¨°®¢ ®£® n. �«¿ ½²®£® § ¬¥²¨¬, ·²®
nx

1 + n2x2 ¬®®²®® ³¡»¢ ¥² ¯° ¢¥¥
1
n

, ¢

·¥̈¬ «¥£ª® ³¡¥¤¨²¼±¿, ¢§¿¢ ¯°®¨§¢®¤³¾.(
nx

1 + n2x2

) ′
=

n ·
(
1− n2x2

)
(1 + n2x2)2 =

−n3(x− 1/n)(x+ 1/n)
(1 + n2x2)2 (1.5)

�°®¨§¢®¤ ¿ ¬¥¼¸¥ ³«¿ ¨ ´³ª¶¨¿ ¬®®²®® ³¡»¢ ¥² ¯°¨ x >
1
n

,   § ·¨² ¨ ¯°¨ x > 1. � ·¨²,

 ¨¡®́«¼¸¥¥ § ·¥¨¥ ´³ª¶¨¿
nx

1 + n2x2 ¯°¨¨¬ ¥²   «¥¢®© £° ¨¶¥ ¬®¦¥±²¢  E = [1; +∞) ².¥. ¯°¨
x = 1.

=⇒ max
x ∈ E

|fn(x)− f(x)| = max
x∈E

nx

1 + n2x2 = f(1) =
n

1 + n2 <
1
n

(∀x ∈ E) (∗!!)

�¥° ¢¥±²¢® |fn(x) − f(x)| < 1
n

ª ª ° § ¨ ¤®ª §»¢ ¥² ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®© ¯®±«¥-

¤®¢ ²¥«¼®±²¨ fn(x).
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�¥©±²¢¨²¥«¼®, ¢®±¯®«¼§³¥¬±¿ ®¯°¥¤¥«¥¨¥¬ I.1.7. �®§¼¬¥̈¬ N(ε) =
[

1
ε

+ 1
]

¨ § ¬¥²¨¬, ·²®
1
ε
<[

1
ε

+ 1
]

= N(ε) ¨ § ·¨²

1
N(ε)

=
1

[1/ε+ 1]
< ε . (##∗)

�®«³·¨¬

∀ ε > 0 ∃N(ε) =
[

1
ε

+ 1
]

² ª®¥, ·²® ∀n > N(ε) ¨ ∀x ∈ E = [1; +∞) ¢»¯®«¥® ¥° ¢¥±²¢®

|fn(x)− f(x)| < ε

�²® ¥° ¢¥±²¢® ¢¥°®, ¯®±ª®«¼ª³

|fn(x)− f(x)| 6 max
x ∈ E

nx

1 + n2x2
∗!!=

nx

1 + n2x2

∣∣∣
x=1

=
n

n2 + 1
<

1
n
<

1
N(ε)

(##∗)
< ε ¯°¨ n > N

� ¬ ³¤ «®±¼ ¢»¡° ²¼ ε ¥ § ¢¨±¿¹¥© ®² x. ⇒ fn(x) ° ¢®¬¥°® ±µ®¤¨²±¿   ¬®¦¥±²¢¥ E. 1.3. I

�°¨¬¥° J1.4. � ±±¬®²°¨¬ ²¥¯¥°¼ ²³ ¦¥ ± ¬³¾ ´³ª¶¨® «¼³¾ ¯®±«¥¤®¢ ²¥«¼®±²¼, ·²® ¨ ¢
¯°¨¬¥°¥ 1.3 , ® ³¦¥   ¤°³£®¬ ¬®¦¥±²¢¥.

fn(x) =
nx

1 + n2x2 , E = [0; 1]

�°¥¤¥«¼ ¿ ´³ª¶¨¿ ¤«¿  ¸¥© ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨

f(x) = lim
n→∞

nx

1 + n2x2 = 0 (∀x ∈ E)

�¯¿²¼ ®¶¥¨¬ ±¢¥°µ³

|fn(x)− f(x)| = nx

1 + n2x2 ¯°¨x ∈ [0; 1]

�²  ´³ª¶¨¿ ¥ ¯°¥¢®±µ®¤¨² ±¢®¥£® ¬ ª±¨¬ «¼®£® § ·¥¨¿   [0; 1],   ±¢®¥£® ¬ ª±¨¬³¬  ®  ¤®±²¨£ ¥²

¯°¨ x =
1
n

= xn (±¬. (1.5 ) ).

|fn(xn)− f(xn)| = fn(xn) =
n · 1/n

1 + n2 · (1/n)2 =
1
2

� ª¨¬ ®¡° §®¬

max
x∈[0;1]

|fn(x)− f(x)| = 1
2
6→ 0 ¯°¨ n→∞ .

� ·¨², fn(x) ±µ®¤¨²±¿ ¥ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E, ¯®±ª®«¼ª³ ¤«¿ ¢±¿ª®£® n ³¤ ¥̈²±¿ ¯®¤®¡° ²¼ ² ª®©
x = 1/n, ·²® |fn(x) − f(x)| ¥¢®§¬®¦® ±¤¥« ²¼ ±ª®«¼ ³£®¤® ¬ «»¬. � ª ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼  §»¢ -
¥²±¿ ”¯®±«¥¤®¢ ²¥«¼®±²¼¾ ¡¥£³¹¨µ £®°¡®¢”.
�¨¤®, ·²® ®¤  ¨ ²  ¦¥ ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼   ° §»µ ¬®¦¥±²¢ µ ±µ®¤¨²±¿ ¯®-° §®¬³:
  ¬®¦¥±²¢¥ [1; +∞) ¨§ ¯°¨¬¥°  1.3 ° ¢®¬¥°®,     ¬®¦¥±²¢¥ [0; 1] ¨§ ½²®£® ¯°¨¬¥°  — ¥².
1.4. I
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�¯°¥¤¥«¥¨¥ C C 1.8. � ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤ (1.2 ). �³±²¼ ® ±µ®¤¨²±¿   ¬®¦¥±²¢¥
E, ².¥.

∃S(x) = lim
n→∞

n∑
k=1

Uk(x)

�» ±ª ¦¥¬, ·²® ´³ª¶¨® «¼»© °¿¤ (1.2 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   E, ¥±«¨   ½²®¬ ¬®¦¥±²¢¥
° ¢®¬¥°® ±µ®¤¨²±¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ ¥£® · ±²¨·»µ ±³¬¬:

Sn(x) ⇒
n→∞

S(x) .

1.8. B B
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§2. �¥®¡µ®¤¨¬®¥ ¨ ¤®±² ²®·®¥ ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª-
¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨ ¢ ²¥°¬¨ µ ²®·®© ¢¥°µ¥© £° ¨ (±³¯°¥-
¬³¬ ).

� ±±¬®²°¨¬ ´³ª¶¨® «¼³¾ ¯®±«¥¤®¢ ²¥«¼®±²¼

fn(x) x ∈ E n ∈ N. (2.1)

�¥®°¥¬  C 2.1:
� ¥®¡µ®¤¨¬®¬ ¨ ¤®±² ²®·®¬ ³±«®¢¨¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´.¯. ¢ ²¥°¬¨ µ ±³¯°¥¬³¬ .

�³±²¼ ∃f(x) = lim
n→∞

fn(x) (∀x ∈ E). �«¿ ²®£® ·²®¡» ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) ±µ®¤¨« ±¼ ª ±¢®¥©

¯°¥¤¥«¼®© ´³ª¶¨¨ f(x) ° ¢®¬¥°®   ¬®¦¥±²¢¥ E, ¥®¡µ®¤¨¬® ¨ ¤®±² ²®·®, ·²®¡» ¢»¯®«¿«¨±¼
±«¥¤³¾¹¨¥ ³±«®¢¨¿:

1) ∀n ∈ N ∃ sup
x∈E
|fn(x)− f(x)| = dn .

2) lim
n→∞

dn = 0 .

2.1. B

�°¨¬¥° J2.1. � ±±¬®²°¨¬ ´.¯. fn(x) =
sin(nx)
n

, E = (−∞,+∞).
� ©¤¥̈¬ ¥¥̈ ¯°¥¤¥«¼³¾ ´³ª¶¨¾:

∀x ∈ E f(x) = lim
n→∞

sin(nx)
n

= 0 =⇒ f(x) = 0   E

�°¨¬¥¨¬ ²¥®°¥¬³ I.2.1

1) �°¨ ¢±¿ª®¬ ´¨ª±¨°®¢ ®¬ n ∈ N

dn = sup
x∈E
|fn(x)− f(x)| =

∣∣∣∣ sin(nx)
n

∣∣∣∣
∣∣∣∣∣
x = ±πn

2

=
1
n

2) lim
n→∞

dn = lim
n→∞

1
n

= 0.

�«¥¤®¢ ²¥«¼® ±µ®¤¨¬®±²¼ ° ¢®¬¥° ¿.
2.1. I

�°¨¬¥° J2.2. �±±±«¥¤³¥¬ ´.¯. fn(x) = sin
(x
n

)
;   ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼   ¬®¦¥±²¢¥ E =

(−∞; +∞).
� ©¤¥̈¬ ¯°¥¤¥«¼³¾ ´³ª¶¨¾ ¤«¿ ´.¯. fn(x):

∀x ∈ E lim
n→∞

sin
(x
n

)
= 0 = f(x) .

�°®¢¥°¨¬ ¢»¯®«¥¨¥ ³±«®¢¨© ²¥®°¥¬» I.2.1.
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1) �«¿ ¢±¿ª®£® ´¨ª±¨°®¢ ®£® n ∈ N

dn = sup
E

∣∣∣sin x
n
− 0
∣∣∣ =

∣∣∣sin(x
n

)∣∣∣ ∣∣∣∣∣
x = ±πn

2

= 1

2) dn 9 0 ¯°¨ n→∞ =⇒ ±µ®¤¨¬®±²¼ ¥° ¢®¬¥° ¿.

2.2. I

� ¬¥· ¨¥ � 2.1. �±«®¢¨¥ ±³¹¥±²¢®¢ ¨¿ sup ¢ (I.2.1 ) ±³¹¥±²¢¥®, ¨¡® ¨¬¥¾²±¿ ² ª¨¥ ´³ª-
¶¨® «¼»¥ ¯®±«¥¤®¢ ²¥«¼®±²¨, ¤«¿ ª®²®°»µ ½²®² sup @
2.1. �

�°¨¬¥° J2.3. �±±«¥¤³¥¬ ´.¯. fn(x) = n

(√
x+

1
n
−
√
x

)
  ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼   ¬®¦¥-

±²¢¥ E = (0,+∞). � ©¤¥̈¬ ¯°¥¤¥«¼³¾ ´³ª¶¨¾ ¤«¿ ¤ ®© ´.¯.

f(x) = lim
n→∞

fn(x) = lim
n→∞

n

(
x+

1
n
− x√

x+
1
n

+
√
x

)
=

1
2
√
x

�°¥®¡° §³¥¬ |fn(x)− f(x)|:

|fn(x)− f(x)| =

∣∣∣∣∣n
(√

x+
1
n
−
√
x

)
− 1

2
√
x

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1√

x+
1
n

+
√
x

− 1
2
√
x

∣∣∣∣∣∣∣∣ =
2
√
x−

√
x+

1
n
−
√
x(√

x+
1
n

+
√
x

)
· 2 ·
√
x

=

=

∣∣∣∣∣√x−
√
x+

1
n

∣∣∣∣∣
2
√
x

(√
x+

1
n

+
√
x

) =

√
x+

1
n
−
√
x

2
√
x

(√
x+

1
n

+
√
x

) =

1
n

2
√
x

(√
x+

1
n

+
√
x

)2 →∞ ¯°¨ (x→ +0)

�°¨ ¢±¿ª®¬ ´¨ª±¨°®¢ ®¬ n ¥ ±³¹¥±²¢³¥² sup
x∈(0;+∞)

|fn(x)− f(x)|, ¨ § ·¨², ¯® ²¥®°¥¬¥ I.2.1  ¸  ´.¯.

¥ ±µ®¤¨²±¿ ° ¢®¬¥°®   (0; +∞). 2.3. I

� ¬¥· ¨¥ � 2.2. � ±«³· ¥, ¥±«¨ ¬®¦¥±²¢® E = [a; b] ¨ fn(x), f(x) ∈ C[a; b] (∀n ∈ N), ²® ª°¨²¥°¨©
(I.2.1 ) ¬®¦¥² ¡»²¼ § ¯¨±  ¢ ³¯°®¹¥̈®© ´®°¬¥:

fn(x) ⇒
n→∞

f(x), (∀x ∈ [a; b]) ⇔ lim
n→∞

max
x ∈ [a; b]

|fn(x)− f(x)| = 0

2.2. �
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�¥®°¥¬  C 2.2:
�°¨²¥°¨© �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨.

� ±±¬®²°¨¬ ´³ª¶¨® «¼³¾ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1 )

�«¿ ²®£®,·²®¡» ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) ° ¢®¬¥°® ±µ®¤¨« ±¼   ¬®¦¥±²¢¥ E, ¥®¡µ®¤¨¬® ¨
¤®±² ²®·®, ·²®¡»

∀ ε > 0 ∃ N = N(ε) ∈ N

² ª®¥, ·²® ¯°¨ «¾¡®¬ n > N ¨ ¯°¨ «¾¡®¬ p ∈ N ¢»¯®«¥®

|fn+p(x)− fn(x)| < ε ∀x ∈ E (∗)

2.2. B

� ¬¥· ¨¥ � 2.3. �²®² ª°¨²¥°¨© ´®°¬³«¨°³¥²±¿ ¡¥§ ³· ±²¨¿ ¯°¥¤¥«¼®© ´³ª¶¨¨. 2.3. �

�®ª § ²¥«¼±²¢® � C I.2.2.
�¥®¡µ®¤¨¬®±²¼.

� ® : ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E.
�®ª § ²¼ : ·²® ¢»¯®«¿¥²±¿ ³±«®¢¨¥ (*).
�§ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ =⇒
1) ∃f(x) = lim

n→∞
fn(x) (∀x ∈ E)

2) ∀ε > 0 ¯®
ε

2
 ©¤¥̈²±¿ N = N(ε) ∈ N ² ª®¥, ·²® ¨§ n > N =⇒ |fn(x)− f(x)| < ε

2

�®±ª®«¼ª³ n+ p > N (¯°¨ n > N ), ²® |fn+p − f(x))| < ε

2
∀x ∈ E

�±ª³±±²¢¥® ¯°¥®¡° §³¥¬ ¯®¤¬®¤³«¼®¥ ¢»° ¦¥¨¥:

|fn+p(x)− fn(x)| = |[fn+p − f(x)] + [f(x)− fn(x)]| 6
¬®¤³«¼ ±³¬¬» ¥ ¯°¥¢®±µ®¤¨² ±³¬¬» ¬®¤³«¥©

6 |fn+p(x)− fn(x)|+ |fn − f(x)| < ε

2
+
ε

2
= ε

�¥®¡µ®¤¨¬®±²¼ ¤®ª §  .
�®±² ²®·®±²¼.

� ® : �»¯®«¥® ³±«®¢¨¥ (*).
�®ª § ²¼ : ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ (1.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E.
1) �§ ”¤ ®” ±«¥¤³¥², ·²® ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) ¯®²®·¥·® ±µ®¤¨²±¿   ¬®¦¥±²¢¥ E, ²® ¥±²¼

∀ x ∈ E ∃ lim
n→∞

fn(x) .

�¥©±²¢¨²¥«¼®, ¯°¨ ¢±¿ª®¬ ´¨ª±¨°®¢ ®¬ x = x̃ ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ fn(x) ±² ®¢¨²±¿
·¨±«®¢®© ¯®±«¥¤®¢ ²¥«¼®±²¼¾ fn(x̃). �°¨ ´¨ª±¨°®¢ ®¬ x = x̃ ³±«®¢¨¥ (∗) ¥±²¼ ¢ ²®·®±²¨ ³±«®¢¨¥
±µ®¤¨¬®±²¨ ·¨±«®¢®© (  ¥ ´³ª¶¨® «¼®©) ¯®±«¥¤®¢ ²¥«¼®±²¨ fn(x̃) ¨§ ª°¨²¥°¨¿ �®¸¨ ¤«¿ ·¨±«®¢»µ
¯®±«¥¤®¢ ²¥«¼®±²¥©.
�.¥., ±®£« ±® ª°¨²¥°¨¾ �®¸¨ ¤«¿ ·¨±«®¢»µ ¯®±«¥¤®¢ ²¥«¼®±²¥©, ¯°¨ ¢±¿ª®¬ x ∈ E ´.¯. fn(x) ±µ®¤¨²±¿
(ª ª ·¨±«®¢ ¿).

�²  ¯®²®·¥· ¿ ±µ®¤¨¬®±²¼ § ¤ ¥̈² ¯°¥¤¥«¼³¾ ´³ª¶¨¾: ¤«¿ ¢±¿ª®£® x ∈ E ®¯°¥¤¥«¥® ·¨±«® f(x) =
lim
n→∞

fn(x).
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2) � ¤ ¤¨¬±¿ ª ª¨¬-¨¡³¤¼ ε > 0 ¨, ±®£« ±® ³±«®¢¨¾ (∗),  ©¤¥̈¬ ² ª®¥ N(ε/2) = N1(ε), ·²® ¤«¿
¢±¥µ n > N(ε/2), n ∈ N ¨ ¤«¿ ¢±¥µ p ∈ N ¡³¤¥² ¢»¯®«¥® ¥° ¢¥±²¢®:

|fn+p(x)− fn(x)| < ε/2

�±²°¥¬¨¬ ²¥¯¥°¼ p ª ¡¥±ª®¥·®±²¨. �°¨ ½²®¬ fn+p(x) ¡³¤¥² ±µ®¤¨²¼±¿ ª ¯°¥¤¥«¼®© ´³ª¶¨¨ f(x) —
fn+p(x) →

p→∞
f(x). �¥°¥©¤¿ ¢ ¥° ¢¥±²¢¥ ª ¯°¥¤¥«³, ¯®«³·¨¬

|f(x)− fn(x)| 6 ε/2 < ε ,

·²® ¨ ¤®ª §»¢ ¥² ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼.
�«¿ ¢±¿ª®£® ε > 0 ¬» ¬®¦¥¬ ³ª § ²¼ N1(ε) = N(ε/2), ² ª®¥ ·²® ¤«¿ ¢±¥µ  ²³° «¼»µ n > N1(ε)

¢»¯®«¥® ¥° ¢¥±²¢®: |f(x)− fn(x)| < ε. �.².¤. I.2.2 B �.

�«¥¤±²¢¨¥ 1 ¨§ I.2.2.
(�°¨²¥°¨© �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ °¿¤®¢).

�«¿ ²®£® ·²®¡» ´³ª¶¨® «¼»© °¿¤ (1.2 )
∞∑
n=1

fn(x) ° ¢®¬¥°® ±µ®¤¨«±¿   ¬®¦¥±²¢¥ E, ¥-

®¡µ®¤¨¬® ¨ ¤®±² ²®·®, ·²®¡» ∀ ε > 0 ∃ N = N(ε) ∈ N ² ª®¥, ·²® ¨§ n > N ¨ ∀p ∈ N ¢»¯®«¿«®±¼
³±«®¢¨¥ (2.2 ): ∣∣∣ n+p∑

k=n+1

uk(x)
∣∣∣ < ε (∀x ∈ E) (2.2)

1 ¨§ I.2.2.

�®ª § ²¥«¼±²¢® � C 1.

sn(x) =
n∑
k=1

uk(x) =⇒
n+p∑
k=n+1

uk(x) = sn+p(x)− sn(x)

� ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®£® °¿¤  (1.2 ) ° ¢®±¨«¼  ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨®-
 «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨ · ±²¨·»µ ±³¬¬ ½²®£® °¿¤  sn(x)   E.
�²® ° ¢®±¨«¼®, ±®£« ±® ª°¨²¥°¨¾ �®¸¨ (I.2.2 ) ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ ¯®±«¥¤®-
¢ ²¥«¼®±²¥©, ²®¬³, ·²® ∀ε > 0 ±³¹¥±²¢³¥² N = N(ε), § ¢¨±¿¹¥¥ ²®«¼ª® ®² ε ¨ ¥ § ¢¨±¿¹¥¥ ®² x, ² ª®¥
·²® ∀ p ∈ N ¨ ∀n > N n ∈ N =⇒

|sn+p(x)− sn(x)| < ε (∀x ∈ E) .

�®±«¥¤¥¥ ¥° ¢¥±²¢® ¢»¯®«¥®, ¯®±ª®«¼ª³ ±®¢¯ ¤ ¥² ± ¥° ¢¥±²¢®¬ 2.2 ¨§ ³±«®¢¨¿ ¤®ª §»¢ ¥¬®©
²¥®°¥¬». �.².¤. 1 B �.

�«¥¤±²¢¨¥ 2 ¨§ I.2.2.
(�¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤ ).

�«¿ ²®£® ·²®¡» ´³ª¶¨® «¼»© °¿¤ (1.2 ) ° ¢®¬¥°® ±µ®¤¨«±¿   E ¥®¡µ®¤¨¬®, ® ®²¾¤¼ ¥
¤®±² ²®·®, ·²®¡» ¥£® ®¡¹¨© ·«¥ ° ¢®¬¥°® ±µ®¤¨«±¿ ª 0.

� ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ (1.2 )
∞∑
n=1

un(x) =⇒ un(x) ⇒
n→∞

0 (∀x ∈ E) (∗ ∗ ∗)
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2 ¨§ I.2.2.

�®ª § ²¥«¼±²¢® � C 2.
� ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®£® °¿¤  (1.2 ) ° ¢®±¨«¼  ²®¬³ (±®£« ±® ª°¨²¥°¨¾ �®¸¨

1), ·²® ∀ε > 0 ∃N = N(ε) ∈ N, ² ª®¥ ·²® ∀n > N, n ∈ N ¨ ∀p ∈ N ¢»¯®«¿¥²±¿ ¥° ¢¥±²¢®∣∣∣∣∣
n+p∑
k=n+1

uk(x)

∣∣∣∣∣ < ε (∀x ∈ E) .

�®±ª®«¼ª³ ¥° ¢¥±²¢® ¢»¯®«¥® ¯°¨ ¢±¥µ p ∈ N, ®® ¢»¯®«¥® ¢ · ±²®±²¨ ¨ ¯°¨ p = 1. �²® § ·¨²,
·²®
∀ε > 0 ∃N(ε) ∈ N ² ª®¥, ·²® ¨§ n > N ⇒

n+1∑
k=n+1

|uk(x)| = un+1(x) < ε (∀x ∈ E) .

�®±«¥¤¨¥ ³±«®¢¨¿ ¨ ¥° ¢¥±²¢® ¯® ®¯°¥¤¥«¥¨¾ I.1.7 ¢ ²®·®±²¨ ®§ · ¾², ·²® ´.¯. un+1(x) ° ¢®¬¥°®
±µ®¤¨²±¿ ª ³«¾:

un+1(x) ⇒
n→∞

0 (x ∈ E) ⇔ un(x) ⇒
n→∞

0 (∀x ∈ E) .

�.².¤. 2 B �.

� ¬¥· ¨¥ � 2.4. �±«®¢¨¥ (***) ®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¤®±² ²®·»¬ .

�°³£¨¬¨ ±«®¢ ¬¨, ¨§ un(x) ⇒
n→∞

0 ; ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼
∞∑
n=1

un(x)

�±±«¥¤³¥¬ µ ° ª²¥° ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤ 
∞∑
n=1

1
n+ x2   ¬®¦¥±²¢¥ E = (−∞; +∞).

1) �¡¥¤¨¬±¿ ¢ ²®¬, ·²® ³²¢¥°¦¤¥¨¥ ±«¥¤±²¢¨¿ 2 ¢»¯®«¥® — ®¡¹¨© ·«¥ °¿¤  ° ¢®¬¥°®   (−∞,+∞)
±µ®¤¨²±¿ ª ³«¾:

un(x) =
1

n+ x2 ⇒
n→∞

0 (∀x ∈ E) .

�²³ ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼ ª ³«¾ ¤®ª ¦¥¬ ¯® ²¥®°¥¬¥ I.2.1 — ª°¨²¥°¨¾ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¢
²¥°¬¨ µ ±³¯°¥¬³¬ . �¥̈ ³±«®¢¨¿ ¢»¯®«¥»:

1) ∀n ∈ N ∃ dn = sup
x∈E
|un(x)− 0| = sup

x∈E

1
n+ x2 =

1
n

¨ 2) dn →
n→∞

0 .

2) �® ¯®±»«ª  ±«¥¤±²¢¨¿ 2 ¥ ¢»¯®«¥ . �¥±¬®²°¿   ²®, ·²® ®¡¹¨© ·«¥ °¿¤  ⇒
n→∞

0, ± ¬ °¿¤
∞∑
n=1

1
n+ x2

° ±µ®¤¨²±¿ ¯°¨ ¢±¿ª®¬ ´¨ª±¨°®¢ ®¬ x ∈ (−∞,+∞)   ®±®¢ ¨¨,  ¯°¨¬¥°, ¨²¥£° «¼®£® ¯°¨§ ª .
� ª¨¬ ®¡° §®¬, §¤¥±¼ ®²±³²±²¢³¥² ¤ ¦¥ ®¡»ª®¢¥ ¿, ¯®²®·¥· ¿ ±µ®¤¨¬®±²¼, ².¥. ¯°¥¤¥«¼ ¿ ´³ª¶¨¿
¤«¿ ¯®±«¥¤®¢ ²¥«¼®±²¨ · ±²¨·»µ ±³¬¬ ¥ ±³¹¥±²¢³¥². � ·¨², ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¥² — °¿́¤³
¯°®±²® ¥́ ª ·¥¬³ ±µ®¤´̈²¼±¿.
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�®ª § ²¼ ®²±³²±²¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¬®¦®, ¥ ¯°¨¡¥£ ¿ ª ¯®¿²¨¾ ¯°¥¤¥«¼®© ´³ª¶¨¨,  
¯®«¼§³¿±¼ «¨¸¼ ª°¨²¥°¨¥¬ �®¸¨ — ±«¥¤±²¢¨¥¬ 2 ¨§ ²¥®°¥¬» I.2.2.

�¡¥¤¨¬±¿ ¢ ½²®¬. �´®°¬³«¨°³¥¬ ¤«¿ ³¤®¡±²¢  ª°¨²¥°¨© �®¸¨ ¥° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨-
® «¼®£® °¿¤ . �«¿ ½²®£® ¯®±²°®¨¬ ´®°¬ «¼®¥ «®£¨·¥±ª®¥ ®²°¨¶ ¨¥ ¥®¡µ®¤¨¬»µ ¨ ¤®±² ²®·»µ
³±«®¢¨© ¢ ª°¨²¥°¨¨ �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ °¿¤®¢, § ¬¥¿¿ ¢ ½²¨µ ³±«®¢¨¿µ
ª¢ ²®°»   ¯°®²¨¢®¯®«®¦»¥. �®«³·¨¬:

�³ª¶¨® «¼»© °¿¤
∞∑
n=1

un(x) ±µ®¤¨²±¿ ¥° ¢®¬¥°®   ¬®¦¥±²¢¥ E, ¥±«¨ ∃ ε > 0 ² ª®¥, ·²®

∀N(ε), N ∈ N  ©¤³²±¿ ² ª¨¥  ²³° «¼»¥ n > N(ε) ¨ p (∃n > N(ε), n ∈ N ¨ ∃ p ∈ N ), ¨  ©¤¥̈²±¿ ² ª®©
x ∈ E (∃x ∈ E), ·²® ¢»¯®«¥® ¥° ¢¥±²¢® ∣∣∣∣∣

∞∑
k=n+1

un(x)

∣∣∣∣∣ > ε
�®§¼¬¥̈¬ ε = ln 2 > 0. �¥¯¥°¼, ª ª¨¬ ¡» ¬» ¨ ¢»¡° «¨ N(ε) ∈ N, ¢±¥£¤   ©¤³²±¿ n > N(ε) ¨ p = 3n,

  ² ª¦¥ x = 0 ∈ (−∞,+∞), ² ª¨¥ ·²®∣∣∣∣∣
3n∑

k=n+1

1
k + x2

∣∣∣∣∣
x=0

=
3n∑

k=n+1

1
k

= H2n −Hn = ln 3n+ C�©«¥°  + γ2n − lnn− C�©«¥°  − γn =

= ln 3 + (γ3n − γn) > ln 2 = ε

(�»¡¨° ¿ n ¤®±² ²®·® ¡®«¼¸¨¬,   ¥ ¯°®±²® ¡®́«¼¸¨¬ N(ε), ¬®¦® ±¤¥« ²¼ ° §®±²¼ γ3n − γn ±ª®«¼
³£®¤® ¬ «®©.) �®±«¥¤¥¥ ¥° ¢¥±²¢® ¤®ª §»¢ ¥² ®²±³²±²¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¡¥§ ®¡° ¹¥¨¿ ª
¯°¥¤¥«¼®© ´³ª¶¨¨. 2.4. �

�«¥¤±²¢¨¥ 3 ¨§ I.2.2.
�°¨ ³¬®¦¥¨¨ ° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ °¿¤    ®£° ¨·¥³¾ ´³ª¶¨¾ ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼

±®µ° ¿¥²±¿.
3 ¨§ I.2.2.
�®ª § ²¥«¼±²¢® � C 3.

� ®: ´³ª¶¨® «¼»© °¿¤ (1.2 )

∞∑
n=1

un(x) (###)

° ¢®¬¥°® ±µ®¤¨²±¿   ¬®¦¥±²¢¥ E ¨ |ϕ(x)| < M ∀x ∈ E
�®ª § ²¼:

∞∑
n=1

ϕ(x) · un(x) ° ¢®¬¥°® ±µ®¤¨²±¿   E.

�§ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ (###) ±«¥¤³¥², ·²® ∀ε > 0 ¯®
ε

M
> 0 ¬®¦®  ©²¨ ² ª®¥ N = N(ε) ∈ N,

·²® ∀n > N ¨ ∀p ∈ N ¡³¤¥² ¢»¯®«¿²¼±¿ ¥° ¢¥±²¢®∣∣∣∣∣
n+p∑
k=n+1

uk(x)

∣∣∣∣∣ < ε

M
=⇒

n+p∑
k=n+1

|ϕ(x) · uk(x)| = |ϕ(x)|︸ ︷︷ ︸
≤M

·
n+p∑
k=n+1

uk(x)︸ ︷︷ ︸
<
ε

M

< M · ε
M

= ε
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�® ¥±²¼, ±®£« ±® ±«¥¤±²¢¨¾ 1, ¨¬¥¥² ¬¥±²® ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ (1.2 ) . �.².¤. 3 B �.

�¥®°¥¬  C 2.3:
�°¨§ ª �¥©¥°¸²° ±± .
� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤ (1.2 ).�±«¨ ∃ ¯®±«¥¤®¢ ²¥«¼®±²¼ an > 0 ² ª ¿, ·²®:

1) |un(x)| 6 an ∀x ∈ E, ∀n ∈ N.

2)
∞∑
n=1

an ±µ®¤¨²±¿,

²® ´³ª¶¨® «¼»© °¿¤ (1.2 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E . 2.3. B

� ¬¥· ¨¥ � 2.5. � ½²®¬ ±«³· ¥ £®¢®°¿², ·²® ·¨±«®¢®© °¿¤
∞∑
n=1

an ¬ ¦®°¨°³¥²   ´³ª¶¨® «¼-

»© °¿¤ (1.2 ), ¨«¨, ·²® ·¨±«®¢®© °¿¤
∞∑
n=1

an ¿¢«¿¥²±¿ ¬ ¦®° ²®© ´³ª¶¨® «¼®£® °¿¤ 
∞∑
n=1

un(x).

2.5. �

�®ª § ²¥«¼±²¢® � C I.2.3.

� ª ª ª
∞∑
n=1

an ±µ®¤¨²±¿ =⇒ ¢»¯®«¥ ª°¨²¥°¨© �®¸¨:

∀ ε > 0 ∃N(ε) : ∀n > N ¨ ∀ p ∈ N =⇒

∣∣∣∣∣
n+p∑
k=n+1

ak

∣∣∣∣∣ < ε

� ±±¬®²°¨¬

∣∣∣∣∣
n+p∑
k=n+1

uk(x)

∣∣∣∣∣ 6
n+p∑
k=n+1

|uk(x)| ≤
n+p∑
k=n+1

ak < ε⇒

±®£« ±® ±«¥¤±²¢¨¾ 1 ¨§ ²¥®°¥¬» I.2.2 ¢»²¥ª ¥² ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®£® °¿¤  (1.2 ).
�.².¤. I.2.3 B �.

� ¬¥· ¨¥ � 2.6. �±«®¢¨¥ ¯°¨§ ª  � ©¥°¸²° ±±  ®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬, ²® ¥±²¼
±³¹¥±²¢³¾² ° ¢®¬¥°® ±µ®¤¿¹¨¥±¿ ´³ª¶¨® «¼»¥ °¿¤», ª®²®°»¥ ¥ ¬®£³² ¡»²¼ ¯°®¬ ¦®°¨°®¢ »
±µ®¤¿¹¨¬±¿ ·¨±«®¢»¬ °¿¤®¬. 2.6. �

�°¨¬¥° J2.4. �±±«¥¤³¥¬ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®£® °¿¤ 
∞∑
n=1

(−1)n+1

n+ x2   ¬®¦¥±²¢¥ E =

(−∞; +∞)
�®-¯¥°¢»µ, ¤«¿ ¢±¿ª®£® x ∈ E ½²®² °¿¤ ±µ®¤¨²±¿ ¯® ¯°¨§ ª³ �¥©¡¨¶ , ²,¥. ¯°¨ ¢±¥µ x ®¯°¥¤¥«¥  ±³¬¬ 
°¿¤ .

� «¥¥. �²®² °¿¤ ° ¢®¬¥°® ±µ®¤¨²±¿   ¬®¦¥±²¢¥ E.
�¥©±²¢¨²¥«¼®, ² ª ª ª ½²® °¿¤ �¥©¡¨¶¥¢±ª®£® ²¨¯ , ²® ¨¬¥¥² ¬¥±²® ®¶¥ª :

|Rn(x)| = |sn(x)− s(x)| 6 |un+1(x)| = 1
n+ 1 + x2 ⇒ sup

x∈E
|sn(x)− s(x)| 6 sup

x∈E

1
n+ 1 + x2 =

1
n+ 1
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=⇒ ¢»¯®«¥» ³±«®¢¨¿ ²¥®°¥¬» I.2.1

1) ∀n ∈ N ∃ dn = sup
x∈E
|sn(x)− s(x)| 6 1

n+ 1
,

2) dn →
n→∞

0.

�«¥¤®¢ ²¥«¼®, ¯®±«¥¤®¢ ²¥«¼®±²¼ · ±²¨·»µ ±³¬¬ sn(x) ⇒
n→∞

s(x). �²® ¨ ®§ · ¥², ·²® °¿¤
∞∑
n=1

(−1)n+1

n+ x2

±µ®¤¨²±¿ ° ¢®¬¥°®.

� ¤°³£®© ±²®°®», ¯°¨§ ª � ©¥°¸²° ±±  ¥¯°¨¬¥¨¬. � ¤ ®¬ ±«³· ¥  ¸ °¿¤
∞∑
n=1

(−1)n+1

n+ x2 ¤«¿ ¢±¥µ

x ∈ (−∞; +∞) ¬®¦¥² ¡»²¼ ¯® ¬®¤³«¾ ®¶¥¥ ±¢¥°µ³ «¨¸¼ £ °¬®¨·¥±ª¨¬ °¿¤®¬
∞∑
n=1

1
n

, ª®²®°»©, ª ª

¨§¢¥±²®, ° ±µ®¤¨²±¿. 2.4. I

�°¨¬¥° J2.5. �±±«¥¤³¥¬   ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼»© °¿¤ 
∞∑
n=1

sin(nx)
nα

¯°¨

α > 1   ¬®¦¥±²¢¥ E = (−∞; +∞).
�²®² °¿¤ ° ¢®¬¥°® ±µ®¤¨²±¿   E ¯® ¯°¨§ ª³ � ©¥°¸²° ±± .

|un(x)| =
∣∣∣∣ sin(nx)

nα

∣∣∣∣ 6 1
nα

= an

∞∑
n=1

an =
∞∑
n=1

1
nα

– ±µ®¤¨²±¿ ¯°¨ α > 1. =⇒ ·¨±«®¢®© °¿¤
∞∑
n=1

1
nα

— ¬ ¦®°¨°³¾¹¨© ¤«¿  ¸¥£® ´³ª¶¨-

® «¼®£® °¿¤ . =⇒ ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼. 2.5. I

� ¬¥· ¨¥ � 2.7. �±«¨ 0 < α ≤ 1 ¯°¨§ ª � ©¥°¸²° ±±  ¥¯°¨¬¥¨¬. �«¿ ¨±±«¥¤®¢ ¨¿ ° ¢®-
¬¥°®© ±µ®¤¨¬®±²¨ ³¦» ¡®«¥¥ ²®ª¨¥ ¯°¨§ ª¨.
� ¯®¬¨ ¨¥:
�¥° ¢¥±²¢® �¡¥«¿: �±«¨

1) an > an+1 > 0 (∀n ∈ N)

2) ¨ |Bn| < M ∀n ∈ N, £¤¥ Bn =
n∑
k=1

bk,

²®

∣∣∣∣∣ n+p∑
k=n+1

ak bk

∣∣∣∣∣ < 2Man+1

2.7. �

�¥®°¥¬  C 2.4: �°¨§ ª �¨°¨µ«¥ ° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ ´³ª¶¨® «¼®£® °¿¤ .

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤

∞∑
n=1

an(x) bn(x) (2.3)

�³±²¼

1) an(x) > an+1(x) > 0 ∀x ∈ E, ∀n ∈ N.
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2) an(x) ⇒
n→∞

0.

3) |Bn(x)| < M ∀n ∈ N ∀x ∈ E , £¤¥ Bn =
n∑
k=1

bk(x) .

�®£¤  ´³ª¶¨® «¼»© °¿¤ (2.3 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E 2.4. B

�®ª § ²¥«¼±²¢® � C I.2.3. �³±²¼ ε > 0 «¾¡®¥, ²®£¤  ¯®
ε

2M
> 0 ∃N = N(ε) ∈ N, ² ª®¥ ·²® ¨§

n > N =⇒ |an+1(x)| < ε

2M
(∀x ∈ E) ,

— ±¤¥« ²¼ an+1 ±ª®«¼ ³£®¤® ¬ «»¬ ¬®¦® ¢ ±¨«³ ³±«®¢¨¿ 2).

� ±±¬®²°¨¬ |
n+p∑
k=n+1

ak(x) bk(x)|. �°¨¬¥¨¬ ª ½²®© ±³¬¬¥ ¥° ¢¥±²¢® �¡¥«¿. �«¿ ½²®£® § ¬¥²¨¬, ·²®, ¡« -

£®¤ °¿ ³±«®¢¨¿¬ 1). ¨ 3).  ¸¥© ²¥®°¥¬», ¢±¥ ¯°¥¤¯®«®¦¥¨¿, ¢ ª®²®°»µ ¥° ¢¥±²¢® �¡¥«¿ ¯°¨¬¥¨¬®,
¢»¯®«¥».

�®£« ±® ¥° ¢¥±²¢³ �¡¥«¿ ¨¬¥¥¬ ®¶¥ª³:∣∣∣∣∣
n+p∑
k=n+1

ak(x) bk(x)

∣∣∣∣∣ 6 2M |an+1(x)| < 2M · ε

2M
= ε .

�®£« ±® ª°¨²¥°¨¾ �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ °¿¤®¢ ( ±«¥¤±²¢¨¥ 1 ¨§ ².I.2.2 ), ¯®-

±«¥¤¥¥ ¥° ¢¥±²¢® ª ª ° § ®§ · ¥² ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼  ¸¥£® ´³ª¶¨® «¼®£® °¿¤ 
∞∑
n=1

an(x) bn(x).

�.².¤. I.2.3 B �.

�°¨¬¥° J2.6. � ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤

∞∑
n=1

an sin(nx),   ¬®¦¥±²¢¥ E =
[
π

2
;

3π
2

]
, (2.4)

£¤¥ an > an+1 > 0 ¨ an →
n→∞

0.
�²®² °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E ¯® ¯°¨§ ª³ �¨°¨¸«¥ — ²¥®°¥¬  I.2.4. �¥°¢»¥ ¤¢ 

¯³ª²  ²¥®°¥¬» ¢»¯®«¥» ¯® ³±«®¢¨¾ § ¤ ·¨. �°®¢¥°¨¬ 3 — ®£° ¨·¥®±²¼ ¢ ±®¢®ª³¯®±²¨ · ±²¨·»µ
±³¬¬ Bn(x).

|Bn(x)| =

∣∣∣∣∣
n∑
k=1

sin(nx)

∣∣∣∣∣ 6 1∣∣∣sin(
x

2
)
∣∣∣ 6
√

2

�®±ª®«¼ª³
π

4
6
x

2
6

3π
4
, ²® 1 >

∣∣∣sin(x
2

)∣∣∣ ∣∣∣∣∣
π/4 6 x 6 3π/4

= sin
(x

2

)
>

1√
2

=⇒

∣∣∣∣∣∣ 1

sin
x

2

∣∣∣∣∣∣
π/4 6 x 6 3π/4

6
√

2

2.6. I
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§3. �¢®©±²¢  ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ ¯®±«¥¤®¢ ²¥«¼®-
±²¥© ¨ °¿¤®¢.

�¥®°¥¬  C 3.1: � ¥¯°¥°»¢®±²¨ ±³¬¬» ° ¢®¬¥°® ±µ®¤¿¹¨µ±¿ ´³ª¶¨® «¼»µ °¿¤®¢.

� ±±¬®²°¨¬: ´³ª¶¨® «¼»© °¿¤ (1.2 )
∞∑
n=1

Un(x) .

�³±²¼

1) � »© ´³ª¶¨® «¼»© °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   E.

Sn(x) ⇒
n→∞

S(x)   E , £¤¥ Sn(x) =
n∑
k=1

Uk(x) ,

2) �±¥ ´³ª¶¨¨ Un(x) , n = 1, 2, . . . ¥¯°¥°»¢» ¢ ²®·ª¥ x0 ∈ E .

�®£¤  S(x) =
∞∑
n=1

Un(x) ¥¯°¥°»¢  ¢ ²®·ª¥ x0. 3.1. B

� ¬¥· ¨¥ � 3.1. ¯³ª²¥ 2). ¯°¥¤¯®« £ ¥²±¿, ·²® ²®·ª  x0 ¯°¨ ¤«¥¦¨² ¬®¦¥±²¢³ E ¢¬¥±²¥ ±
¥ª®²®°®© ®ª°¥±²®±²¼¾. �±«¨ ¦¥ °¥·¼ ¨¤¥² ®¡ ®¤®© ¨§ ¯®«³®ª°¥±²®±²¥©, ²® ¯®¤° §³¬¥¢ ¥²±¿ ®¤®-
±²®°®¿¿ ¥¯°¥°»¢®±²¼ Un(x) ¢ ³±«®¢¨¨ ¨ Sn(x) ¢ § ª«¾·¥¨¨. 3.1. �

�®ª § ²¥«¼±²¢® � C I.3.1.
�¥®¡µ®¤¨¬®±²¼.

� ® : �»¯®«¥» ³±«®¢¨¿ 1) ¨ 2).
�®ª § ²¼ : S(x) ¥¯°¥°»¢    E. �.¥. ¤«¿ ¢±¿ª®© ²®·ª¨ x0 ∈ E ´³ª¶¨¿ S(x) ¥¯°¥°»¢  ¢ ²®·ª¥
x0. �  ¿§»ª¥ ε− δ:
∀ ε > 0 ∃ δ = δ(ε, x0) > 0 ² ª®¥ ·²® ∀ x ∈

◦
O δ(x0) ¢»¯®«¥® ¥° ¢¥±²¢®

|S(x)− S(x0)| < ε . (3.1)

� ¤ ¤¨¬±¿ ¯°®¨§¢®«¼»¬ ε > 0 ¨  ³·¨¬±¿ ¯® ¥¬³ ±²°®¨²¼ δ(ε, x0), ² ª®¥ ·²® ¯°¨ 0 < |x − x0| < δ
¢»¯®«¿¥²±¿ ¥° ¢¥±²¢® (3.1 ).

�³±²¼ ε > 0 - «¾¡®¥, ²®£¤ , ¢ ±¨«³ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨  ¸¥£® ´³ª¶¨® «¼®£® °¿¤ , ¨¬¥¥¬:
∀ ε

3
> 0 ∃N = N

(ε
3

)
∈ N ² ª®¥, ·²® ¨§ n > N

(ε
3

)
, n ∈ N =⇒

|Sn(x)− S(x)| < ε

3
∀x ∈ E , (3.2)

�®±ª®«¼ª³ ¥° ¢¥±²¢® ¢¥°® ¤«¿ ¢±¥µ n > N
(ε

3

)
, ²® ®® ¢¥°® ¨ ¤«¿ n = N + 1 ¯°¨ ¢±¥µ x ∈ E:

|SN+1(x)− S(x)| < ε

3
(∀x ∈ E) (3.3)

¢ ²®¬ ·¨±«¥ ¥° ¢¥±²¢® ¢¥°® ¨ ¤«¿ x = x0.

|SN+1(x0)− S(x0)| < ε

3
(3.4)
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� «¥¥. �®±ª®«¼ª³ ¢±¥ ·«¥» °¿¤  Un(x) ±³²¼ ¥¯°¥°»¢»¥ ´³ª¶¨¨ ®² x, ²® ¨ ±³¬¬  ¯¥°¢»µ N +1 ·«¥®¢

°¿¤  SN+1(x) =
N+1∑
k=1

Uk(x) ²®¦¥ ¥±²¼ ¥¯°¥°»¢ ¿ ´³ª¶¨¿ ®² x ¢® ¢±¥µ ²®·ª µ x ∈ E, ¢ ²®¬ ·¨±«¥ ¨ ¢

²®·ª¥ x0.
�§ ¥¯°¥°»¢®±²¨ SN+1(x) ¢ ²®·ª¥ x0 ±«¥¤³¥², ·²® ¯®

ε

3
> 0  ©¤¥̈²±¿ δ(ε, x0) > 0 ² ª®¥, ·²® ¨§

|x− x0| < δ(ε, x0) ±«¥¤³¥²

|SN+1(x)− SN+1(x0)| < ε

3
(3.5)

�§ (3.3 ), (3.4 ), (3.5 ) ¯°¨ |x− x0| < δ

⇒
∣∣∣S(x)− S(x0)

∣∣∣ =
∣∣∣[S(x)− SN+1(x)

]
+
[
SN+1(x)− SN+1(x0)

]
+
[
SN+1(x0)− S(x0)

]∣∣∣ 6
6
∣∣∣S(x)− SN+1(x)

∣∣∣+
∣∣∣SN+1(x)− SN+1(x0)

∣∣∣+
∣∣∣SN+1(x0)− S(x0)

∣∣∣ < ε

3
+
ε

3
+
ε

3
= ε

(3.6)

�² ª, ¬» ¤®ª § «¨, ·²® ¤«¿ ∀ε > 0 ∃δ > 0 : ¨§ |x− x0| < δ ⇒ |S(x)− S(x0)| < ε, ².¥. S(x) ¥¯°¥°»¢  ¢
²®·ª¥ x0. �.².¤. I.3.1 B �.

� ¬¥· ¨¥ � 3.2. �±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤  (1.2 ) ±³¹¥±²¢¥®.
3.2. �

�°¨¬¥° J3.1. � ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

(xn − xn+1)   ¬®¦¥±²¢¥ E = [0; 1].

�±±«¥¤³¥¬ ¥£®   ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼.
�¨¦¥±«¥¤³¾¹¥¥ ° ±±³¦¤¥¨¥ ¿¢«¿¥²±¿ ²¨¯¨·»¬.
�°¥¤¯®«®¦¨¬ ·²®  ¸ ´³ª¶¨® «¼»© °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   E. � ±®±² ¢«¥ ¨§ ¥¯°¥°»¢»µ

  E ´³ª¶¨©: Un(x) = xn−xn+1 ∈ C[0;1] . � ª¨¬ ®¡° §®¬, ¥±«¨  ¸¥ ¯°¥¤¯®«®¦¥¨¥ ±¯° ¢¥¤«¨¢®, ²® ®¡ 
³±«®¢¨¿ ²¥®°¥¬» I.3.1 ¢»¯®«¥». �«¥¤®¢ ²¥«¼®,  ¸ ´³ª¶¨® «¼»© °¿¤ ±µ®¤¨²±¿ ª ¥¯°¥°»¢®©  
E ´³ª¶¨¨ S(x). � ©¤¥̈¬ ¥¥̈, ª ª ¯°¥¤¥« · ±²¨·»µ ±³¬¬.

Sn(x) =
n∑
k=1

(xk − xk+1) = x− x2 + x2 − x3 + . . .+ xn − xn+1 = x− xn+1

S(x) = lim
n→∞

Sn(x) = lim
n→∞

(xn − xn+1) =

{
x, ¥±«¨ 0 6 x < 1 ,
0, ¥±«¨ x = 1

�¨¤¨¬, ·²® ¯°¥¤¥«¼ ¿ ´³ª¶¨¿ ° §°»¢  ¢ ²®·ª¥ x0 = 1, ·²® ¯°®²¨¢®°¥·¨² § ª«¾·¥¨¾ ²¥®°¥¬» I.3.1.
�«¥¤®¢ ²¥«¼®, ³±«®¢¨¿, ¯°¨ ª®²®°»µ ²¥®°¥¬  ¢¥° , ¥ ¢»¯®«¥». �®±ª®«¼ª³ ´³ª¶¨¨ xn−xn+1 ®·¥¢¨¤-
® ¥¯°¥°»¢», ¢²®°®¥ ³±«®¢¨¥ ²¥®°¥¬» ±®¡«¾¤¥®, ¨ § ·¨² ¥¢»¯®«¥® ¯¥°¢®¥:  ¸¥ ¯°¥¤¯®«®¦¥¨¥ ®

° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  ¥¢¥°®. =⇒ �³ª¶¨® «¼»© °¿¤
∞∑
n=1

xn − xn+1 ±µ®¤¨²±¿ ¥° ¢®¬¥°®

  [0; 1]. 3.1. I

�«¥¤±²¢¨¥ 1 ¨§ I.3.1. �±«¨ ´³ª¶¨® «¼»© °¿¤ (1.2 ), ±®±²®¿¹¨© ¨§ ¥¯°¥°»¢»µ ´³ª¶¨©
±µ®¤¨²±¿ ª ´³ª¶¨¨ ° §°»¢®©, ²® ±µ®¤¨¬®±²¼ ¥° ¢®¬¥° ¿. 1 ¨§ I.3.1.

� ¬¥· ¨¥ � 3.3. �¥¬ ¥ ¬¥¥¥ ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ´³ª¶¨® «¼®£® °¿¤  (1.2 ) ®²¾¤¼ ¥
¿¢«¿¥²±¿ ¥®¡µ®¤¨¬®© ¤«¿ ¥¯°¥°»¢®±²¨ ±³¬¬». 3.3. �
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�°¨¬¥° J3.2.

�§
∞∑
n=1

Un(x) = S(x) ¥¯°¥°»¢    E 6=⇒
n∑
k=1

Uk(x) = Sn(x) ⇒
n→∞

S(x) ∀ x ∈ E

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

[
sin
(x
n

)
− sin

(
x

n+ 1

)]
  ¬®¦¥±²¢¥ E = (−∞; +∞) .

� ¬¥²¨¬ ·²® ¢²®°®¥ ³±«®¢¨¥ ²¥®°¥¬» I.3.1 ¢»¯®«¥®

Un(x) = sin
(x
n

)
− sin

(
x

n+ 1

)
∈ C(−∞;+∞)

� ©¤¥̈¬ ±³¬¬³ °¿¤  ª ª ¯°¥¤¥« ¯®±«¥¤®¢ ²¥«¼®±²¨ ¥£® · ±²¨·»µ ±³¬¬.

Sn(x) = sin(x)− sin
(

x

n+ 1

)
S(x) = lim

n→∞
Sn(x) = lim

n→∞
sin(x)− sin

(
x

n+ 1

)
= sinx

� ª«¾·¥¨¥ ²¥®°¥¬» ²®¦¥ ¢»¯®«¥® — ±³¬¬  °¿¤  = sin x ¥¯°¥°»¢ .
�¤ ª® ´³ª¶¨® «¼»© °¿¤ ±µ®¤¨²±¿ ¥° ¢®¬¥°®   (−∞; +∞) ±®£« ±® ª°¨²¥°¨¾ I.2.1.

1) ∀n ∈ N ∃ dn = sup
x∈E
|Sn(x)− S(x)| = sup

x∈(−∞;+∞)

∣∣∣∣sin( x

n+ 1

)∣∣∣∣ = 1

2) ® lim
n→∞

dn 6= 0 .

3.2. I

�¯° ¦¥¨¥ C � 3.1. �´®°¬³«¨°®¢ ²¼ ¨ ¤®ª § ²¼ ²¥®°¥¬³,   «®£¨·³¾ ²¥®°¥¬¥ (I.3.1 ), ¤«¿
´³ª¶¨® «¼»µ ¯®±«¥¤®¢ ²¥«¼®±²¥©. 3.1. � B

�¥®°¥¬  C 3.2: �¥®°¥¬  ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ ´³ª¶¨® «¼»µ °¿¤®¢.

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤: (1.2 )
∞∑
n=1

Un(x) .

�³±²¼:

1) Un(x) ∈ C[a;b]

2) �³ª¶¨® «¼»© °¿¤ (1.2 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [a; b]

�®£¤ :

b∫
a

( ∞∑
n=1

Un(x)

)
dx =

∞∑
n=1

b∫
a

Un(x) dx (3.7)

².¥. ´³ª¶¨® «¼»© °¿¤ (1.2 ) ¤®¯³±ª ¥² ¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥   [a; b] . 3.2. B
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�®ª § ²¥«¼±²¢® � C I.3.2.

�³±²¼ S(x) =
∞∑
n=1

, ²®£¤  S(x) ∈ C[a;b] — ¥¯°¥°»¢    [a; b] ±®£« ±® ²¥®°¥¬¥ (I.3.1 ). =⇒ S(x)

¨²¥£°¨°³¥¬    [a; b]
�³±²¼ ¤«¿ «¾¡®£® ε > 0, ¯®

ε

b− a
> 0 ∃ N = N(ε) ∈ N , ² ª®¥, ·²® ¨§ n > N ±«¥¤³¥²

|Sn(x)− S(x)| < ε

b− a
(∀x ∈ [a; b])

(².ª. ¯® ³±«®¢¨¾ Sn(x) ⇒
n→∞

S(x)   [a; b] . )

∣∣∣∣∣∣
b∫
a

S(x) dx−
n∑
k=1

b∫
a

Uk(x) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b∫
a

S(x) dx−
b∫
a

n∑
k=1

Uk(x) dx

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
b∫
a

[
S(x)− Sn(x)

]
dx

∣∣∣∣∣∣ 6
b∫
a

|S(x)− Sn(x)| dx < ε

b− a

b∫
a

dx =
ε

b− a
· (b− a) = ε.

�» ¤®ª § «¨, ·²® ∀ε > 0 ∃N = N(ε) ∈ N ² ª®¥, ·²® ¨§ n > N ±«¥¤³¥² ¥° ¢¥±²¢®∣∣∣∣∣∣
b∫
a

S(x) dx−
n∑
k=1

b∫
a

Uk(x) dx

∣∣∣∣∣∣ < ε .

�²® § ·¨², ·²®

∃ lim
n→∞

n∑
k=1

 b∫
a

Uk(x) dx

 =

b∫
a

S(x) dx =⇒ ±µ®¤¨²±¿

∞∑
n=1

b∫
a

Un(x) dx =

b∫
a

S(x) dx =⇒
b∫
a

∞∑
n=1

Un(x)dx =
∞∑
n=1

b∫
a

Un(x) dx .

�.².¤. I.3.2 B �.

�¯° ¦¥¨¥ C � 3.2. ´®°¬³«¨°®¢ ²¼ ¨ ¤®ª § ²¼   «®£¨·³¾ ²¥®°¥¬³ ¤«¿ ´³ª¶¨® «¼»µ ¯®-
±«¥¤®¢ ²¥«¼®±²¥©. 3.2. � B

� ¬¥· ¨¥ � 3.4. �±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤  (1.2 ) ¢ ²¥®°¥¬¥ (I.3.2
) ±³¹¥±²¢¥®. 3.4. �

�°¨¬¥° J3.3. �°¨¬¥° ´³ª¶¨® «¼®£® °¿¤ , ¥ ¤®¯³±ª ¾¹¥£® ¯®·«¥®£® ¨²¥£°¨°®¢ ¨¿.

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

[
nx · e−nx2 − (n− 1)x · e−(n−1)x2

]
  ¬®¦¥±²¢¥ E = [0; 1] .

� ©¤¥̈¬ ±³¬¬³ °¿¤ :

Sn(x) =
n∑
k=1

[
kx · e−kx

2
− (k − 1)x · e−(k−1)x2

]
= nx · e−nx

2
.

S(x) = lim
n→∞

nx · e−kx
2

= 0 (∀x ∈ [0; 1])
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�§ S(x) = 0 ±«¥¤³¥²
1∫
0
S(x) dx = 0.

� ¤°³£®© ±²®°®»
∞∑
n=1

1∫
0

Un(x) dx =
∞∑
n=1

1∫
0

[
nx · e−nx

2
− (n− 1)x · e−(n−1)x2

]
dx =

=
∞∑
n=1

−1
2
·

[
e−nx

2

∣∣∣∣∣
1

0

−e−(n−1)x2

∣∣∣∣∣
1

0

]
=
∞∑
n=1

−1
2
·
[
e−n − 1− e−(n−1) + 1

]
=

=
1
2

∞∑
n=1

(
1

en−1 −
1
en

)
=

1
2

lim
n→∞

n∑
k=1

(
1

en−1 −
1
en

)
=

=
1
2

lim
n→∞

[
1− 1

e
+

1
e
− 1
e2 +

1
e2 −

1
e3 + . . .+

1
en−1 −

1
en

]
=

1
2
.

�² ª
∞∑
n=1

1∫
0

Un(x) dx =
1
2
6=

1∫
0

( ∞∑
n=1

Un(x)

)
dx = 0.

3.3. I

� ¬¥· ¨¥ � 3.5. �¥¬ ¥ ¬¥¥¥ ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤  (1.2 )
®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬ ¤«¿ ¥£® ¯®·«¥®© ¨²¥£°¨°³¥¬®±²¨. 3.5. �

�°¨¬¥° J3.4.

�³ª¶¨® «¼»© °¿¤ ¤®¯³±ª ¥²
¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥:

b∫
a

( ∞∑
n=1

Un(x)

)
dx =

∞∑
n=1

b∫
a

Un(x) dx

6=⇒

�³ª¶¨® «¼»© °¿¤

∞∑
n=1

Un(x)

±µ®¤¨²±¿ ° ¢®¬¥°®.

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

[
nx · e−n

2x2
− (n− 1)x · e−(n− 1)2x2 ]

  ®²°¥§ª¥ E = [0; 1] .

� ©¤¥̈¬ ¥£® ±³¬¬³:

Sn(x) =
n∑
k=1

[
kx · e−k

2x2
− (k − 1)x · e−(k − 1)2x2 ]

= nx · e−nx
2

S(x) = lim
n→∞

nx · e−n
2x2

= 0 (∀x ∈ [0; 1])

S(x) = 0 =⇒
1∫

0

( ∞∑
n=1

[
nx · e−n

2x2
− (n− 1)x · e−(n− 1)2x2 ])

dx =

1∫
0

S(x) dx = 0
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�²¥£° « ®² ±³¬¬» °¿¤  ° ¢¥ ³«¾. � ¤°³£®© ±²®°®», °¿¤, ±®±² ¢«¥»© ¨§ ±³¬¬» ¨²¥£° «®¢, ²®¦¥
° ¢¥ ³«¾. �¡¥¤¨¬±¿ ¢ ½²®¬.

S̃ =
∞∑
n=1

1∫
0

[
nx · e−n

2x2
− (n− 1)x · e−(n− 1)2x2 ]

dx =

= −1
2
· e−x

2
∣∣∣∣∣
1

0︸ ︷︷ ︸
¯°¨ n=1

+ 0 +
∞∑
n=2

[
− 1

2n
· e−n

2x2 ∣∣∣1
0
− 1

2(n− 1)
· e−(n− 1)2x2 ∣∣∣1

0

]
=

= −1
2
· e−1 +

1
2

+
∞∑
n=2

[
− 1

2n
· e−n

2
+

1
2n
− 1

2(n− 1)
· e−(n− 1)2

+
1

2(n− 1)

]

S̃n =
1
n
− e−n

2

n
, =⇒ lim

n→∞
S̃n = S̃ = 0 .

� ª¨¬ ®¡° §®¬, ¤ »© °¿¤ ¤®¯³±ª ¥² ¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥. �¥¬ ¥ ¬¥¥¥ ° ¢®¬¥° ¿ ±µ®¤¨-
¬®±²¼ ®²±³²±²¢³¥². �®ª ¦¥¬ ½²®. �®ª ¦¥¬, ·²® ´³ª¶¨® «¼ ¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ · ±²¨·»µ ±³¬¬
°¿¤  Sn(x) ¥ ±µ®¤¨²±¿ ° ¢®¬¥°®   [0, 1]. �±¯®«¼§³¥¬ ª°¨²¥°¨© ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¢ ²¥°¬¨ µ
±³¯°¥¬³¬  — ²¥®°¥¬³ I.2.1.

1) ∀ n ∈ N ∃ dn = sup
x∈[0;1]

∣∣Sn(x)− S(x)
∣∣ = sup

x∈[0;1]
nx · e−n

2x2

� ©¤¥̈¬ ½²®² ±³¯°¥¬³¬(
nx · e−n

2x2) ′
= n · e−n

2x2
− 2n3x2 · e−n

2x2
= 0 , =⇒ xmaxn =

1
n
√

2

sup
x∈[0;1]

∣∣Sn(x)− S(x)
∣∣ = Sn (xmaxn ) = nx · e−n

2x2
∣∣∣∣∣ 1
n
√

2

=
1√
2e

= dn

2) �¤ ª® dn 6→ 0 ¯°¨ n→∞ =⇒ Sn(x) 6⇒
n→∞

S(x) = 0   [0; 1]

�² ª,  ¸ °¿¤ ¥ ±µ®¤¨²±¿ ° ¢®¬¥°®. �® ¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥ ¤ ¥̈² ¢¥°»© °¥§³«¼² ². �²® ¨
®§ · ¥², ·²® ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬ ³±«®¢¨¥¬ ¤®¯³±²¨¬®±²¨ ¯®·«¥®£® ¨-
²¥£°¨°®¢ ¨¿. 3.4. I

� ¬¥· ¨¥ � 3.6. �±«®¢¨¥ ¥¯°¥°»¢®±²¨ Un(x) ¢ ²¥®°¥¬¥ (I.3.2 ) ¬®¦¥² ¡»²¼ ±³¹¥±²¢¥®
®±« ¡«¥®. 3.6. �

�¥®°¥¬  C 3.3: �³±²¼

1) Un(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [a; b] (∀n ∈ N)

2) �³ª¶¨® «¼»© °¿¤ (1.2 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [a; b]

�®£¤ 

S(x) =
∞∑
n=1

Un(x) ¨²¥£°¨°³¥¬    [a; b] ¨

b∫
a

S(x) dx =
∞∑
n=1

b∫
a

Un(x) dx
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3.3. B

� ¬¥· ¨¥ � 3.7. �³±²¼ ¢»¯®«¥» ³±«®¢¨¿ ²¥®°¥¬» (I.3.2 ).

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤

∞∑
n=1

x∫
a

Un(t) dt (∀x ∈ [a; b])

�§ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» (I.3.2 ) ±«¥¤³¥², ·²® ½²®² ´³ª¶¨® «¼»© °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   [a; b]

ª
x∫
a

S(t) dt , ¨, ¢ · ±²®±²¨, ¨¬¥¥² ¬¥±²® ° ¢¥±²¢®

x∫
a

( ∞∑
n=1

Un(t)

)
dt =

x∫
a

S(t) dt.

3.7. �

�¥®°¥¬  C 3.4: � ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ´³ª¶¨® «¼®£® °¿¤  (1.2 ).

∞∑
n=1

Un(x) = U1(x) + U2(x) + . . . (3.8)

�³±²¼

1) �³ª¶¨® «¼»© °¿¤ (3.8 ) ±µ®¤¨²±¿ ¤«¿ ∀x ∈ [a; b].

2) U
′
n(x) ∈ C[a;b] ∀n ∈ N

3) �³ª¶¨® «¼»© °¿¤
∞∑
n=1

U
′
n(x) ±µ®¤¨²±¿ ° ¢®¬¥°®   [a; b]

�®£¤  G(x) =
∞∑
n=1

Un(x) ∈ C1
[a;b] ¨ ¨¬¥¥² ¬¥±²® ´®°¬³« 

S
′
(x) =

( ∞∑
n=1

Un(x)

) ′
=
∞∑
n=1

U
′
n(x) ,

².¥. °¿¤ (3.8 ) ¬®¦® ¯®·«¥® ¤¨´´¥°¥¶¨°®¢ ²¼. 3.4. B

�®ª § ²¥«¼±²¢® � C I.3.4. �¡®§ ·¨¬

T (x) =
∞∑
n=1

U
′
n(x) ,

T (x) ¥¯°¥°»¢    [a; b] ±®£« ±® ²¥®°¥¬¥ (I.3.1 ), ¯®±®«¼ª³, ¯® ³±«®¢¨¾ 2), °¿¤ ±®±² ¢«¥ ¨§ ¥¯°»¢»µ
´³ª¶¨© ¨, ¯® ³±«®¢¨¾3), °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   [a, b].
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�¥¯°¥°»¢³¾ ´³ª¶¨¾ ¬®¦® ¨²¥£°¨°®¢ ²¼, ¨ ½²®² ¨²¥£° «, ¯® ²¥®°¥¬¥ �¼¾²® -�¥©¡¨¶ , ¡³¤¥²
¤¨´´¥°¥¶¨°³¥¬, ª ª ´³ª¶¨¿ ¢¥°µ¥£® ¯°¥¤¥« . �¿¤ ¢ ¯° ¢®© · ±²¨ ´®°¬³«» ¬®¦® ¨²¥£°¨°®¢ ²¼
¯®·«¥® ®² a ¤® x, ±®£« ±® § ¬¥· ¨¾ 3.7.

x∫
a

T (s) ds =

x∫
a

( ∞∑
n=1

U
′
n (s)

)
ds =

∞∑
n=1

 x∫
a

U
′
n(s) ds

 =

∞∑
n=1

[
Un(x)− Un(a)

]
=

∞∑
n=1

Un(x)−
∞∑
n=1

Un(a)︸ ︷︷ ︸
½²¨ °¿¤» ±µ®¤¿²±¿ ¯® ³±«®¢¨¾ 3)

= S(x)− S(a)

=⇒ S(x) = S(a) +

x∫
a

T (s)ds ∈ C[a;b] �²±¾¤  S
′
(x) = T (x)

².¥. ( ∞∑
n=1

Un(x)

) ′
=
∞∑
n=1

U
′
n(x) ∀x ∈ [a; b]

�.².¤. I.3.4 B �.

�¯° ¦¥¨¥ C � 3.3. �´®°¬³«¨°®¢ ²¼ ¨ ¤®ª § ²¼ ²¥®°¥¬³,   «®£¨·³¾ ²¥®°¥¬¥ (I.3.4 ) ¤«¿
´³ª¶¨® «¼»µ ¯®±«¥¤®¢ ²¥«¼®±²¥©. 3.3. � B

� ¬¥· ¨¥ � 3.8. �±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  ±³¹¥±²¢¥®. 3.8. �

�°¨¬¥° J3.5.

� ±±¬®²°¨¬ ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

(
xn

n
− xn+1

n+ 1

)
;   ¬®¦¥±²¢¥ E = [0; 1]

� ©¤¥̈¬ ¥£® ±³¬¬³:

Sn(x) = x− xn+1

n+ 1
S(x) = lim

n→∞
Sn(x) = x

S
′
(x) = 1 ∀x ∈ [0; 1] ,

∞∑
n=1

U
′
n(x) =

∞∑
n=1

(xn−1 − xn)

Tn(x) =
n∑
k=1

U
′
k(x) = 1− xn

T (x) =
∞∑
n=1

U
′
n(x) = lim

n→∞
Tn(x) = lim

n→∞
(1− xn) =

{
1, ¥±«¨ 0 6 x < 1
0, ¥±«¨ x = 1.

�² ª, S
′
(x) =

( ∞∑
n=1

(
xn

n
− xn+1

n+ 1

)) ′
6=
∞∑
n=1

(
xn

n
− xn+1

n+ 1

) ′
= T (x)
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�²® ®¡º¿±¿¥²±¿ ²¥¬, ·²® ¥ ¢»¯®«¥® ¤®±² ²®·®¥ ³±«®¢¨¥ 3) — °¿¤ ±µ®¤¨²±¿ ¥° ¢®¬¥°®   [0; 1].
3.5. I

� ¬¥· ¨¥ � 3.9. �®¦® ¯®ª § ²¼, ·²® ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤ , ±®±²®¿¹¥£® ¨§ ¯°®-
¨§¢®¤»µ, ®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬ ¤«¿ ¯®·«¥®© ¤¨´´¥°¥¶¨°³¥¬®±²¨ ½²®£® °¿¤ . 3.9. �



����� II

�²¥¯¥»¥ °¿¤»

�³ª¶¨® «¼»© °¿¤ ¢¨¤ 

∞∑
n=0

cn(x− x0)n = c0 + c1(x− x0) + c2(x− x0)2 + . . . (0.1)

 §»¢ ¥²±¿ ±²¥¯¥»¬ °¿¤®¬. �¨±«  cn  §»¢ ¾²±¿ ª®½´´¨¶¨¥² ¬¨ ±²¥¯¥®£® °¿¤ .
�·¥¢¨¤®, ·²® «¾¡®© ±²¥¯¥®© °¿¤ ±µ®¤¨²±¿ ¯® ª° ©¥© ¬¥°¥ ¢ ®¤®© ²®·ª¥,   ¨¬¥® ¢ ²®·ª¥ x0.

� ¤ «¼¥©¸¥¬ ¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ±²¥¯¥»¥ °¿¤» ¢¨¤ 
∞∑
n=0

cnx
n

§1. � ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .

§1. . �®¿²¨¥ ° ¤¨³±  ±µ®¤¨¬®±²¨.

�¥§ ®£° ¨·¥¨¿ ®¡¹®±²¨ ¬®¦® ° ±±¬ ²°¨¢ ²¼ ±²¥¯¥»¥ °¿¤» ¢¨¤ 

∞∑
n=0

cnx
n . (1.1)

�¥©±²¢¨²¥«¼®, ¢±¿ª¨© °¿¤
∞∑
n=0

cn · (x̃− x̃0)n § ¬¥®© x = x̃− x̃0 (¯¥°¥®±®¬  · «  ª®®°¤¨ ² ¢ ²®·ª³ x̃0)

±¢®¤¨²±¿ ª °¿¤³
∞∑
n=0

cnx
n .

�¥®°¥¬  C 1.1: �¥°¢ ¿ ²¥®°¥¬  �¡¥«¿.
�±«¨ ±²¥¯¥®© °¿¤ 1.1 ±µ®¤¨²±¿ ¢ ²®·ª¥ x = x , x 6= 0,
²® ® ±µ®¤¨²±¿, ¨ ¯°¨²®¬  ¡±®«¾²®, ∀x : |x| < |x | .

1.1. B

�®ª § ²¥«¼±²¢® � C 1.1.

�® ³±«®¢¨¾
∞∑
n=0

cn x
n ±µ®¤¨²±¿. � ·¨², ®¡¹¨© ·«¥ °¿¤  ±²°¥¬¨²±¿ ª ³«¾: cnx n →

n→∞
0. �.¥. ¯®±«¥-

¤®¢ ²¥«¼®±²¼ cnx n ¡¥±ª®¥·®-¬ « ¿,   § ·¨² ®£° ¨·¥ ¿: |cn x n| 6M (∀n ∈ N) .

30
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�³±²¼ |x| < |x |. �®ª ¦¥¬ ¯® ¯°¨§ ª³ ±° ¢¥¨¿, ·²®
∞∑
n=0
|cn xn| ±µ®¤¨²±¿. �«¿ ½²®£® ¬ ¦®°¨°³¥¬

½²®² °¿¤ ±µ®¤¿¹¨¬±¿ ·¨±«®¢»¬ °¿¤®¬.

|cn xn| =
∣∣∣∣cn x n · xnx n

∣∣∣∣ = |cnx n| ·
∣∣∣ x
x

∣∣∣n 6M · ∣∣∣ x
x

∣∣∣n
0 6 |cn xn| 6M · qn , £¤¥ q =

∣∣∣ x
x

∣∣∣ , 0 < q < 1;
∞∑
n=0

M · qn ±µ®¤¨²±¿ ª ª £¥®¬¥²°¨·¥±ª ¿ ¯°®£°¥±±¨¿ ±® § ¬¥ ²¥«¥¬ 0 < q < 1 .

=⇒ ±µ®¤¨²±¿ °¿¤
∞∑
n=0
|cnxn| . �.².¤. 1.1 B �.

�«¥¤±²¢¨¥ 1 ¨§ 1-®© ². �¡¥«¿.
�±«¨ ±²¥¯¥®© °¿¤ (1.1 ) ° ±µ®¤¨²±¿ ¯°¨ x = x , ²® ® ° ±µ®¤¨²±¿ ∀x,
³¤®¢«¥²¢®°¿¾¹¨µ ¥° ¢¥±²¢³ |x| >

∣∣x ∣∣ , .
1 ¨§ 1-®© ². �¡¥«¿.

�®ª § ²¥«¼±²¢® � C ±«¥¤±²¢¨¿ ¨§ 1-®© ². �¡¥«¿.
�² ¯°®²¨¢®£®:

�®¯³±²¨¬, ·²® ∃x0 : |x0| >
∣∣x ∣∣ ¨ °¿¤

∞∑
n=0

cnx
n
0 ±µ®¤¨²±¿ ⇔ ±²¥¯¥®© °¿¤ 1.1 ±µ®¤¨²±¿ ( ¡±®«¾²®)

∀x : |x| < |x0|;
∣∣x ∣∣ < |x0| ⇔ ±µ®¤¨²±¿

→∞∑
n=o

cnx
n (!) �.².¤. ±«¥¤±²¢¨¿ ¨§ 1-®© ². �¡¥«¿ B �.

�¯°¥¤¥«¥¨¥ C C 1.1. � ±±¬®²°¨¬ ±²¥¯¥®© °¿¤

∞∑
n=0

cnx
n (1.1) .

1) � ±«³· ¥, ¥±«¨ ±²¥¯¥®© °¿¤ (1.1) ±µ®¤¨²±¿ ²®«¼ª® ¢ ²®·ª¥ x = 0, £®¢®°¿², ·²® ° ¤¨³± ±µ®¤¨¬®-
±²¨ ½²®£® °¿¤  R = 0.

2) �³±²¼ ±²¥¯¥®© °¿¤ (1.1) ±µ®¤¨²±¿ ¢ x = x̂ 6= 0 . � ±±¬®²°¨¬ ¬®¦¥±²¢®

E =

{
|x̂|

∣∣∣ x ∈ R, ∞∑
n=0

cnx̂
n ±µ®¤¨²±¿

}
�±«¨ ¬®¦¥±²¢® E ¥®£° ¨·¥® ±¢¥°µ³, ²® ¯®« £ ¾² R =∞ .
�±«¨ ¬®¦¥±²¢® E ®£° ¨·¥® ±¢¥°µ³, ²® ¯®« £ ¾² R = supE .

1.1. B B

�¥®°¥¬  C 1.2: � ° ¤¨³±¥ ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .

�³±²¼ R > 0 — ° ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ 
∞∑
n=0

cnx
n (1.1)

�®£¤ :
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 ) �±«¨ R =∞, ²® ±²¥¯¥®© °¿¤ (1.1 ) ±µ®¤¨²±¿  ¡±®«¾²® ∀x

¡) �±«¨ 0 < R <∞, ²® ±²¥¯¥®© °¿¤ (1.1 ) ° ±µ®¤¨²±¿ ∀ x : |x| > R

1.2. B

�®ª § ²¥«¼±²¢® � C II.1.2.  ) �³±²¼ x-«¾¡®¥, ²®£¤  ∃x′ : |x′| > |x| :
∞∑
n=o

cnx
n ±µ®¤¨²±¿ (¯®

®¯°¥¤¥«¥¨¾ R = ∞) �²±¾¤  ¯® ¯¥°¢®© ²¥®°¥¬¥ �¡¥«¿ ⇔ ±²¥¯¥®© °¿¤ (1.1)  ¡±®«¾²® ±µ®¤¨²±¿ ∀x :
|x| < |x′| ⇔ ²°¥¡³¥¬®¥ ³²¢¥°¦¤¥¨¥.
¡) 0 < R <∞

1) �³±²¼ x : |x| < R. �®£« ±® ®¯°¥¤¥«¥¨¾ ° ¤¨³±  ±µ®¤¨¬®±²¨ ½²® ®§ · ¥², ·²®

∃x′ :
∣∣∣∣ 1x
∣∣∣∣ > |x|; ∞∑

n=o

cnx
n

±µ®¤¨²±¿ (±±»«ª    ¢²®°®¥ ±¢®©±²¢® ¢¥°µ¥© £° ¨) ⇔ (¯® ¯¥°¢®© ²¥®°¥¬¥ �¡¥«¿) ±²¥¯¥®© °¿¤
(1.1)  ¡±®«¾²® ±µ®¤¨²±¿ ∀x : |x| < |x′|

2) �³±²¼ x : |x| > R

�² ¯°®²¨¢®£®: ¤®¯³±²¨¬, ·²® ∃x0 : |x0) > R,
∞∑
n=o

cnx
n ±µ®¤¨²±¿ ⇔ |x0| ∈ E ⇔ |x0| ≤ R (±®£« ±®

¯¥°¢®¬³ ±¢®©±²¢³ ¢¥°µ¥© £° ¨) |x0| ≤ R < |x0| ⇔ |x0| < |x0|

�.².¤. II.1.2 B �.

�¯°¥¤¥«¥¨¥ C C 1.2. �³±²¼ R > o ° ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  (1.1). �®£¤  ¨²¥°¢ «
(−R;R)  §»¢ ¥²±¿ ¨²¥°¢ «®¬ ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  (1.1). 1.2. B B

� ¬¥· ¨¥ � 1.1. �§ ®±®¢®£® ®¯°¥¤¥«¥¨¿ ⇔ «¾¡®© ±²¥¯¥®© °¿¤ ¨¬¥¥² ° ¤¨³± ±µ®¤¨¬®±²¨ ¨
¯°¨ ½²®¬ ±³¹¥±²¢³¾² ±²¥¯¥»¥ °¿¤» ²°¥̈µ ¨ ²®«¼ª® ²°¥̈µ ¢¨¤®¢,   ¨¬¥®:

1) R = 0

2) r =∞

3) 0 < R <∞

1.1. �

� ¬¥· ¨¥ � 1.2. � ±«³· ¥, ¥±«¨ R > 0, ²® ¨²¥°¢ « ±µ®¤¨¬®±²¨ (−R;R) ¥®¡¿§ ²¥«¼® ±®¢¯ ¤ ¥²
± ®¡« ±²¼¾ ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  (1.1), ®, ¢ · ±²®±²¨, ¬®¦¥² ± ¥© ¨ ±®¢¯ ¤ ²¼. 1.2. �

� ¬¥· ¨¥ � 1.3. �±«¨ R =∞, ²® (−∞; +∞) ±®¢¯ ¤ ¥² ± ®¡« ±²¼¾ ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ 
(1.1). 1.3. �

� ¬¥· ¨¥ � 1.4. �±«¨ 0 < R < ∞, ²® ¢ (..)x ± R ±²¥¯¥®© °¿¤ (1.1) ¬®¦¥² ª ª ±µ®¤¨²¼±¿, ² ª
¨° ±µ®¤¨²¼±¿. �°¨ ½²®¬ ¢ ±«³· ¥ ¥£® ±µ®¤¨¬®±²¨ ¢ ½²¨µ ²®·ª µ, ±µ®¤¨¬®±²¼ ¬®¦¥² ¡»²¼, ª ª  ¡±®«¾²®©,
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² ª ¨ ¥ ¡±®«¾²®©. 1.4. �

� ¬¥· ¨¥ � 1.5. �±«¨ R > 0 ° ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  (∗)
∞∑
n=0

cn(x− x0)n, ²® ¨²¥°-

¢ «®¬ ±µ®¤¨¬®±²¨ ¿¢«¿¥²±¿ ¨²¥°¢ « (x0 −R;x0 +R) 1.5. �

§1.¡. �®°¬³«» ¤«¿ ° ¤¨³±  ±µ®¤¨¬®±²¨

� ±±¬®²°¨¬ ±²¥¯¥®© °¿¤ (1.1). �°¨¬¥¨¬ ¤«¿ ¥£® ¨±±«¥¤®¢ ¨¿    ¡±®«¾²³¾ ±µ®¤¨¬®±²¼ ¯°¨§ ª
� « ¬¡¥° .

∞∑
n=0

|cnxn| (1.2)

an = |cnxn| lim
n→∞

an+1
an

= lim
n→∞

|cn+1x
n+1|

|cnxn| = |x| lim
n→∞

| cn+1
cn
|

� ±±¬®²°¨¬ 3 ±«³· ¿:

1)

∃ lim
n→∞

|cn+1

cn
| = 0⇒ ∃q = lim

n→∞

an+1

an
= 0 (∀x)

q = 0 < 1⇒ 1.2

±µ®¤¨²±¿ ∀x ²® ¥±²¼ 1.1 ±µ®¤¨²±¿  ¡±®«¾²® ∀x⇒ R =∞; lim
n→∞

| cn+1
cn
| = 0⇔ lim

n→∞
| cn+1
cn
| =∞⇒ R =

lim
n→∞

| cncn+1
| (=∞)

2) �³±²¼ x 6= 0 lim
n→∞

| cn+1
cn
| = ∞ ⇒ lim

n→∞
an+1
an

= |x| lim
n→∞

| cn+1
cn
| = ∞ ⇒ (1.2) ° ±µ®¤¨²±¿(an 6→ 0) ⇒ (1.1)

° ±µ®¤¨²±¿ (∀x 6= 0)⇒ R = 0. �® lim
n→∞

| cn+1
cn
| =∞⇔ lim

n→∞
| cncn+1

= 0⇒ R = lim
n→∞

∣∣∣ cn
cn+1

∣∣∣
3) �³±²¼ ∃ lim

n→∞
| cn+1
cn
| = k > 0 =⇒ ∃q = lim

n→∞
an+1
an

= |x|k{1.1  ¡±®«¾²® ±µ®¤¨²±¿ ¯°¨|x| < 1
k ; 1.1

° ±µ®¤¨²±¿ ¯°¨ |x| > 1
k} ⇒ R = 1

k
�® lim

n→∞
| cn+1
cn
| = k ⇔ lim

n→∞
| cncn+1

| = 1
k ⇒ ¥±«¨∃ lim

n→∞
| cncn+1

| > 0, ²® R = lim
n→∞

| cncn+1
|

�§ r1 r2 r3⇒ ±«¥¤³¾¹ ¿ ²¥®°¥¬ .

�¥®°¥¬  C 1.3:
�®°¬³«  � « ¬¡¥°  ¤«¿ ° ¤¨³±  ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .
�±«¨ ∃ lim

n→∞
| cncn+1

| (ª®¥·»© ¨«¨ ¡¥±ª®¥·»©), ²® R-° ¤¨³± ±µ®¤¨¬®±²¨ ° ¢¥ ½²®¬³ ¯°¥¤¥«³ ²® ¥±²¼

R = lim
n→∞

| cncn+1
|

�®ª § ²¥«¼±²¢®¬ ±«³¦ ² ¯°¥¤¸¥±²¢³¾¹¨¥ ° ±±³¦¤¥¨¿.
1.3. B

�¥®°¥¬  C 1.4:
�®°¬³«  �®¸¨ ¤«¿ ° ¤¨³±  ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .
�±«¨ ∃ lim

n→∞
1

n
√
|cn|

ª®¥·»© ¨«¨ ¡¥±ª®¥·»©, ²® lim
n→∞

1
n
√
|cn|

�®ª § ²¥«¼±²¢®¬ ±«³¦ ² ¯°¥¤¸¥±²¢³¾-

¹¨¥ ° ±±³¦¤¥¨¿.
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1.4. B

�°¨¬¥°» J1.1.

1)
∞∑
n=0

xn

n!

R = lim
n→∞

| cncn+1
| = lim

n→∞
(n+1)!
n! = lim

n→∞
(n+ 1) =∞ ²® ¥±²¼ R =∞

2)

∞∑
n=0

n!xn

R = lim
n→∞

| cn
cn+1

| = lim
n→∞

n!
(n+ 1)!

= lim
n→∞

1
n+ 1

= 0 R = 0

3)
∞∑
n=0

xn

nα

R = lim
n→∞

(n+1)α

nα = 1 R = (−1; 1)
� ±±¬®²°¨¬ ¯®¢¥¤¥¨¥ °¿¤    ª®¶ µ ¯°®¬¥¦³²ª 

 ) x = 1;
∞∑
n=1

1
nα {±µ®¤¨²±¿,α > 1 ° ±µ®¤¨²±¿α ≤ 1}

¡) x = −1
∞∑
n=1

−1n
nα { ¡±®«¾²® ±µ®¤¨²±¿ α > 1 ±µ®¤¨²±¿(¥ ¡±®«¾²®)0 < α ≤ 1 ° ±µ®¤¨²±¿α ≤ 0

�¡« ±²¼ ±µ®¤¨¬®±²¨ {(−1; 1), α ≤ 0; [−1; 1), 0 < α ≤ 1; [−1; 1], α > 1}
�¡« ±²¼  ¡±®«¾²®© ±µ®¤¨¬®±²¨ (−1; 1), α ≤ 1; [−1; 1], α > 1

1.1. I

� ¬¥· ¨¥ � 1.6. �®°¬³«» ¤«¿ R, ±®¤¥°¦ ¹¨¥±¿ ¢ II.1.3, II.1.4 ³±²  ¢«¨¢ ¾²±¿ ¢ ±«³· ¥ ±³¹¥-
±²¢®¢ ¨¿ ±®®²¢¥²±²¢³¾¹¨µ ¯°¥¤¥«®¢ (ª®¥·»µ ¨ ¡¥±ª®¥·»µ). �¤ ª®, ³ª § »¥ ² ¬ ¯°¥¤¥«» ¬®£³²
¨ ¥ ±³¹¥±²¢®¢ ²¼. 1.6. �

�°¨¬¥° J1.2.

∞∑
n=1

[2 +−1n]nxn
1

n
√
|cn|

=
1

2 +−1n

�°¥¤¥« ½²®© ¯®±«¥¤®¢ ²¥«¼®±²¨ ¥ ±³¹¥±²¢³¥². 1.2. I

�¤ ª® R ±³¹¥±²¢³¥² ¤«¿ «¾¡®£® ±²¥¯¥®£® °¿¤  ⇒ ¥ ¢±¥£¤  R ¬®¦¥² ¡»²¼  ©¤¥ ¯® ´®°¬³«¥
� « ¬¡¥°  ¨«¨ �®¸¨.
�³¹¥±²¢³¥² ³¨¢¥°± «¼ ¿ ´®°¬³« .

�¯°¥¤¥«¥¨¥ C C 1.3. �¯°¥¤¥«¥¨¥ ¢¥°µ¥£® ¯°¥¤¥«  ¯®±«¥¤®¢ ²¥«¼®±²¨.
�³±²¼ {xn}-¯®±«¥¤®¢ ²¥«¼®±²¼.

1) �±«¨ ∃ ¯®¤¯®±«¥¤®¢ ²¥«¼®±²¼ xnk : lim
n→∞

xnk = a, £¤¥ a-«¨¡® ·¨±«®, «¨¡® ±¨¬¢®« ±∞, ²® a  §»-
¢ ¥²±¿ · ±²¨·»¬ ¯°¥¤¥«®¬ ¯®±«¥¤®¢ ²¥«¼®±²¨ xn.
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2) �±«¨ xn ¥ ®£° ¨·¥  ±¢¥°µ³, ²® ¯®« £ ¾² ¥¥̈ ¢¥°µ¨© ¯°¥¤¥« = ±∞ (§ ¯¨±¼: = lim
n→∞

= +∞ ).

3) �±«¨ ¯®±«¥¤®¢ ²¥«¼®±²¼ {xn} ®£° ¨·¥  ±¢¥°µ³, ²® ¥¥̈ ¢¥°µ¨¬ ¯°¥¤¥«®¬  §»¢ ¥²±¿ ¢¥«¨·¨ 
= lim
n→∞

= sup{a}, £¤¥ {a} — ¬®¦¥±²¢® ¥¥̈ ª®¥·»µ · ±²¨·»µ ¯°¥¤¥«®¢, ¯°¨ ³±«®¢¨¨, ·²® ®® ¥

¯³±²® (¯³±²® — ª®£¤  lim
· ±²¨·»©

= −∞ ).

4) �±«¨ xn ² ª®¢ , ·²® ¥¥̈ ¥¤¨±²¢¥»¬ · ±²¨·»¬ ¯°¥¤¥«®¬ ¿¢«¿¥²±¿ −∞ ( ²®-¥±²¼ xn → −∞)
²® = overline lim

n→∞
xn = −∞

1.3. B B

�¥®°¥¬  C 1.5: �®°¬³«  �®¸¨-�¤ ¬ ° .
�³±²¼ R-° ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  1.1. �®£¤  1

R == lim
n→∞

n
√
|cn| (�°¨ ½²®¬ ¯°¥¤¯®« £ ¥²±¿,

·²® ¥±«¨ ½²®² ¯°¥¤¥« =∞, ²® R = 0,   ¥±«¨ ¯°¥¤¥« = 0, ²® R =∞. 1.5. B

�°¨¬¥° J1.3.

∞∑
n=1

{[2 +−1n]}n · xn

n
√
|cn| = 2 + (−1)n

1
R

=

= lim
n→∞

n
√
|cn| = 3⇒ R =

1
3
.

1.3. I
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§2. �¢®©±²¢  ±²¥¯¥»µ °¿¤®¢.

§2. . � ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ±²¥¯¥»µ °¿¤®¢.

�¥®°¥¬  C 2.1: � ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .

� ±±¬®²°¨¬ ±²¥¯¥®© °¿¤ (1.1 ), ¯³±²¼ R > 0, ¯³±²¼ r : 0 < r < R.
�®£¤  °¿¤ (1.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [−r; r].
2.1. B

�®ª § ²¥«¼±²¢® � C II.2.1. �®£« ±® ²¥®°¥¬¥ ® ±µ®¤¨¬®±²¨ (� ��� ��� �� �������?)  ¸

±²¥¯¥®© °¿¤ (1.1 ) ¢ ²®·ª¥ x = r ±µ®¤¨²±¿  ¡±®«¾²®, ².¥. ±µ®¤¨²±¿ °¿¤
∞∑
n=0
|Cn|rn

|Cnxn| ≤ |Cn|rn = an (∀x ∈ [−r; r])
∞∑
n=0

an =
∞∑
n=0
|Cn|rn ±µ®¤¨²±¿,   ±«¥¤®¢ ²¥«¼® ±²¥¯¥®© °¿¤ (1.1 ),

±µ®¤¨²±¿ ° ¢®¬¥°®   [−r; r] �.².¤. II.2.1 B �.

� ¬¥· ¨¥ � 2.1. �§ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» ±«¥¤³¥², ·²® ±²¥¯¥®© °¿¤ ± ¥³«¥¢»¬ ° ¤¨³±®¬
±µ®¤¨¬®±²¨ R > 0 ±µ®¤¨²±¿ ° ¢®¬¥°®   «¾¡®¬ ¯°®¬¥¦³²ª¥ [a; b] ∈ (−R;R). �°¨ ½²®¬, ®¤ ª®, ±²¥¯¥-
®© °¿¤ ¥ ®¡¿§ ²¥«¼® ±µ®¤¨²±¿ ° ¢®¬¥°® ¢® ¢±¥¬ ¨²¥°¢ «¥ ±µ®¤¨¬®±²¨. 2.1. �

�°¨¬¥° J2.1.

∞∑
n=0

xn, R = 1 ±µ®¤¨²±¿ ¥° ¢®¬¥°® ¢ (−1; 1) S(x) =
1

1− x
Sn(x) =

1− xn

1− x

sup
−1 < x < 1

|Sn(x)− S(x)| = sup
−1 < x < 1

|x|n

1− x
@

±«¥¤®¢ ²¥«¼® °¿¤ ±µ®¤¨²±¿ ¥ ° ¢®¬¥°®. 2.1. I

� ¬¥· ¨¥ � 2.2. �¤ ª® ±³¹¥±²¢³¾² ±²¥¯¥»© °¿¤», ª®²®°»¥ ±µ®¤¿²±¿ ° ¢®¬¥°® ¥ ²®«¼ª®
¢ ¨²¥°¢ «¥ (−R;R) ® ¨   [−R;R]. 2.2. �

�°¨¬¥° J2.2.
∞∑
n=1

xn

n2 ; R = 1;
∣∣xn
n2

∣∣ ≤ 1
n2 = an (∀x ∈ [−1; 1])

∞∑
n=1

an =
∞∑
n=1

1
n2 ±µ®¤¨²±¿, ±«¥¤®¢ ²¥«¼® ¤ »© ±²¥¯¥®© °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®. 2.2. I

� ¬¥· ¨¥ � 2.3. �®¯®«¨²¥«¼®¥ ®¡®¡¹¥¨¥ - ¥±«¨ °¿¤ (1.1 ) ±µ®¤¨²±¿  ¡±®«¾²® ¯°¨ x =
R (x = −R), ²® ® ±µ®¤¨²±¿ ° ¢®¬¥°®   [−R;R] 2.3. �

�°¨¬¥° J2.3.
∞∑
n=1
|Cn|Rn ±µ®¤¨²±¿ |Cnxn| ≤ |Cn|Rn = an (∀x ∈ [−R;R]) ±«¥¤®¢ ²¥«¼® ±²¥¯¥®©

°¿¤ (1.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [−R;R] 2.3. I

� ¬¥· ¨¥ � 2.4. �ª §»¢ ¥²±¿, ·²® ¨¬¥¥² ¬¥±²® ¡®«¥¥ ±¨«¼®¥ ³²¢¥°¦«¥¨¥,   ¨¬¥® ²¥®°¥¬ 
�¡¥«¿. (� �� ����� �� � ������� � �� ���� �� ��� ���������...)
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�³±²¼ ±²¥¯¥®© °¿¤ (1.1 ) ¨¬¥¥² ¥³«¥¢®© ° ¤¨³± ±µ®¤¨¬®±²¨: 0 < R <∞. �³±²¼ ² ª¦¥ ±²¥¯¥®© °¿¤
(1.1 ) ±µ®¤¨²±¿ ¢ ²®·ª¥ x = R µ®²¿¡» ¥ ¡±®«¾²®.
�®£¤  ±²¥¯¥®© °¿¤ (1.1 ) ° ¢®¬¥°® ±µ®¤¨²±¿   [0;R].
� «®£¨·®¥ ³²¢¥°¦¤¥¨¥ ±¯° ¢¥¤«¨¢® ¨ ¤«¿ x = −R 2.4. �

�°¨¬¥° J2.4.
∞∑
n=1

CnR
n ±µ®¤¨²±¿

∞∑
n=1

Cnx
n =

∞∑
n=1

(CnRn) ∗
(
x
R

)n
������� ����������, � �� �����, ��� ������ ��� ����������:
¨ ¨±¯. ¯°. °. ±µ. �¡¥«¿. 2.4. I

�¥®°¥¬  C 2.2: � ¥¯°¥°»¢®±²¨ ±³¬¬» ±²¥¯¥®£® °¿¤ . � ±±¬®²°¨¬ ±²¥¯¥®© °¿¤ (1.1 ).
�³±²¼ ® ¨¬¥¥² ¥³«¥¢®© ° ¤¨³± ±µ®¤¨¬®±²¨ R > 0, ²®£¤  ±³¬¬  °¿¤  ¥¯°¥°»¢  ¢ ¨²¥°¢ «¥ [−R;R].

�³±²¼ S(x) =
∞∑
n=0

Cnx
n, ¯³±²¼ x0 ∈ (−R;R).

�®ª ¦¥¬, ·²® S(x) ¥¯°¥°»¢  (��� ����������, �������� � ����� ����������� - ���
����� �������) ¢ ²®·ª¥ x0.

�®ª § ²¥«¼±²¢®.
�³±²¼ r > 0 : |x0| < r < R. �²¥¯¥®© °¿¤ (1.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [−r; r]
Un(x) = Cnx

n ∈ [−r; r] (∀n ∈ N) ±«¥¤®¢ ²¥«¼® ±®£« ±® ²¥®°¥¬¥ ® ¥¯°¥°»¢®±²¨ ±³¬¬» (� �����
����� � ���� �������) °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°® S(x) ∈ C[ − r; r], x0 ∈ (−r; r), ±«¥¤®¢ ²¥«¼®
S(x) ¥¯°¥°»¢  ¢ ²®·ª¥ x0 =⇒ S(x) ∈ C(−R;R). 2.2. B

� ¬¥· ¨¥ � 2.5. �³±²¼ 0 < R <∞, ²®£¤  S(x) ∈ C(−R;R), ® ¥ ¿¢«¿¥²±¿ ¥¯°¥»¢  ¢ ²®·ª¥ x =
+−R, � ����� ���������� � �� ���� ����� ������� ®¤ ª® ®  ¬®¦¥² ¡»²¼ ®¤®±²®°®¥
¥¯°¥°»¢  ¢ ²®·ª¥ +−R. 2.5. �

�°¨¬¥° J2.5.
∞∑
n=1

xn = 1
1−x (−1; 1) ²®·ª  x0 ¿¢«¿¥²±¿ ²®·ª®© ¡¥±ª®¥·®£® ° §°»¢  S(x).

2.5. I

�°¨¬¥° J2.6.
∞∑
n=1

xn

n2 ∈ C[−1;1] ½²®² °¿¤ ° ¢®¬¥°® ±µ®¤¨²±¿   [−1; 1] ².¥. ®  (��� ���?) ¢

²®·ª¥ +-1 ®¤®±²®°®¥ ¥¯°¥°»¢  2.6. I

� ¬¥· ¨¥ � 2.6. �³±²¼ 0 < R <∞, ¥±«¨ ±²¥¯¥®© °¿¤ (1.1 ) ±µ®¤¨²±¿ ¢ ²®·ª¥ x = R ¿¢«¿¥²±¿
¥¯°¥°»¢»¬ ±«¥¢ , ².¥.

lim
x→R−0

∞∑
n=0

Cnx
n =

∞∑
n=0

CnR
n

½²® ±«¥¤³¥² ¨§ 2-®© ²¥®°¥¬» �¡¥«¿, ±®£« ±® ª®²®°®© ±²¥¯¥®© °¿¤ (1.1 )   [0;R] ±µ®¤¨²±¿ ° ¢®¬¥°®,
±«¥¤®¢ ²¥«¼® S(x) ∈ C[0;R] 2.6. �

§2.¡. �®·«¥®¥ ¨²¥£°¨°®¢ ¨¥ ¨ ¤¨´´¥°¥¶¨°®¢ ¨¥ ±²¥¯¥»µ °¿¤®¢.
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�¥®°¥¬  C 2.3: � ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ ±²¥¯¥®£® °¿¤ .
�²¥¯¥®© °¿¤ ± ¥³«¥¢»¬ ° ¤¨³±®¬ ±µ®¤¨¬®±²¨ R > 0 ¢³²°¨ ¨²¥°¢ «  ±µ®¤¨¬®±²¨ ¤®¯³±ª ¥²
¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥ ¯°¨ ½²®¬ ° ¤¨³± ±µ®¤¨¬®±²¨ ¯®«³·¥®£® °¿¤  ° ¢¥ ° ¤¨³±³ ±µ®¤¨¬®±²¨
±²¥¯¥®£® °¿¤ . (�°¨ ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ ° ¤¨³± ±µ®¤¨¬®±²¨ ¥ ¨§¬¥¿¥²±¿.)

�®ª§ ²¥«¼±²¢®.

�³±²¼ ¤«¿ ®¯°¥¤¥«¥®±²¨ 0 < x < R,
∞∑
n=0

Cnt
n, t ∈ [0;x] ° ¢®¬¥°® ±µ®¤¨²±¿   [0;x] ±®£« ±® ²¥-

®°¥¬¥ (II.2.1 ) ¨, ±«¥¤®¢ ²¥«¼®, ¤®¯³±ª ¥² ¯®·«¥®¥ ¨²¥£°¨°®¢ ¨¥. S(t) =
∞∑
n=0

Cnt
n

x∫
0
S(t)dt =

x∫
0

( ∞∑
n=0

Cndt

)
dt = �®£« ±® ²¥®°¥¬¥ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ (��� ����� ��������� ��

�������, ������� �����������, ��� � ������) =
∞∑
n=0

(
x∫
0
Cnt

ndt

)
=

∞∑
n=0

Cn
n+1x

n+1 =

∞∑
n=1

dnx
n, £¤¥ dn = Cn−1

n �³±²¼ R1 - ° ¤¨³± ±µ®¤¨¬®±²¨
∞∑
n=1

dnx
n, ²®£¤  1

R1
= lim
n→∞

n

√
|Cn−1|
n = lim

n→∞
n
√
|Cn−1| =

lim
n→∞

n+1
√
|Cn| = lim

n→∞

(
n
√
|Cn|

) n
n+1

= lim
n→∞

( 1
R

) n
n+1 = 1

R =⇒ R1 = R 2.3. B

� ¬¥· ¨¥ � 2.7. � ±«³· ¥, ¥±«¨  ¸ ±²¥¯¥®© °¿¤ ±µ®¤¨²±¿ ¢ ²®·ª¥ x = R (µ®²¿¡» ¥ ¡±®-

«¾²®), ²® ±¯° ¢¥¤«¨¢  ´®°¬³« :
R∫
0
S(x)dx =

∫ ( ∞∑
n=0

Cnx
n

)
dx =

∞∑
n=0

Cn

n+1R
n+1. � «®£¨·®¥ § ¬¥· ¨¥

±¯° ¢¥¤«¨¢® ¤«¿ x = −R. 2.7. �

�°¨¬¥° J2.7. 1
1+x = 1 − x + x2 − x3 + ... x ∈ (−1; 1) �®£« ±® ²¥®°¥¬¥ (II.2.3 ) ln(1 + x) =

x − x2

2 + x3

3 −
x4

4 + ..., ².¥. ln(1 + x) =
∞∑
n=1

(−1)n+1

n xn (∀x ∈ (−1; 1)). � ¬¥²¨¬, ·²® ±²¥¯¥®© °¿¤ ±µ®¤¨²±¿

¢ ²®·ª¥ x = 1, ±«¥¤®¢ ²¥«¼® ¥£® ±³¬¬  ¢ ²®·ª¥ x = 1 ¿¢«¿¥±²¿ ¥¯°¥°»¢®© ±«¥¢ . �¥°¥µ®¤¿ ª ¯°¥¤¥«³

¯°¨ x→ 1− 0 ¯®«³·¨¬: ln(2) =
∞∑
n=1

(−1)n+1

n =⇒ ln(1 + x) =
∞∑
n=1

(−1)n+1

n xn; (∀x ∈ (−1; 1)) 2.7. I

�¥®°¥¬  C 2.4: � ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ±²¥¯¥®£® °¿¤ .
�²¥¯¥®© °¿¤ ± ¥³«¥¢»¬ ° ¤¨³±®¬ ±µ®¤¨¬®±²¨ R > 0 ¢³²°¨ ¨²¥°¢ «  ±µ®¤¨¬®±²¨ ¤®¯³±ª ¥² ¯®-
·«¥®¥ ¤¨´´¥°¥¶¨°®¢ ¨¥, ¯°¨ ½²®¬ ° ¤¨³± ±µ®¤¨¬®±²¨ ¯®«³·¥®£® °¿¤  ° ¢¥ ° ¤¨³±³ ±µ®¤¨¬®±²¨
¨±µ®¤®£® °¿¤ .

�³±²¼ (1) S(x) =
∞∑
n=0

Cnx
n; ¯³±²¼ x ∈ (−R;R) - ¯°®¨§¢®«¼ ¿ ²®·ª ; ¯³±²¼ r > 0 : |x| < r < R.

� ±±¬®²°¨¬ °¿¤ (2), ±®±²®¿¹¨© ¨§ ¯°®¨§¢®¤»µ ¨±µ®¤®£® °¿¤ 
∞∑
n=1

nCnx
n−1 =

∞∑
n=0

dnx
n, £¤¥ dn =

(n+ 1)Cn+1
�³±²¼ R2 - ° ¤¨³± ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  (2), ²®£¤  ¯® ´®°¬³«¥ �®¸¨ 1

R2
= overline lim

n→∞
n
√
|dn| =

overline lim
n→∞

n
√

(n+ 1)|Cn+1| = overline lim
n→∞

n
√
|Cn + 1| = overline lim

n→∞

(
n
√
|Cn+1|

)n+1
n

= 1
R =⇒ R2 = R

�²¥°¢ « ±µ®¤¨¬®±²¨ (−R;R) ±«¥¤®¢ ²¥«¼®   [−r; r] ±²¥¯¥®© °¿¤ (2) ±µ®¤¨²±¿ ° ¢®¬¥°®, ².®.
  [−r; r] ¢»¯®«¥» ¢±¥ ³±«®¢¨¿ ²¥®°¥¬» ® ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ´³ª¶¨® «¼®£® °¿¤ , ±«¥-

¤®¢ ²¥«¼® SI(x) =
( ∞∑
n=0

Cnx
n

)I
=
∞∑
n=1

nCnx
n−1; (∀x ∈ (−R;R)) 2.4. B



�. �. ������� ������ �� ��������������� �������. ������� 3.

II.2 �¢®©±²¢  ±²¥¯¥»µ °¿¤®¢. 39

�°¨¬¥° J2.8.

1
1− x

= 1 + x+ x2 + ...; x ∈ (−1; 1)

1
(1− x)2 = 1 + 2x+ 3x2 + ...;

1
(1− x)2 =

∞∑
n=0

(n+ 1)xn; x ∈ (−1; 1)

2.8. I

� ¬¥· ¨¥ � 2.8. �§ ²¥®°¥¬ (II.2.3 ) ¨ (II.2.4 ) ¢»²¥ª ¥², ·²® ° ¤¨³± ±µ®¤¨¬®±²¨ ¥ ¬¥¿¥²±¿
ª ª ¯°¨ ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨, ² ª ¨ ¯°¨ ¤¨´´¥°¥¶¨°®¢ ¨¨. 2.8. �

� ¬¥· ¨¥ � 2.9. �.ª. °¿¤ ±®±²®¨² ¨§ ¯°®¨§¢®¤»µ ·«¥®¢ ¤ ®£® °¿¤  (1.1 ) ¥±²¼ ² ª¦¥ °¿¤ ±
¤ »¬ ° ¤¨³±®¬ ±µ®¤¨¬®±²¨, ²® ® (°¿¤ ¨§ ¯°®¨§¢®¤»µ) ¤®¯®«¨²¥«¼® ¬®¦¥² ¡»²¼ ¯®·«¥® ¤¨´´¥-
°¥¶¨°®¢ , ²®£¤  ¨§ ½²®£® ±«¥¤³¥², ·²® ±²¥¯¥®© °¿¤ ¯°¥¤±² ¢«¿¥² ¢®§¬®¦®±²¼ ¡¥±ª®¥·®£® ¤¨´´¥-
°¥¶¨°®¢ ¨¿ ¢ ¨²¥°¢ «¥ ±µ®¤¨¬®±²¨. 2.9. �

� ¬¥· ¨¥ � 2.10. �°¨ ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ¨ ¨²¥£°¨°®¢ ¨¨ ±²¥¯¥»µ °¿¤®¢ · ±²®
³¤ ¥²±¿  ©²¨ ±³¬¬» ½²¨µ °¿¤®¢. 2.10. �

�°¨¬¥° J2.9. φI(x) =
∞∑
n=1

xn−1

n ; φ(0) = 0; φI(0) = 1

xφI(x) =
∞∑
n=1

xn

n =⇒ xφII + φI =
∞∑
n=1

xn−1 = 1 + x+ x2 + ... = 1
1−x

�³ª¶¨¿ φ(x) ¿¢«¿¥²±¿ °¥¸¥¨¥¬ § ¤ ·¨ �®¸¨ xφII + φI = 1
1−x ; φ(0) = 0; φI(0) = 1

�³±²¼ φI = z, ²®£¤  xzI + z = 1
1+x x dzdx = −z; dz

z = −dxx =⇒ ln z
c = − lnx = ln 1

x =⇒ z = C
x ; z =

C(x)
x =⇒ x

[
CI(x)
x − C(x)

x2

]
+ C(x)

x = 1
1−x =⇒ CI(x) = 1

1−x =⇒ C(x) = − ln(1 − x); z = − ln(1−x)
x =⇒

φ(x) =
∞∑
n=1

xn

n2 = −
x∫
0

ln(1−t)
t dt; (∀x ∈ (−1; 1)) 2.9. I



�. �. ������� ������ �� ��������������� �������. ������� 3.

40 �« ¢  II. �²¥¯¥»¥ °¿¤»

§3. � §«®¦¥¨¥ ´³ª¶¨© ¢ ±²¥¯¥®© °¿¤.

§3. . �¿¤ �¥©«®°  ¨   «¨²¨·¥±ª¨¥ ´³ª¶¨¨.

�¯°¥¤¥«¥¨¥ C C 3.1. �³±²¼ f(x) ∈ C∞(Oh(x0)). �®£¤  ±²¥¯¥®© °¿¤

∞∑
n=0

f (n)(x0)
n!

(x− x0)n (3.1)

(o! = 1; f (0) = f)  §»¢ ¥²±¿ °¿¤®¬ �¥©«®°  f(x) ¢ (.)x0 3.1. B B

�¯°¥¤¥«¥¨¥ C C 3.2. �³ª¶¨¿ f(x), ª®²®° ¿ ¿¢«¿¥²±¿ ±³¬¬®© ±²¥¯¥®£® °¿¤  ±R 6= 0,²® ¥±²¼
¨¬¥¥² ¬¥±²®

f(x) =
∞∑
n=0

cn(x− x0)n (3.2)

|x− x0| < R, £¤¥ R > 0-°¿¤ ±µ®¤¨²±¿,  §»¢ ¥²±¿   «¨²¨·¥±ª®© ´³ª¶¨¥© ¢ (.)x0 3.2. B B

�¥®°¥¬  C 3.1: � °¿¤¥ �¥©«®° 
�±«¨ f(x) ¿¢«¿¥²±¿   «¨²¨·¥±ª®© ¢ (.)x0 (²® ¥±²¼ ¨¬¥¥² ¬¥±²® ¯°¥¤±² ¢«¥¨¥ 3.2) ²® ¥®¡µ®¤¨¬®
cn = f(n)(x0)

n! , n = 0, 1, 2, . . . ²® ¥±²¼ ±²¥¯¥®© °¿¤ 3.2 ¿¢«¿¥²±¿ °¿¤®¬ �¥©«®°  ´³ª¶¨¨ f(x), ¨»¬¨
±«®¢ ¬¨, ¢±¿ª¨© ±²¥¯¥®© °¿¤ ± ¥³«¥¢»¬ ° ¤¨³±®¬ ±µ®¤¨¬®±²¨ ¿¢«¿¥²±¿ °¿¤®¬ �¥©«®°  ±¢®¥© ±³¬¬».
�®ª § ²¥«¼±²¢®:
�§ 3.2⇒ f(x) ∈ c∞(OR(x0)) ¯°¨·¥̈¬ ±²¥¯¥®© °¿¤ 3.2 ¤®¯³±ª ¥² ¡¥±ª®¥·®¥ ¯®·«¥®¥ ¤¨´´¥°¥¶¨°®-
¢ ¨¥
(20) f(x) = c0 + c1(x− x0) + c2(x− x0)2 + c3(x− x0)3 + · · ·+ cn(x− x0)n + . . .

(21) f ′(x) = c1 + 2c2(x− x0) + 3c3(x− x0)2 + · · ·+ ncn(x− x0)n−1 + . . .

(22) f ′′(x) = 2 · 1c2 + 3 · 2c3(x− x0) + · · ·+ n(n− 1)cn(x− x0)n−2 + . . .
. . .
(2n) f (n) = n!cn + (n+ 1)n . . . 2cn+1(x− x0) + (n+ 2)(n+ 1) . . . 3cn+2(x− x0)2 + . . .
�®¤±² ¢¨¬ ¢ ½²³ ±¨±²¥¬³ ° ¢¥±²¢ x′ = x0 :
c0 = f(xo)
c1 = f ′(xo)
c2 = f ′′(xo)

2!
. . .
cn = f(n)(x0)

n!
�² ª, ¬»  ¸«¨ ¢±¥ ª®½´´´¨¶¨¥²». 3.1. B

� ¬¥· ¨¥ � 3.1. �§ ¤®ª § ®© ²¥®°¥¬» ±«¥¤³¥², ·²®   «¨²¨·¥±ª ¿ ´³ª¶¨¿ ¿¢«¿¥²±¿ ¡¥±ª®-
¥·® ¤¨´´¥°¥¶¨°³¥¬®© ¢ ¥ª®²®°®© ®ª°¥±²®±²¨ (.)x0. �±²¥±²¢¥® ¢®§¨ª ¥² ¢®¯°®± :   ¢¥°® «¨
®¡° ²®¥ ³²¢¥°¦¤¥¨¥?
� ¬¥²¨¬, ·²® ¥±«¨ ´³ª¶¨¿ ¡¥±ª®¥·® ¤¨´´¥°¥¶¨°³¥¬ , ²® ®  ®¡« ¤ ¥² °¿¤®¬ �¥©«®° . �¤ ª®, ¬®-
¦¥² ®ª § ²¼±¿, ·²® °¿¤ �¥©«®°  ½²®© ´³ª¶¨¨ ±µ®¤¨²±¿ «¨¸¼ ¢ ®¤®© (.)x = x0 (²® ¥±²¼ R = 0),   ½²®
®§ · ¥², ·²® ® ¥ ¯°¥¤±² ¢«¿¥²  ¸³ ´³ª¶¨¾. �®«¥¥ ²®£®, ¥±«¨ R °¿¤  �¥©«®°  ¡³¤¥² ¡®«¼¸¥ ³«¿, ½²®
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¢®¢±¥ ¥ ®§ · ¥² ,·²®  ¸  ´³ª¶¨¿ ¿¢«¿¥²±¿   «¨²¨·¥±ª®©. �»¬¨ ±«®¢ ¬¨, ³²¢¥°¦¤¥¨¥ ®¡° ²®¥
II.3.1 ¥¢¥°®, ²® ¥±²¼ ¨§ ¡¥±ª®¥·®£® ¤¨´´¥°¥¶¨°®¢ ¨¿ ¥ ±«¥¤³¥² ¥¥̈   «¨²¨·®±²¼. 3.1. �

�°¨¬¥° J3.1. f(x) = {e
−1
x? , x 6= 0 ; 0, x = 0}

f(x) ∈ C∞(−∞; +∞)
f (n)(0) = 0∀n ∈ N f(0) = 0} ⇒ cn = f(n)(0)

n! = 0, n = 0, 1, 2, . . .
S(x) = 0∀x, ® f(x) 6= 0 ¯°¨ x 6= 0} ⇒ f(x) ¥ ¿¢«¿¥²±¿   «¨²¨·¥±ª®© ¢ (.)x0 ²® ¥±²¼ ¥ ±³¹¥±²¢³¥²
®ª°¥±²®±²¨ (.)x0 ¢ ª®²®°®©  ¸  ´³ª¶¨¿ ¯°¥¤±² ¢«¿« ±¼ ¡» °¿¤®¬ �¥©«®° . 3.1. I

�®§¨ª ¥² ¢®¯°®±: ¯°¨ ª ª¨µ ³±«®¢¨¿µ ¡¥±ª®¥·® ¤¨´´¥°¥¶¨°³¥¬ ¿ ´³ª¶¨¿ ¯°¥¤±² ¢«¿¥²±¿ °¿¤®¬
�¥©«®° , ²® ¥±²¼ ¿¢«¿¥²±¿   «¨²¨·¥±ª®©?
�²¢¥²   ½²®² ¢®¯°®± ¯®«³· ¥²±¿ ¨§ ´®°¬³«» �¥©«®° :
�³±²¼ f(x) ∈ C∞(Oh(x0)).. �®£¤  ¨¬¥¥² ¬¥±²® ´®°¬³« 

f(x) =
n∑
k=0

f (k)(x0)
k!

(x− x0)k +Rn(x) (∀n ∈ N) (3.3)

£¤¥ Rn-®±² ²®·»© ·«¥
�§ ½²®© ´®°¬³«» ¢»²¥ª ¥² «¥¬¬ :

�¥¬¬  C @ p 3.1: �³±²¼ f(x) ∈ C∞(Oh(x0)). �®£¤  ¤«¿ ²®£® ·²®¡» f(x) ¡»«    «¨²¨·¥±ª®© ¢
(.)x0, ¥®¡µ®¤¨¬® ¨ ¤®±² ²®·®, ·²®¡» lim

n→∞
Rn(x) = 0∀x ∈ Oh(x0). 3.1 A B

�¥®°¥¬  C 3.2: �³±²¼

1) f(x) ∈ C∞(Oh(x0)).

2) ∃M > 0 : |f (n)(x)| ≤M (∀n ∈ N∀x ∈ Oh(x0))

�®£¤  f(x) ¿¢«¿¥²±¿   «¨²¨·¥±ª®© ´³ª¶¨¥© ¢ (.)x0, ²® ¥±²¼ ¿¢«¿¥²±¿ ±³¬¬®© ±¢®¥£® °¿¤  �¥©«®° .
�®ª § ²¥«¼±²¢®:
� ±±¬®²°¨¬ ®±² ²®·»© ·«¥ ¢ ´®°¬¥ � £° ¦ :
Rn(x) = 1

(n+1)!f
(n+1)(x0 + Θ(x − x0))(x− x0)n+1, £¤¥ 0 < Θ < 1.{∀x ∈ Oh(x) ⇒ x0 + Θ(x − x0) ∈

Oh(x)}|Rn(x)| ≤ 1
(n+1)!M |x− x0|n+1 ≤ Mhn+1

(n+1)! = an (∀n ∈ N∀x ∈ Oh(x0))
0 ≤ |Rn(x)| ≤ an
�®ª ¦¥¬, ·²® lim

n→∞
an = 0

� ±±¬®²°¨¬ °¿¤
∞∑
n=1

an; lim
n→∞

an+1
an

= lim
n→∞

h
n+2 = 0 < 1 ⇒

∞∑
n=1

an ±µ®¤¨²±¿ ⇒ an → 0 (n → ∞) ⇒

lim
n→∞

Rn(x) = 0∀x ∈ Oh(x0) ⇒ f(x) ¿¢«¿¥²±¿   «¨²¨·¥±ª®© ¢ (.)x0. 3.2. B

§3.¡. �°®±²¥©¸¨¥ ° §«®¦¥¨¿.

1) f(x) = 1
1−x =

∞∑
n=0

xn; −1 < x < 1.

2) f(x) = 1
1+x =

∞∑
n=0

(−1)nxn; −1 < x < 1.
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3) f(x) = ex =
∞∑
n=0

xn

n! ; −∞ < x < +∞

4) f(x) = sin(x) =
∞∑
n=0

(−1)n+1

(2n−1)! x
2n−1; −∞ < x < +∞

5) f(x) = cos(x) =
∞∑
n=0

(−1)n

(2n)! ; −∞ < x < +∞

� §«®¦¥¨¿ 3), 4), 5) ¯®«³· ¾²±¿ ± ¯®¬®¹¼¾ II.3.2.

6) f(x) = ln(1 + x) =
∞∑
n=0

(−1)n+1

n xn − 1 < x < 1.

f ′(x) = 1
1+x -¥ ®£° ¨·¥ , ±«¥¤®¢ ²¥«¼® II.3.2 ´®°¬ «¼® ¥ ¯°¨¬¥¨¬ , ® ° §«®¦¥¨¥ ¡»«®

¯®«³·¥® ¢® ¢²®°®¬ ¯ ° £° ´¥ ¤°³£¨¬ ±¯®±®¡®¬- ¯®·«¥»¬ ¨²¥£°¨°®¢ ¨¥¬.

7) f(x) = arctg(x)
f ′(x) = 1

1+x2 -®£° ¨·¥ , ±«¥¤®¢ ²¥«¼® ´®°¬ «¼® ¬®¦® ¯® II.3.2 ® ¬» ¯®±²³¯¨¬ ¨ ·¥: f ′(x) =
1

1+x2 =
∞∑
n=1

(−1)n+1
x2n−2,−1 < x < 1 ⇒ (¯® ²¥®°¥¬¥ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨) arctg(x) =

∞∑
n=1

(−1)n+1

2n−1 x2n−1; −1 < x < 1 �¤ ª® ½²®² °¿¤ ¢ (..)± 1 ±µ®¤¨²±¿ ¯® ¯°¨§ ª³ �¥©¡¨¶  ⇒ ±®£« ±®

(??) ½²® ° ¢¥±²¢® ¬®¦® ³±² ®¢¨²¼ ³¦¥   ®²°¥§ª¥ [−1; 1]

�°¨ x = 1 ¯®«³· ¥¬: π
4 =

∞∑
n=1

(−1)n+1
x2n−1 = 1− 1

3 + 1
5 −

1
7 + . . .

�¯° ¦¥¨¥ C � 3.1.  ©²¨ ° §«®¦¥¨¥ ¢ ±²¥¯¥®© °¿¤ ¢ ®ª°¥±²®±²¨ (.)0 ´³ª¶¨¨ arctan
3.1. � B

§3.¢. �¨®¬¨ «¼»© °¿¤.

� ±±¬®²°¨¬ ±²¥¯¥®© °¿¤

∞∑
n=1

α(α− 1) . . . (α− k + 1)
k!

xk = 1 + αx+
α(α− 1)

2!
x2 +

α(α− 1)(α− 2)
3!

x3 + . . . (3.4)

(£¤¥ α 6= 0, α 6= nn ∈ N ² ª ª ª °¿¤ ¨±·¥§ ¥² ¯°¨ α = 0α = n
�²®² °¿¤  §»¢ ¥²±¿ ¡¨®¬¨ «¼»¬.� ©¤¥̈¬ R ½²®£® °¿¤ .
R = lim

n→∞
| cncn+1

| = lim
n→∞

| n+1
α−n | = 1 ²® ¥±²¼ °¿¤ 3.4 ±µ®¤¨²±¿  ¡±®«¾²® ¯°¨ −1 < x < 1

�¡®§ ·¨¬ ϕ(x) =
∞∑
n=0

α(α−1)...(α−n+1)
n! xn

ϕ′(x) = α+α(α− 1)x+ α(α−1)(α−2)
2! x2 + · · · ⇒ (1 + x)ϕ′(x) = α[1 + x+ (α− 1)(1 + x) + (α−1)(α−2)

2! x2(1 + x) +
· · ·+ (α−1)(α−2)...(α−n+1)

(n−1)! xn−1(1 + x) + (α−1)(α−2)...(α−n+1)(α−n)
n! xn(1 + x) + . . . ]

�®½´´¨¶¨¥² ¯°¨ xn ¢ ½²®© ´®°¬³«¥ ¥±²¼ (α−1)(α−2)...(α−n+1)
(n−1)! (1 + α−n

n ) = α(α−1)(α−2)...(α−n+1)
n! ⇒ (1 +

x)ϕ′(x) = α
∞∑
n=0

α(α−1)(α−2)...(α−n+1)
n! xn = αϕ(x) ⇒ ϕ(x) ¿¢«¿¥²±¿ °¥¸¥¨¥¬ § ¤ ·¨ �®¸¨: {(1 + x)ϕ′(x) =

αϕϕ(0) = 1}
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dϕ
ϕ = α

1+x ⇒ lnϕ = α ln(1 + x) = ln (1 + x)α ⇒ ϕ(x) = C(1 + x)α ⇒ ϕ(x) = (1 + x)α.
�¥¬ ± ¬»¬ ³±² ®¢«¥® ° ¢¥±²¢®

(1 + x)2 =
∞∑
n=0

α(α− 1) . . . (α− n+ 1)
n!

xn − 1 < x < 1 (3.5)

�±² «®±¼ ° ±±¬®²°¥²¼ ¯®¢¥¤¥¨¥ ¡¨®¬¨ «¼®£® °¿¤    ª®¶ µ ¨²¥°¢ «  ±µ®¤¨¬®±²¨. �±¯®«¼§³¥¬
¯°¨§ ª �  ¡¥ ¤«¿ ¨±±«¥¤®¢ ¨¿ ¯° ¢®© · ±²¨ 3.5    ¡±®«¾²³¾ ±µ®¤¨¬®±²¼. r = lim

n→∞
( |an||an+1| − 1) =

lim
n→∞

n(1+α)
n−α = 1 + α

(α > 0) r > 1⇒ ±µ®¤¨¬®±²¼.
(α < 0) r < 1⇒ ° ±µ®¤¨¬®±²¼.
�² ª

1) �°¨ α > 0 ¡¨®¬¨ «¼»© °¿¤ 3.4 ±µ®¤¨²±¿  ¡±®«¾²® ¢ (.)x = ±1

2) �°¨ α < 0(x = −1)-°¿¤ 3.4 ° ±µ®¤¨²±¿, ² ª ª ª ¯® ¢²®°®© ²¥®°¥¬¥ �¡¥«¿ ±³¬¬  °¿¤  3.4 ¤®«¦ 
¡»²¼ ¥¯°¥°»¢  ±¯° ¢  ¢ ¯°®²¨¢®¬ ±«³· ¥, ·²® ¥¢®§¬®¦®, ¨¡® (1 + x)α ¯°¨ α < 0 ¢ (.)x = −1
¨¬¥¥² ²®·ª³ ° §°»¢  ¢²®°®£® °®¤  (¡¥±ª®¥·»© ° §°»¢).

3) � ±±¬®²°¨¬ x = 1, α ≤ −1⇒ ° ±µ®¤¨¬®±²¼. |an|
|an+1| = n−α

n+1 ≥
n+1
n+1

|an|
|an+1| ≥ 1⇒ |an| 6→ 0.

4) x = 1, −1 < α < 0- ° ±±¬®²°¥²¼ ¯®¢¥¤¥¨¥ ¡¨®¬¨ «¼®£® °¿¤ .

§3.£. �¥ª®²®°»¥ ¤®¯®«¨²¥«¼»¥ ° §«®¦¥¨¿.

1) f(x) = sh(x) = 1
2 (ex − e−x) = 1

2 (
∞∑
n=0

xn

n! −
∞∑
n=0

(−1)nxn

n! ) = 1
2

∞∑
n=0

1−(−1)n

n! xn =
∞∑
n=1

x2n−1

(2n−1)! (−∞; +∞).

2) f(x) = ch(x) =
∞∑
n=0

x2n

(2n)! (−∞; +∞).

3) f(x) = arcsin(x) f ′(x) = (1− x2)−
1
2 -¥ ®£° ¨·¥  ¢ (−1; 1)⇒ II.3.2 ¥ ¯°¨¬¥¨¬ .

(1− x2)−
1
2 = 1 + 1

2x
2 +

1
2 ·

3
2

2! x
4 +

1
2 ·

3
2 ·

5
2

3! x6 + · · · = 1 +
∞∑
n=1

(2n−1)!!
2nn! x2n

�²¥£°¨°³¿ ¯®·«¥® ¯®«³· ¥¬:

arcsin(x) = x+
∞∑
n=1

(2n−1)!!x2n+1

2nn!(2n+1) = x+
∞∑
n=1

(2n−1)!!x2n+1

2n!!(2n+1)

�²¥¯¥®© °¿¤, ±²®¿¹¨© ¢ ¯° ¢®© · ±²¨ ±µ®¤¨²±¿  ¡±®«¾²® ¢ (..)± 1

an = (2n−1)!!
2nn!(2n+1) = (2n)!

22n(n!)2(2n+1) (¯® ´®°¬³«¥ �²¨°«¨£ )
√

4πn( 2n
e )2n

22n2πn(ne )2n(2n+1) ∼
k

n
3
2

;α = 3
2 > 1 -°¿¤

�¨°¨¸«¥, ² ª ª ª α = 3
2 > 1 ⇒ °¿¤ ±µ®¤¨²±¿. �²® ° §«®¦¥¨¥ ±¯° ¢¥¤«¨¢®   ®²°¥§ª¥ ± ³·¥̈²®¬

²¥®°¥¬» �¡¥«¿.
π
2 = 1 +

∑
n→∞

(2n−1)!!
2nn!(2n+1)
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�¯° ¦¥¨¥ C � 3.2.

f(x) = arcsh (x) = ln(x+
√

1 + x2)

f ′(x) = (1 + x2)
− 1

2 =

=1− 1
2
x2 +

1
2 ·

3
2

2!
· x4 −

1
2 ·

3
2 ·

5
2

3!
x6 + . . .

=1 +
∞∑
n=1

(−1)n(2n− 1)!!
(2n)!!

x2n, −1 < x < 1⇒

f(x) =arcsh (x) = ln(x+
√

1 + x2) = x+
∞∑
n=1

(−1)n(2n− 1)!!
(2n)!!(2n+ 1)

x2n+1

�¤ ª® ½²® ° §«®¦¥¨¥ ±¯° ¢¥¤«¨¢®   ®²°¥§ª¥ [−1; 1], ² ª ª ª ¢ ª®¶¥¢»µ ²®·ª µ ±µ®¤¨²±¿  ¡±®«¾²®
∞∑
n=1

(2n−1)!!
(2n)!! ±µ®¤¨²±¿ (an

∑
n→∞

k

n
3
2

)-°¿¤ �¨°¨¸«¥. 3.2. � B

§3.¤. � §«®¦¥¨¥ ¢ ±²¥¯¥»¥ °¿¤» ¯®«»µ ½««¨¯²¨·¥±ª¨µ ¨²¥£° «®¢.

K(x) =

π
2∫

0

dt√
1− k2 sin2 t

(3.6)

E(x) =

π
2∫

0

√
1− k2 sin2 tdt (3.7)

0 < k < 1 �³¤¥¬ ¨±µ®¤¨²¼ ¨§ ±«¥¤³¾¹¥£® ° §«®¦¥¨¿:
1√
1−x = (1− x)−

1
2 = 1 +

∞∑
n=1

(2n−1)!!
(2n)!! x

n ⇒ 1√
1−k2 sin2 t

= 1 +
∞∑
n=1

(2n−1)!!
(2n)!! k

2nsin2nt

�²®² °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°® ¯® t ∈ (−∞; +∞) ² ª ª ª ® ¬ ¦®°¨°³¥²±¿ ±µ®¤¿¹¨¬±¿ ·¨±«®¢»¬ °¿¤®¬:
∞∑
n=1

(2n−1)!!
(2n)!! k

2n an ∼ c√
n
k2n, 0 < k < 1 an- ±µ®¤¨²±¿ ¡»±²°¥¥ £¥®¬¥²°¨·¥±ª®© ¯°®£°¥±±¨¨.

�® ²¥®°¥¬¥ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ ° ¢®¬¥°® ±µ®¤¿¹¨µ±¿ ´³ª¶¨® «¼»µ °¿¤®¢, ¨¬¥¥¬
π
2∫
0

dt√
1−k2 sin2 t

=

π
2 +

∞∑
n=1

[ (2n−1)!!
(2n)!! k

2n
π
2∫
0

sin2ntdt] = {
π
2∫
0

sin2ntdt = π
2

(2n−1)!!
(2n)!! } = π

2 [1 +
∞∑
n=1

[ (2n−1)!!
(2n)!! ]

2
k2n]

√
1− x = (1− x)

1
2 = 1− 1

2x−
1
2 ·

1
2

2! x
2 −

1
2 ·

1
2 ·

3
2

3! x3 − · · · = 1−
∞∑
n=1

(2n−1)!!
(2n)!!(2n−1)x

n ⇒ �¥©±²¢³¿ ª ª ¢ ¯°¥¤»¤³¹¥¬

±«³· ¥, ¯®«³· ¥¬: π
2 {1−

∞∑
n=1

[ (2n−1)!!
(2n)!! ] k2n

(2n−1)} 0 < k < 1

� ¬¥· ¨¥ � 3.2. �°¨ ° §«®¦¥¨¨ ´³ª¶¨¨ ¢ ±²¥¯¥»¥ °¿¤» ¤®±² ²®·® · ±²® ¨±¯®«¼§³¥²±¿
³¬®¦¥¨¥ °¿¤®¢, ®±®¢ ®¥   ²¥®°¥¬¥ �®¸¨.
3.2. �
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�°¨¬¥° J3.2. f(x) = ln2(1− x) ° §«®¦¨²¼ ¢ ±²¥¯¥®© °¿¤ ¢ ®ª°¥±²®±²¨ (.)x0 = 0. � ¯®¬®¹¼¾
´®°¬³«» �¥©«®°  ¥ ¯®«³·¨²±¿ ¢»¢¥±²¨ ´®°¬³«³ ¤«¿ ®¡¹¥£® ·«¥  (¥ £®¢®°¿ ³¦¥ ® ²®¬, ·²® ¯°®¨§¢®¤-
 ¿ ¥ ®£° ¨·¥ ).

ln2(1−x) = (x+ x2

2 + x3

3 +· · ·+ xn

n +. . . )(x+ x2

2 + x3

3 +· · ·+ xn

n +. . . ) =
∞∑
n=1

xn+1(1· 1n+ 1
2 ·

1
n−1 + 1

3 ·
1

n−2 +· · ·+ 1
n ·1) =

∞∑
n=1

(
n∑
k=1

1
k(n−k+1) )xn+1 = {

n∑
k=1

1
k(n−k+1) = 1

n+1

n∑
k=1

( 1
k

1
n−k+1 ) = 1

n+1 [(
n∑
k=1

1
k )=Hn + (

n∑
k=1

1
n−k+1 )=Hn ] = 2Hn

n+1} =
∞∑
n=1

2Hn
n+1x

n+1 (−1 ≤ x < 1)

f(x) = ln2(1 + x) = 2Hn
n+1x

n+1, −1 ≤ x < 1
Cn = 2Hn

n+1 > 0; Cn → 0 (Cn ∼ 2 lnn
n+1 → 0); Cn+1 < Cn. 3.2. I

�¯° ¦¥¨¥ C � 3.3. f(x) = ln(1−x)
1−x ¢ ®ª°¥±²®±²¨ x0 = 0 3.3. � B



����� III

�¿¤» �³°¼¥.

§1. �°¥¤¢ °¨²¥«¼»¥ ±¢¥¤¥¨¿ ® ±¨±²¥¬ µ ®°²®£® «¼»µ ´³ª¶¨©   ®²-
°¥§ª¥.

�¯°¥¤¥«¥¨¥ C C 1.1. �³ª¶¨¨ φ(x) ¨ ψ(x) ®¯°¥¤¥«¥» ¨ ¨²¥£°¨°³¥¬»   [a; b]  §»¢ ¾²±¿

®°²®£  «¼»¬¨   ½²®¬ ®²°¥§ª¥ (φ ⊥ ψ), ¥±«¨
b∫
a

φ(x)ψ(x)dx = 0 1.1. B B

� ¬¥· ¨¥ � 1.1. � ½²®¬ ®¯°¥¤¥«¥¨¨ ±³¹¥±²¢¥»¬ ¿¢«¿¥²±¿ ®²°¥§®ª, ® ª®²®°®¬ ¨¤¥² °¥·¼, ¨¡®
®¤  ¨ ² ¦¥ ¯ °  ´³ª¶¨©   ®¤®¬ ®²°¥§ª¥ ¬®¦¥² ¡»²¼ ®°²®£® «¼®©,     ¤°³£®¬ - ¥². 1.1. �

�°¨¬¥° J1.1. � ±±¬®²°¨¬ ¯ °³ ´³ª¶¨© φ(x) = sin(2x); ψ(x) = cos(x)

1) [−π;π]; φ ⊥ ψ
π∫
−π

sin(2x) cos(x)dx = 1
2

π∫
−π

(sin(3x) + sin(x))dx = 0

2)

[0;π]; φ¬ ⊥ ψ
π∫

0

sin(2x) cos(x)dx =
1
2

π∫
0

sin(3x)dx+
1
2

π∫
0

sin(x)dx =

= −1
6

cos(3x)|π0 −
1
2

cos(x)|π0 =
1
6

+
1
6

+
1
2

+
1
2

=
4
3
> 0

1.1. I

�¯°¥¤¥«¥¨¥ C C 1.2. �¨±²¥¬  ´³ª¶¨© φ1(x), φ2(x); ... (ª®¥· ¿ ¨«¨ ¡¥±ª®¥· ¿), £¤¥ ´³ª-
¶¨¨ ®¯°¥¤¥«¥» ¨ ¨²¥£°¨°³¥¬»   ®²°¥§ª¥ [a; b]  §»¢ ¥²±¿ ®°²®£® «¼®© ±¨±²¥¬®© ´³ª¶¨©, ¥±«¨
¢»¯®«¥» ³±«®¢¨¿

1)

b∫
a

φn(x)ψm(x)dx = 0;

¯°¨ m 6= n;

46
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2)

b∫
a

φ2(x)dx > 0; φ(x) =

{
0, ¥±«¨ 0 ≤ x < 1 ,
1, ¥±«¨ x = 1.

1.2. B B

�¯°¥¤¥«¥¨¥ C C 1.3. �¥±ª®¥· ¿ ±¨±²¥¬  ´³ª¶¨© 1, cos(x), sin(x), cos(2x), sin(2x), ...  §»¢ -
¥²±¿ ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬®© ´³ª¶¨©. 1.3. B B

�¥¬¬  C @ p 1.1: �°¨£®®¬¥²°¨·ª±ª ¿ ±¨±²¥¬  ´³ª¶¨© ¿¢«¿¥²±¿ ®°²®£® «¼®©   ®²°¥§ª¥
[−π, π]
1.1 A B
�®ª § ²¥«¼±²¢® � C III.1.1.

1)
π∫
−π

1 sin(x)dx = 0

2)
π∫
−π

1 cos(x)dx = 0

3)
π∫
−π

1 ∗ 1dx = 2π > 0

4)

π∫
−π

sin(nx) cos(mx)dx ==
1
2

π∫
−π

[sin((n+m)x) + sin((n−m)x)]dx = 0

5)

π∫
−π

sin(nx) sin(mx)dx =
1
2
·
π∫
−π

[− cos((n+m)x) + cos((n−m)x)] =

{
0 , ¥±«¨ n 6= m

π , ¥±«¨ n = m.

6)

π∫
−π

cos(nx) cos(mx)dx =
1
2

π∫
−π

[cos((n+m)x) + cos((n−m)x)] =

{
0, ¥±«¨ n 6= m

π, ¥±«¨ n = m.

�.².¤. III.1.1 B �.

� ¬¥· ¨¥ � 1.2. � ª ³¦¥ ®²¬¥· «®±¼ ° ¥¥, ¥±«¨ ¥ª®²®° ¿ ±¨±²¥¬  ´³ª¶¨© ¿¢«¿¥²±¿ ®°²®-
£® «¼®©   ®¤®¬ ¬®¦¥±²¢¥, ²® ½²® ¥ ®§ · ¥², ·²® ®  ®°²®£® «¼    ¤°³£®¬ ¬®¦¥±²¢¥. �.¥.
®°²®£® «¼®±²¼ § ¢¨±¨² ®² ¬®¦¥±²¢ . �°¨¬¥° ²®¬³ - ²°¨£®®¬¥²°¨·¥±ª ¿ ±¨±²¥¬  ´³ª¶¨©. � , ¡³-
¤³·¨ ®°²®£® «¼®©   [−π, π], �� ¿¢«¿¥²±¿ ®°²®£® «¼®©   [0; π].
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�°®¢¥°¼²¥ ¢»¯®«¥¨¥ ³±«®¢¨© ®°²®£® «¼®±²¨ ¨ ³¡¥¤¨²¥±¼. 1.2. �

�°¨¬¥° J1.2. �® ¨ ¤«¿ ¨²¥°¢ «  [0, π] ¥±²¼ ®°²®£® «¼»¥ ±¨±²¥¬». � ±±¬®²°¨¬ ¤¢¥ ¯®¤±¨±²¥-
¬» ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬» ´³ª¶¨©:
A = {1, cos(x), cos(2x), ...}
B = {sin(x), sin(2x), ...}
� ¦¤ ¿ ¨§ ½²¨µ ¯®¤±¨±²¥¬ ¿¢«¿¥²±¿ ®°²®£® «¼®©   [0; π]
1.2. I

�¯°¥¤¥«¥¨¥ C C 1.4.

f(x) =
A0

2
+

n∑
k=1

(Ak cos(kx) +Bk sin(kx)) ; (A2
n +B2

n) > 0

 §»¢ ¥²±¿ ²°¨£®®¬¥²°¨·¥±ª¨¬ ¯®«¨®¬®¬ n-®© ±²¥¯¥¨. 1.4. B B

�¯°¥¤¥«¥¨¥ C C 1.5. �³ª¶¨® «¼»© °¿¤ A0
2 +

∞∑
n=1

(An cos(nx) +Bn sin(nx)) ; (A2
n + B2

n) > 0

 §»¢ ¥²±¿ ²°¨£®®¬¥²°¨·¥±ª¨¬ °¿¤®¬. 1.5. B B

� ¬¥· ¨¥ � 1.3. �·¥¢¨¤®, ·²® «¾¡®© ²°¨£®®¬¥²°¨·¥±ª¨© ¯®«¨®¬ ¯°¥¤±² ¢«¿¥² ±®¡®© 2π
¯¥°¨®¤¨·³¾ ´³ª¶¨¾ 1.3. �

� ¬¥· ¨¥ � 1.4. �®§¨ª ¥² ¢®¯°®±: ¬®¦® «¨ ³²¢¥°¦¤ ²¼, ²® «¾¡ ¿ 2π ¯¥°¨®¤¨· ¿ ´³ª¶¨¿
f(x) ∈ C∞(−∞;∞) ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢«¥  ¢ ¢¨¤¥ ²°¨£®®¬¥²°¨·¥±ª®£® ¯®«¨®¬ .
�²¢¥² ®²°¨¶ ²¥«¼»©. �®²°¯°¨¬¥°:
f(x) = esin(x) ∈ C∞(−∞;∞) 1.4. �
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§2. �°®±²¥©¸¨¥ ±¢®©±²¢  °¿¤®¢ �³°¼¥.

§2. . �®¿²¨¥ °¿¤  �³°¼¥.

�¥®°¥¬  C 2.1: �±«¨ ²°¨£®¬¥²°¨·¥±ª¨© °¿¤ ¢¨¤ 

a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx) (2.1)

±µ®¤¨²±¿ ° ¢®¬¥°®   [−π;π], ²® ¥®¡µ®¤¨¬®: ¥£® ª®½´´¨¶¨¥²» ®¯°¥¤¥«¿¾²±¿ ¯® ´®°¬³« ¬

a0 =
1
π

π∫
−π

f(x)dx

an =
1
π

π∫
−π

f(x) cosnxdx

bn =
1
π

π∫
−π

f(x) sinnxdx

(2.2)

£¤¥ f(x)-±³¬¬  °¿¤  (2.1 ). 2.1. B
�®ª § ²¥«¼±²¢® � C III.2.1. �§ (2.1 )

f(x) =
a0

2
+
∞∑
n=0

(an cosnx+ bn sinnx) ∀x ∈ [−π;π]

¨§ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  (2.1 ) ±«¥¤³¥², ·²® ® ¤®¯³±ª ¥²   ½²®¬ ®²°¥§ª¥ ¯®·«¥®¥ ¨²¥£°¨-
°®¢ ¨¥:

π∫
−π

f(x)dx =

π∫
−π

a0

2
dx+

 ∞∑
n=1

 π∫
−π

(an cosnx+ bn sinnx)dx


=0

= πa0

⇒ a0 =
1
π

π∫
−π

f(x)dx.

�¬®¦¨¬ ®¡¥ · ±²¨ ° ¢¥±²¢  (2.1 )   cos kx

f(x) cos kx =
a0

2
cos kx+

∞∑
n=1

(an cosnx cos kx+ bn sinnx cos kx)

�¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   [−π;π] ±®£« ±® «¥¬¬¥ (?? ) (® ¯®«³· ¥²±¿ ¤®¬®¦¥¨¥¬   ®£° ¨·¥³¾
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´³ª¶¨¾), ±«¥¤®¢ ²¥«¼®

π∫
−π

f(x) cos kx =
a0

2

π∫
−π

cos kxdx+
∞∑
n=1

π∫
−π

(an cosnx cos kx+ bn sinnx coskx)dx =

π∫
−π

akcos2kxdx =
ak
2

π∫
−π

(1 + cos 2k)dx = akπ ⇒

ak =
1
π

π∫
−π

f(x) cos kxdx (∀k ∈ N)

�¬®¦¨¬   sin kx

bk =
1
π

π∫
−π

f(x) sin kxdx

�.².¤. III.2.1 B �.

� ¬¥· ¨¥ � 2.1. �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]. �®£¤  ®¯°¥¤¥«¥» ·¨±«  an
¨ bn, § ¤ ¢ ¥¬»¥ ´®°¬³«®© (2.2 ).

f(x) ∼δαβαδε ∆«ΞΩΥΞ
a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx) (2.3)

2.1. �

�¯°¥¤¥«¥¨¥ C C 2.1. �°¨£®®¬¥²°¨·¥±ª¨© °¿¤ ¢¨¤  (2.3 ) ±®¯®±² ¢«¿¥¬»© ´³ª¶¨¨, ®¯°¥-
¤¥«¥̈®© ¨ ¨²¥£°¨°³¥¬®©   [−π;π], ª®½´´¨¶¨¥²» ª®²®°®£® ®¯°¥¤¥«¥» ¯® ´®°¬³«¥ (2.2)  §»¢ ¥²±¿
°¿¤®¬ �³°¼¥ ´³ª¶¨¨ f(x)   [−π;π],   ¥£® ª®½´´¨¶¨¥²» an ¨ bn

an =
1
π

π∫
−π

f(x) cosnxdx

bn =
1
π

π∫
−π

f(x) sinnxdx n = 1, 2, . . .

(2.4)

 §»¢ ¾²±¿ ª®½´´¨¶¨¥² ¬¨ °¿¤  �³°¼¥ ´³ª¶¨¨ f(x)   [−π;π]. 2.1. B B

� ¬¥· ¨¥ � 2.2. �§ ®±®¢®© ²¥®°¥¬» ¨ ®±®¢®£® ®¯°¥¤¥«¥¨¿ ±«¥¤³¥², ·²® «¾¡®© ° ¢®¬¥°®
±µ®¤¿¹¨©±¿   ®²°¥§ª¥ [−π;π] ²°¨£®®¬¥²°¨·¥±ª¨© °¿¤ ¿¢«¿¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥© ±³¬¬»   ½²®¬
®²°¥§ª¥. 2.2. �

�¯° ¦¥¨¥ C � 2.1. �°¨¢¥±²¨ ¯°¨¬¥° ¥° ¢®¬¥°® ±µ®¤¿¹¥£®±¿   [−π;π] ²°¨£®¬¥²°¨·¥±ª®£®
°¿¤ , ª®²®°»© ²®¦¥ ¿¢«¿¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥© ±³¬¬». 2.1. � B
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§2.¡. �¿¤» �³°¼¥ ·¥̈²®© ¨ ¥·¥̈²®© ´³ª¶¨¨.

�¥¬¬  C @ p 2.1: �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−a; a] a > 0. �®£¤ 

1) �±«¨ f(x) ¥·¥̈² , ²®
a∫
−a

f(x)dx = 0

2) �±«¨ f(x) ·¥̈² , ²®
a∫
−a

f(x)dx = 2
a∫
0
f(x)dx

(¤®ª § ²¼.)
2.1 A B

�¥®°¥¬  C 2.2:
� ª®½´´¨¶¨¥² µ �³°¼¥ ·¥̈²®© ¨ ¥·¥̈²®© ´³ª¶¨¨.
�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π].
�³±²¼ an, bn ¥¥̈ ª®½´´¨¶¨¥²» �³°¼¥.
�®£¤ 

1) �±«¨ f(x) ¥·¥̈² , ²® an = 0, n = 0, 1, . . . bn = 2
π

π∫
0
f(x) sinnxdx n = 1, 2, . . .

2) �±«¨ f(x) ·¥̈² , ²® bn = 0, n = 1, 2, . . . an = 2
π

π∫
0
f(x) cosnxdx n = 0, 1, 2, . . .

2.2. B

�®ª § ²¥«¼±²¢® � C III.2.2.

1) �³±²¼ f(x) ¥·¥̈² , ²®£¤  f(x) cosnx-¥·¥̈²  f(x) sinnx-·¥̈² . �®£¤  ³²¢¥°¦¤¥¨¥ 1) ±«¥¤³¥² ¥-
¯®±°¥¤±²¢¥® ¨§ «¥¬¬» (III.2.1).

2) �³±²¼ f(x) ·¥̈² , ²®£¤  f(x) cosnx-·¥̈²  f(x) sinnx-¥·¥̈² . �®£¤  ³²¢¥°¦¤¥¨¥ 2) ±«¥¤³¥² ¥¯®-
±°¥¤±²¢¥® ¨§ «¥¬¬» (III.2.1).

�.².¤. III.2.2 B �.

� ¬¥· ¨¥ � 2.3. �±«¨ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [0; π], ²® ¬®¦® ¯®±²°®¨²¼ ¥¥̈ °¿¤
�³°¼¥   ½²®¬ ®²°¥§ª¥ ²®«¼ª® ¯® ª®±¨³± ¬, ¥±«¨ ¯°®¤®«¦¨²¼ ¥¥̈   [−pi; 0] ·¥̈²»¬ ®¡° §®¬. � ²®«¼ª®
¯® ±¨³± ¬, ¥±«¨ ¯°®¤®«¦¨²¼   [−π; 0] ¥·¥̈²»¬ ®¡° §®¬.
(�³² ¤¢  °¨±³ª ) 2.3. �
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�°¨¬¥° J2.1. �°¥¤« £ ¥²±¿ f(x) = x, 0 ≤ x ≤ π ° §«®¦¨²¼   [0;π] ¢ °¿¤ ¯® ª®±¨³± ¬.

bn = 0; a0 =
2
π

π∫
0

f(x)dx =
2
π

π∫
0

xdx = π

an =
2
π

π∫
0

x cosnxdx =
2
πn

π∫
0

xd sinnx =

=
2
πn

x sinnx
∣∣∣π
0
−

π∫
0

sinnxdx

 =

=
2
πn2 cosnx

∣∣∣π
0
=

=
2
πn2 [(−1)n − 1] =

0, ¥±«¨ n = 2k;
−4

π(2k − 1)2 , ¥±«¨ n = 2k − 1}

�² ª,  ¸¥¬³ °¿¤³ ±®¯®±² ¢«¿¥²±¿:

x ∼ π
2 −

4
π

∞∑
k=1

cos(2k−1)x
(2k−1)2 , x ∈ [0;π]. �§ ¤ «¼¥©¸¨µ ²¥®°¥¬ ¡³¤¥² ±«¥¤®¢ ²¼, ·²® ¨¬¥¥² ¬¥±²® ° ¢¥±²¢®:

|x| = π
2 −

4
π

∞∑
k=1

cos(2k−1)x
(2k−1)2 , x ∈ [−π;π]⇒ arccos(cosx)π2 −

4
π

∞∑
k=1

cos(2k−1)x
(2k−1)2 , x ∈ (−∞; +∞)

�®«®¦¨¬ x = 0:

0 =
π

2
− 4
π

∞∑
k=1

1
(2k − 1)2 ⇒

∞∑
k=1

1
(2k − 1)2 =

π2

8
⇒

∞∑
n=1

1
n2 =

∞∑
k=1

1
(2k − 1)2 +

∞∑
k=1

1
(2k)2 =

=
π2

8
+

1
4

=
∞∑
k=1

1
k2 =⇒

3
4

∞∑
n=1

1
n2 =

π2

6

=⇒
∞∑
n=1

1
n2 =

π2

6
.

2.1. I

�¯° ¦¥¨¥ C � 2.2. � ©²¨:
∞∑
n=1

1
n4 ¨

∞∑
n=1

1
n6 . 2.2. � B

§2.¢. �®¬¯«¥ª± ¿ ´®°¬  °¿¤  �³°¼¥.
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�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]. �®£¤  ¥© ¬®¦® ±®¯®±² ¢¨²¼ °¿¤ �³°¼¥

f(x) =
a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx) (2.5)


an = 1

π

π∫
−π

f(x) cosnxdx n = 0, 1, . . .

bn = 1
π

π∫
−π

f(x) sinnxdx n = 1, 2, . . .
(2.6)

�¥°¥¯¨¸¥¬ °¿¤ (2.5 ))

a0

2
=
∞∑
n=1

[
an
einx + e−inx

2
+ bn

einx − e−inx

2i

]
=

=
a0

2
+
∞∑
n=1

[
an − ibn

2
einx +

∞∑
n=1

an + ibn
2

e−inx

]
�¡®§ ·¨¬

c0 =
a0

2
; cn =

an − ibn
2

c−n = c′n =
an + ibn

2

f(x) ∼ c0 +
∞∑
n=1

cne
−inx +

∞∑
n=1

c−ne
−inx =

∞∑
n=−∞

cne
inx

f(x) ∼
∞∑

n=−∞
cne

inx

cn =
1

2π

π∫
−π

f(x)(cosnx− i sinnx)dx =
1

2π

π∫
−π

f(x)e−inxdx

c−n =
1

2π

π∫
−π

f(x)(cosnx+ i sinnx)dx =
1

2π

π∫
−π

f(x)einxdx

� ª¨¬ ®¡° §®¬ ¤«¿ ´³ª¶¨¨ ®¯°¥¤¥«¥̈®© ¨ ¨²¥£°¨°³¥¬®©   [−π;π] ¬®¦® ¯®±² ¢¨²¼ ¢ ±®®²¢¥²±²¢¨¥
¥¥̈ ª®¬¯«¥ª±»© °¿¤ �³°¼¥

f(x) ∼
∞∑

n=−∞
cne

inx (2.7)

£¤¥ ¥£® ª®½´´¨¶¨¥²» ¢»·¨±«¿¾²±¿ ¯® ´®°¬³«¥

cn =
1

2π

π∫
−π

f(x)e−inxdx, n ∈ Z (2.8)

� ¬¥· ¨¥ � 2.4. �®¬¯«¥ª± ¿ ´®°¬  °¿¤  �³°¼¥ ¯°¥¤±² ¢«¿¥² ±®¡®© · ±²»© ±«³· © °¿¤  �®-

°  
∞∑

n=−∞
cnz

n   z = eix − π ≤ x ≤ π 2.4. �
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§2.£. �¿¤ �³°¼¥   ¯°®¨§¢®«¼®¬ ®²°¥§ª¥.

�¯°¥¤¥«¥¨¥ C C 2.2. �¨±²¥¬  ´³ª¶¨©

{1; cos
πx

l
; sin

πx

l
; cos

2πx
l

; sin
2πx
l

; . . . cos
nπx

l
; sin

nπx

l
; . . . }

£¤¥ l-¯°®¨§¢®«¼®¥, l > 0,  §»¢ ¥²±¿ ®¡®¡¹¥̈®© ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬®© ´³ª¶¨©. 2.2. B B

�¥¬¬  C @ p 2.2: �¡®¡¹¥̈ ¿ ²°¨£®®¬¥²°¨·¥±ª ¿ ±¨±²¥¬  ´³ª¶¨© ®°²®£® «¼    [−l; l]
(�®ª § ²¼) 2.2 A B

�¯°¥¤¥«¥¨¥ C C 2.3. �³ª¶¨¿ ¢¨¤ 

A0

2
+

n∑
k=1

Ak cos
kπx

l
+Bk sin

kπx

l

£¤¥ A2
n +B2

n > 0  §»¢ ¥²±¿ ®¡®¡¹¥̈»¬ ²°¨£®®¬¥²°¨·¥±ª¨¬ ¯®«¨®¬®¬ ±²¥¯¥¨ n. 2.3. B B

�¯°¥¤¥«¥¨¥ C C 2.4. �³ª¶¨® «¼»© °¿¤ ¢¨¤ 

A0

2
+
∞∑
k=1

Ak cos
πkx

l
+Bk sin

πkx

l

 §»¢ ¥²±¿ ®¡®¡¹¥̈»¬ ²°¨£®®¬¥²°¨·¥±ª¨¬ °¿¤®¬. �°¨ l = π ® ¯°¥¢° ¹ ¥²±¿ ¢ ®¡»·»© ²°¨£®®-
¬¥²°¨·¥±ª¨© °¿¤. 2.4. B B

�¯°¥¤¥«¥¨¥ C C 2.5. �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−l; l] l > 0. �®£¤  ½²®© ´³ª¶¨¨
¬®¦® ±®¯®±² ¢¨²¼ ±«¥¤³¾¹¨© ²°¨£®®¬¥²°¨·¥±ª¨© °¿¤:

f(x) ∼ a0

2
+
∞∑
n=1

an cos
nπx

l
+ bn sin

nπx

l
(2.9)

ª®½´´¨¶¨¥²» ª®²®°®£® ®¯°¥¤¥«¿¾²±¿ ¯® ´®°¬³«¥


an = 1

l

l∫
−l
f(x) cos nπxl dx, n = 0, 1, . . .

bn = 1
l

l∫
−l
f(x) sin nπx

l dx, n = 1, 2, . . .
(2.10)

�²®² °¿¤  §»¢ ¥²±¿ °¿¤®¬ �³°¼¥ f(x)   [−l; l]. �·¥¢¨¤®, ·²® ¯°¨ l = π ® ¯°¥¢° ¹ ¥²±¿ ¢
®¡»·»© °¿¤ �³°¼¥   [−π;π]. 2.5. B B

�¥®°¥¬  C 2.3: �±¿ª¨© ±µ®¤¿¹¨©±¿ ²°¨£®®¬¥²°¨·¥±ª¨© °¿¤ ¢¨¤  2.9 ¿¢«¿¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥©
±³¬¬» (¤®ª § ²¼). 2.3. B

�¯° ¦¥¨¥ C � 2.3.
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1) �»¢¥±²¨ ª®½´´¨¶¨¥²» �³°¼¥ ´³ª¶¨¨, ®¯°¥¤¥«¥̈®© ¨ ¨²¥£°¨°³¥¬®©   [−l; l] ¢ ±«³· ¥, ª®£¤ 
 ) f(x) — ¥·¥̈² ¿.
¡) f(x) — ·¥̈² ¿.

2) �»¢¥±²¨ ª®¬¯«¥ª±³¾ ´®°¬³ °¿¤  �³°¼¥   [−l; l].

2.3. � B



�. �. ������� ������ �� ��������������� �������. ������� 3.

56 �« ¢  III. �¿¤» �³°¼¥.

§3. �ª±²°¥¬ «¼»¥ ±¢®©±²¢  ª®½´´¨¶¨¥²®¢ �³°¼¥ ¨ ¥° ¢¥±²¢® �¥±±¥-
«¿.

�¯°¥¤¥«¥¨¥ C C 3.1. �³±²¼ f(x) ¨ g(x) ®¯°¥¤¥«¥» ¨ ¨²¥£°¨°³¥¬»   [a; b], ²®£¤ 

δ =

√√√√√ 1
b− a

b∫
a

(f(x)− g(x))2 dx ,

 §»¢ ¥²±¿ ±°¥¤¥ª¢ ¤° ²¨·»¬ ®²ª«®¥¨¥¬ ´³ª¶¨¨ g(x) ®² ´³ª¶¨¨ f(x).

�¡®§ ·¨¬ ·¥°¥§ ∆ ¢¥«¨·¨³ = (b− a)δ2 =

b∫
a

[f(x)− g(x)]2 dx

®·¥¢¨¤®, ·²® δ ≥ 0 ¨ ∆ ≥ 0. 3.1. B B

�°¨¬¥° J3.1. �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π].
�®§¼¬¥̈¬ ¢ ª ·¥±²¢¥ ´³ª¶¨¨ g(x) ¯°®¨§¢®«¼»© ²°¨£®®¬¥²°¨·¥±ª¨© ¯®«¨®¬ ±²¥¯¥¨ n:

g(x) = Tn(x) =
A0

2
+

n∑
k=1

Ak cos(kx) +Bk sin(kx)

”�°®¨§¢®«¼®±²¼ “¯®«¨®¬  § ª«¾· ¥²±¿ ¢ ¯°®¨§¢®«¼®±²¨ ¢»¡®°  ª®½´´¨¶¨¥²®¢ A0, Ak, Bk, k =
1, 2 . . . n.

�»·¨±«¨¬ ±°¥¤¥ª¢ ¤° ²¨·¥±ª®¥ ®²ª«®¥¨¥ ½²®£® ¯°®¨§¢®«¼®£® ²°¨£®®¬¥²°¨·¥±ª®£® ¯®«¨®¬ 
g(x) ®² § ¤ ®© ´¨ª±¨°®¢ ®© ´³ª¶¨¨ f(x).

�  ®±®¢ ¨¨ ½²®£® ¢»·¨±«¥¨¿ ¯®¯»² ¥¬±¿ ®²¢¥²¨²¼   ¢®¯°®±: ¨§ ¢±¥µ ¢®¦¬®¦»µ ²°¨£®®¬¥²°¨-
·¥±ª¨µ ¯®«¨®¬®¢ ±²¥¯¥¨ n ª ª®© ¬¥¥¥ ¢±¥µ ®±² «¼»µ ®²ª«®¿¥²±¿ ®² ´³ª¶¨¨ f(x), ¨ ·¥ £®¢®°¿, ¤«¿
ª ª®£® ¯®«¨®¬  ±°¥¤¥ª¢ ¤° ²¨·¥±ª®¥ ®²ª«®¥¨¥ ¡³¤¥²  ¨¬¥¼¸¨¬?

�°¨£®®¬¥²°¨·¥±ª¨© ¯®«¨®¬ ±²¥¯¥¨ n § ¤ ¥̈²±¿  ¡®°®¬ ª®½´´¨¶¨¥²®¢
{
A0, A1, B1, A2, B2, . . . , An−1, Bn−1, An, Bn

}
.

�®½²®¬³  ¸ ¢®¯°®± ¬®¦® ¯¥°¥´®°¬³«¨°®¢ ²¼ ² ª: ¨§ ¢±¥µ  ¡®°®¢ ª®½´´¨¶¨¥²®¢ ¯®«¨®¬  g(x)
ª ª®© ¨§  ¡®°®¢ § ¤ ¥̈² ² ª®© ²°¨£®®¬¥²°¨·¥±ª¨© ¯®«¨®¬, ª®²®°»© ¬¥¼¸¥ ®±² «¼»µ ®²ª«®¿¥²±¿
®² f(x)?

∆n =

π∫
−π

[f(x)− Tn(x)]2 dx

=

π∫
−π

f2(x) dx− 2

π∫
−π

f(x)Tn(x)dx+

π∫
−π

T 2
n(x) dx =

=

π∫
−π

f2(x) dx−A0

π∫
−π

f(x) dx− 2
n∑
k=1

Ak

π∫
−π

f(x) cos(kx) dx− 2
n∑
k=1

Bk

π∫
−π

f(x) sin(kx) dx

+�°¨ ½²®¬ ¨±·¥§³² ¢±¥ ¨²¥£° «» ®² ³¤¢®¥»µ ¯°®¨§¢¥¤¥¨©

+
A2

0

4

π∫
−π

dx+
n∑
k=1

A2
k

π∫
−π

cos2(kx) dx

+
n∑
k=1

B2
k

π∫
−π

sin2(kx)

 dx = #
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�³±²¼ an, bn - - ª®½´´¨¶¨¥²» �³°¼¥ ´³ª¶¨¨ f(x)?

# =

π∫
−π

f2(x) dx− πA0a0 − 2π
n∑
k=1

Akak − 2π
n∑
k=1

Bkbk +
A2

0π

2
+ π

n∑
k=1

A2
k + π

n∑
k=1

B2
k =

=

π∫
−π

f2(x) dx+
π

2
(A0 − a0)2 − πa2

0

2
+ π

n∑
k=1

(Ak − ak)2 − π
n∑
k=1

a2
k + π

n∑
k=1

(Bk − bk)2 − π
n∑
k=1

b2k .

∆n =

π∫
−π

[f(x)− Tn(x)]2 dx =

=

π∫
−π

f2(x) dx− π

[
a2

0

2
+

n∑
k=1

(a2
k + b2k)

]
+

π

2
(A0 − a0)2 + π

n∑
k=1

(Ak − ak)2 + π

n∑
k=1

(Bk − bk)2

— ²®¦¤¥±²¢® �¥±±¥«¿.
�¨¨¬¨§¨°®¢ ²¼ ¯®«³·¨¢¸³¾±¿ ±³¬¬³ ·¥°¥§ ª®½´´¨¶¨¥²» A0, Ak, Bk, k = 1, 2, . . . , n ¬» ¬®¦¥¬,

®¡° ¹ ¿ ¢ ³«¼ ±« £ ¥¬»¥ ¢ ° ¬®·ª µ.
�¨¤®, ·²® ±°¥¤¥ª¢ ¤° ²¨·®¥ ®²ª«®¥¨¥ ¡³¤¥²  ¨¬¥¼¸¨¬, ª®£¤  A0 = a0, A1 = a1, B1 = b1, . . . ,

An = an, Bn = bn. �  ½²®¬ ®±®¢ ¨¨ ¬®¦¥¬ ±´®°¬³«¨°®¢ ²¼ ²¥®°¥¬³. 3.1. I

�¥®°¥¬  C 3.1:
�¡ ½ª±²°¥¬ «¼®¬ ±¢®©±²¢¥ ª®½´´¨¶¨¥²®¢ �³°¼¥.
�°¥¤¥ª¢ ¤° ²¨·®¥ ®²ª«®¥¨¥ ´³ª¶¨¨ f(x), ®¯°¥¤¥«¥̈®© ¨ ¨²¥£°¨°³¥¬®©   [−π;π], ®² ´³ª¶¨¨
g(x), § ¬¥¿¥¬®©   ²°¨£®®¬¥²°¨·¥±ª¨ ¯®«¨®¬ n-®© ±²¥¯¥¨, ¿¢«¿¥²±¿ ¬¨¨¬ «¼»¬ ²®£¤  ¨ ²®«¼ª®
²®£¤ , ª®£¤  ¢ ª ·¥±²¢¥ ª®½´´¨¶¨¥²®¢ ²°¨£®®¬¥²°¨·¥±ª®£® ¯®«¨®¬  g(x) = Tn(x) ¨±¯®«¼§³¾²±¿
ª®´´¨¶¨¥²» �³°¼¥  ¸¥© ´³ª¶¨¨. 3.1. B

�®ª § ²¥«¼±²¢® � C (III.3.1 ). A0 = a0, Ak = ak, Bk = bk ¢ · ±²®±²¨ ¨§ ²¥®°¥¬» ±«¥¤³¥²
²®¦¤¥±²¢® �¥±±¥«¿.

∆n = min
¯® ¢±¥¬  ¡®° ¬

A0, Ak, Bk

∆n(A0, A1, B1, . . . , An, Bn) =

π∫
−π

f2(x) dx− π

[
a2

0

2
+

n∑
k=1

(a2
k + b2k)

]

�.².¤. (III.3.1 ) B �.

�«¥¤±²¢¨¥ 1 ¨§ (III.3.1 ). �°¥¤¢ °¨²¥«¼®¥ ¥° ¢¥±²¢® �°¥±±¥«¿: �³±²¼ f(x) ®¯°¥¤¥«¥  ¨
¨²¥£°¨°³¥¬    [−π;π]. an, bn - ¥¥ ª®½´´¨¶¨¥²» �³°¼¥.
�®£¤  ¨¬¥¥² ¬¥±²® ¥° ¢¥±²¢®:
a2

0
2 +

n∑
k=1

(a2
k + b2k) ≤ 1

π

π∫
−π

f2(x)dx; (∀n ∈ N) 1 ¨§ (III.3.1 ).

�«¥¤±²¢¨¥ 2 ¨§ (III.3.1 ). �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]. an, bn - ¥¥ ª®½´´¨-
¶¨¥²» �³°¼¥.
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�®£¤  °¿¤, ±®±²®¿¹¨© ¨§ ª¢ ¤° ²®¢ ª®½´´¨¶¨¥²®¢ �³°¼¥ ±µ®¤¨²±¿. 2 ¨§ (III.3.1 ).

�®ª § ²¥«¼±²¢® � C (2 ). �¥¯®±°¥¤±²¢¥® ±«¥¤³¥² ¨§ ¥° ¢¥±²¢  (1 ). (�¿¤ § ª®¯®«®¦¨²¥«¥,
¥£® · ±²¨·»¥ ±³¬¬» ®£° ¨·¥» ±¢¥°µ³ � �� ������ � �������� ����������, ��������
� �������� ������). �.².¤. (2 ) B �.

�«¥¤±²¢¨¥ 3 ¨§ (III.3.1 ). �¥° ¢¥±²¢® �¥±±¥«¿.
�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]. an, bn - ¥¥ ª®½´´¨¶¨¥²» �³°¼¥.
�®£¤  ¨¬¥¥² ¬¥±²®:
a2

0
2 +

∞∑
n=1

(a2
k + b2k) ≤ 1

π

π∫
−π

f2(x)dx 3 ¨§ (III.3.1 ).

� ¬¥· ¨¥ � 3.1. � ¤ «¼¥©¸¥¬ ¡³¤¥² ¯®ª § ®, ·²® ¢ ¥° ¢¥±²¢¥ (3 ) ¨¬¥¥² ¬¥±²® ±²°®£®¥
° ¢¥±²¢®. 3.1. �

�«¥¤±²¢¨¥ 4 ¨§ (III.3.1 ). �¥¬¬  �¨¬  .
�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]. an, bn - ¥¥ ª®½´´¨¶¨¥²» �³°¼¥.
�³±²¼ ² ª¦¥

an →
n→∞

0; bn →
n→∞

0 ,

².¥.  lim
n→∞

an = 0

lim
n→∞

bn = 0

4 ¨§ (III.3.1 ).

�®ª § ²¥«¼±²¢® � C (4 ). �®ª § ²¥«¼±²¢® ±«¥¤³¥² ¨§ (?? ).

�§ a2
0
2 +

∞∑
n=1

(a2
k + b2k) =⇒ (a2

n + b2n) →
n→∞

0.

0 ≤ a2
n ≤ b2n + a2

n → 0 =⇒ ¯® ².® �µ� (� �� ���� ������������) =⇒ a2
n → 0 =⇒ an → 0;

� «®£¨·® bn → 0. �.².¤. (4 ) B �.

� ¬¥· ¨¥ � 3.2. �³¹¥±²¢³¾² ±µ®¤¿¹¨¥±¿ ²°¨£®®¬¥²°¨·¥±ª¨¥ °¿¤», ¥ ¿¢«¿¾¹¨¥±¿ °¿¤ ¬¨
�³°¼¥. 3.2. �

�°¨¬¥° J3.2.
∞∑
n=1

sin(nx)
sqrtn ±µ®¤¨²±¿ ¤«¿ «¾¡®£® x ¯® (¯°¨§ ª³) �¨°¨¸«¥. � ¤°³£®© ±²®°®» ¥

±³¹¥±²¢³¥² ´³ª¶¨¨ f(x) ®¯°¥¤¥«¥®© ¢ [−π;π] ¤«¿ ª®²®°®© ½²®² °¿¤ ¥±²¼ °¿¤ ´³°¼¥.

an = 0; bn = frac1sqrtn
∞∑
n=1

(a2
n + b2n) =

∞∑
n=1

1
n ° ±µ®¤¨²±¿ 3.2. I

� ¬¥· ¨¥ � 3.3. �»«  ¯®±² ¢«¥  § ¤ ·  ¯°¨¢¥¤¥¨¿ ¯°¨¬¥°  ¥° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ ²°¨-
£®®¬¥²°¨·¥±ª®£® °¿¤ , ª®²®°»© ¿¢«¿¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥© ±³¬¬». 3.3. �

�°¨¬¥° J3.3.
∞∑
n=1

sin(nx)
n ±µ®¤¨²±¿ ¤«¿ «¾¡®£® x ¥° ¢®¬¥°®   [−π;π], ® ²¥¬ ¥ ¬¥¥¥ ¿¢«¿-

¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥© ±³¬¬». 3.3. I
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§4. �®·«¥®¥ ¤¨´´¥°¥¶¨°®¢ ¨¥ °¿¤®¢ �³°¼¥.

�¯°¥¤¥«¥¨¥ C C 4.1. f(x) ®¯°¥¤¥«¥̈ ¿   [a; b]  §»¢ ¥²±¿ ª³±®·®-¥¯°¥°»¢®©   [a; b], ¥±«¨
±³¹¥±²¢³¥² ° §¡¨¥¨¥ τ = {xi}i=ni=0 ² ª®¥, ·²®

1) f(x) ∈ C(xi;xi+1), i = 0, 1, . . . , n− 1

2) �³¹¥±²¢³¥² f(xi + 0) = lim
x→xi+0

f(x); (f(xi − 0) = lim
x→xi−0

f(x)i = 1, 2, . . . , n− 1

f(a+ 0) = lim
x→a+0

f(x); f(b− 0) = lim
x→b−0

f(x) 4.1. B B

� ¯®¬¨ ¨¥
�±¿ª ¿ ª³±®·®-¥¯°¥°»¢ ¿ ´³ª¶¨¿   [a; b] ¨²¥£°¨°³¥¬    ¥̈¬.

�¯°¥¤¥«¥¨¥ C C 4.2. f(x) ®¯°¥¤¥«¥̈ ¿   [a; b]  §»¢ ¥²±¿ ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³-
¥¬®©   [a; b], ¥±«¨ ¥¥̈ ¯°®¨§¢®¤ ¿ f ′(x) ¿¢«¿¥²±¿ ª³±®·®-¥¯°¥°»¢®©   [a; b]. 4.2. B B

�¥®°¥¬  C 4.1: � ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ °¿¤  �³°¼¥. �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) f(x) ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬    [−π;π]

�®£¤  °¿¤ �³°¼¥ ¤«¿ ¯°®¨§¢®¤®© f(x) ¯®«³· ¥²±¿ ¨§ °¿¤  �³°¼¥ ± ¬®© ´³ª¶¨¨ f(x) ¥£® ¯®·«¥»¬
¤¨´´¥°¥¶¨°®¢ ¨¥¬. �³±²¼ an, bn − ª®½´´¨¶¨¥²» �³°¼¥f(x)

f(x) ∼ a0

2
+
∞∑
n=1

an cosnx+ bn sinnx (4.1)

f ′(x) ∼
∞∑
n=1

−nan sinnx+ nbn cosnx (4.2)

4.1. B

�®ª § ²¥«¼±²¢® � C (III.4.1 ). �§ ³±«®¢¨¿ 3) ±«¥¤³¥² f ′(x) ¨²¥£°¨°³¥¬    [−π;π]. �¡®§ ·¨¬
αn ¨ βn ª®½´´¨¶¨¥²» �³°¼¥ ´³ª¶¨¨ f ′(x) ²®£¤ 

f ′(x) ∼ α0

2
+
∞∑
n=1

αn cosnx+ βn sinnx α0 =
1
π

π∫
−π

f ′(x)dx αn =
1
π

π∫
−π

f ′(x) cosnxdx βn =
1
π

π∫
−π

f ′(x) sinnxdx n = 1, 2, . . .

(4.3)

1) α0 = 1
π

π∫
−π

f ′(x)dx = 1
π [f(π)− f(−π)] = 0 ±®£« ±® ¢²®°®¬³ ³±«®¢¨¾.

2) αn = 1
π

π∫
−π

f ′(x) cosnxdx = αn = 1
π

π∫
−π

cosnxdf(x) = 1
π = n 1

π

π∫
−π

sinnxdx = nbn
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3) βn = 1
π

π∫
−π

f ′(x) sinnxdx = 1
π

π∫
−π

sinnxdf(x) = 1
π = −nan

�² ª: αn = 0; αn = bn; βn = −nan n = 1, 2, . . .
�®¤±² ¢«¿¿  ©¤¥»¥ ¢»° ¦¥¨¿ ¢ 4.3, ¯®«³·¨¬ 4.2
(�±«®¢¨¥ 3) § ·¨², ·²® ¯¥°¨®¤¨·¥±ª®¥ ¯°®¤®«¦¥¨¥ ´³ª¶¨¨ ¥¯°¥°»¢®   ¢±¥© ®±¨). �.².¤. (III.4.1 ) B �.

�«¥¤±²¢¨¥ 1 ¨§ III.4.1. (�¶¥ª  ª®½´´¨¶¨¥²®¢ �³°¼¥) �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) f(x) ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬    [−π;π]

�®£¤  ¤«¿ ª®½´´¨¶¨¥²®¢ �³°¼¥ ´³ª¶¨¨ f(x) an ¨ bn ¨¬¥¾² ¬¥±²® ®¶¥ª¨:

|an| 6
γn
n

; |bn| 6
γn
n

(4.4)

£¤¥
∞∑
n=1

γn
2 <∞⇒ an = o( 1

n ); bn = o( 1
n ) 1 ¨§ III.4.1.

�®ª § ²¥«¼±²¢® � C 1. � ±±¬®²°¨¬  °¿¤³ ± ª®½´´¨¶¨¥² ¬¨ �³°¼¥ ± ¬®© ´³ª¶¨¨ ´³ª¶¨¨
f(x). �®£¤  ¨§ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» ((III.4.1)) ±«¥¤³¥² an = −βnn ; bn = αn

n ⇒ |an| = |βn|
n ; |bn| = |αn|

n

�¡®§ ·¨¬: γn =
√
αn2 + βn

2. �®£¤ 
∞∑
n=1

γn
2 =

∞∑
n=1

(αn2 + βn
2) <∞ (±µ®¤¨²±¿ ±®£« ±® )

|αn| 6
√
αn2 + βn

2 = γn; |βn| 6 γn. �.².¤. 1 B �.

�«¥¤±²¢¨¥ 2 ¨§ III.4.1. (�¡  ¡±®«¾²®© ±µ®¤¨¬®±²¨ °¿¤  ¨§ ª®½´´¨¶¨¥²®¢ �³°¼¥). �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) f(x) ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬    [−π;π]

�®£¤  ·¨±«®¢®© °¿¤, ±®±² ¢«¥»© ¨§ ª®½´´¨¶¨¥²®¢ �³°¼¥ ´³ª¶¨¨ f(x)  ¡±®«¾²® ±µ®¤¨²±¿ ²®

¥±²¼
∞∑
n=1

(|an|+ |bn|) ±µ®¤¨²±¿

2 ¨§ III.4.1.

�®ª § ²¥«¼±²¢® � C 2. (±«¥¤³¥² ¨§ ®¶¥®ª)

|an| 6
γn
n
6

(
1
n2 + (γn)2

)
¨ |bn| 6

γn
n
6

(
1
n2 + (γn)2

)
(�±¯®«¼§®¢ «¨ ¥° ¢¥±²¢® 2ab < a2 + b2)

=⇒ |an|+ |bn| 6
1
n2 + (γn)2;

∞∑
n=1

1
n2 + (γn)2 =

∞∑
n=1

1
n2 +

∞∑
n=1

(γn)2

︸ ︷︷ ︸
±µ®¤¨²±¿

±®£« ±® ±«¥¤±²¢¨¾ 1
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�.².¤. 2 B �.

�«¥¤±²¢¨¥ 3 ¨§ III.4.1. �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) f(x) ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬    [−π;π]

�®£¤  °¿¤ �³°¼¥ f(x) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¢±¥© ®±¨. 3 ¨§ III.4.1.

�®ª § ²¥«¼±²¢® � C 3. � ±±¬®²°¨¬ °¿¤ �³°¼¥  ¸¥© ´³ª¶¨¨

f(x) ∼ a0

2
+
∞∑
n=1

an cosnx+ bn sinnx (4.5)

|un(x)| = |an cosnx + bn sinnx| 6 |an|| cosnx| + |bn|| sinnx| ≤ |an| + |bn| ∀x ∈ (−∞; +∞).
∞∑
n=1

(|an| + |bn|)

±µ®¤¨²±¿ (±®£« ±® 3 ), ±«¥¤®¢ ²¥«¼® (±®£« ±® ¯°¨§ ª³ � ©¥°¸²° ±± ) (4.6) ±µ®¤¨²±¿ ° ¢®¬¥°®  
(−∞; +∞). �.².¤. 3 B �.

� ¬¥· ¨¥ � 4.1. �²® ¨§ ±¥¡¿ ¯°¥¤±² ¢«¿¥² ±³¬¬  °¿¤  �³°¼¥ f(x), ³¤®¢«¥²¢®°¿¾¹ ¿ ³±«®¢¨¿¬
²¥®°¥¬» (III.4.1 ) ¨ ½²¨¬ ±«¥¤±²¢¨¿¬?

S(x) =
a0

2
+
∞∑
n=1

an cosnx+ bn sinnx −∞ < x < +∞

1) S(x) ∈ C(−∞;+∞) ª ª ±³¬¬  ¥¯°¥°»¢»µ ·«¥®¢.

2) S(x)(βγαβζµΞΩα) = S(x) ∀x.

3) � ¤ «¼¥©¸¥¬ ¡³¤¥² ¤®ª § ® (±«¥¤±²¢¨¥ ¨§ ²¥®°¥¬» �¨°¨¸«¥ ® «®ª «¼®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥),
·²® ¥±«¨ f(x) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ (III.4.1) to S(x) = f(x) ∀x ∈ [−π;π].

4.1. �

�°¨¬¥° J4.1. f(x) = x2 − π 6 x 6 π
∞∑
n=1

sinnx
n =?° §°»¢  ¢ (.)π ±«¥¤®¢ ²¥«¼® °¿¤ ±µ®¤¨²±¿ ¥° ¢®¬¥°®.

����� �������. 4.1. I

�¥®°¥¬  C 4.2: �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) f(x) ª³±®·®-¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬    [−π;π]
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�®£¤  °¿¤ �³°¼¥ f(x)   [−π;π]±µ®¤¨²±¿ ° ¢®¬¥°® ª f(x).

f(x) ∼ a0

2
+
∞∑
n=1

an cosnx+ bn sinnx (4.6)

4.2. B

�®ª § ²¥«¼±²¢® � C III.4.2.

1) � ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ±«¥¤³¥² ¨§ ±«¥¤±²¢¨¿ 3

2) �®, ·²® ±µ®¤¨²±¿ ¨¬¥® ª f(x) ±«¥¤³¥² ¨§ ²¥®°¥¬» �¨°¨¸«¥ ª®²®° ¿ ¡³¤¥² ¤®ª §   ¢ ¸¥±²®¬
¯ ° £° ´¥.

�.².¤. III.4.2 B �.
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§5. �®·«¥®¥ ¨²¥£°¨°®¢ ¨¥ °¿¤®¢ �³°¼¥, ° ¢¥±²¢® � °±¥¢ «¿.

§5. . �®·«¥®¥ ¨²¥£°¨°®¢ ¨¥ °¿¤®¢ �³°¼¥.

�¥®°¥¬  C 5.1:
� ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ °¿¤  �³°¼¥.
�³±²¼ f(x) ∈ C[−π;π]; an, bn — ª®½´´¨¶¨¥²» °¿¤  �³°¼¥ ´³ª¶¨¨ f(x).

f(x) ∼ a0

2
+
∞∑
n=1

(an cos(nx) + bn sin(nx)) (5.1)

�®£¤ 

x∫
0

f(t)dt =
a0x

2
+
∞∑
n=1

x∫
0

(an cos(nt) + bn sin(nt)) dt =
a0x

2
+
∞∑
n=1

[
an
n

sin(nx) +
bn
n

(1− cos(nx))
]

(5.2)

5.1. B

� ¢¥±²¢® (5.2 ) ¨¬¥¥² ¬¥±²® ¥§ ¢¨±¨¬® ®² ²®£®, ±µ®¤¨²±¿ «¨ °¿¤ (5.1 ) ª f(x) ¨ ±µ®¤¨²±¿ «¨ ®
¢®®¡¹¥ ¤«¿ «¾¡®£® x ¨§ [−π;π].

�®ª § ²¥«¼±²¢® � C (III.5.1 ). F (x) =
x∫
0

[
f(t)− a0

2

]
dt. �²¢¥°¦¤ ¥²±¿, ·²® F (x) ³¤®¢«¥²¢®°¿¥²

¢±¥¬ ³±«®¢¨¿¬ ²¥®°¥¬» (?? ).
F (x) ∈ C[−π;π] (F

′
(x) = f(x)− a0

2 ∈ C[−π;π])
F (−π) = F (π)

F (π)− F (−π) =
π∫
0

(f(t)− a0
2 )dx−

−π∫
0

(f(t)− a0
2 )dx =

π∫
−π

(f(t)− a0
2 )dx =

π∫
−π

f(x)dx− a0
2 2π = πa0 − a0π = 0

� ±±¬®²°¨¬ °¿¤ �³°¼¥ ½²®© ´³ª¶¨¨:

F (x) =

x∫
0

[f(t)− a0

2
]dt =

A0

2
+
∞∑
n=1

(An cos(nx) +Bn sin(nx)); (5.3)

An, Bn - ª®½´¨¶¨¥²» °¿¤  �³°¼¥ ´³ª¶¨¨ F (x) ±«¥¤®¢ ²¥«¼® ¯°¨

x = 0 0 = A0
2 +

∞∑
n=1

An; A0
2 = −

∞∑
n=1

An

F
′
(x) = f(x)− a0

2

∞∑
n=1

(an cos(nx) + bn sin(nx));

�³±²¼ α = nbn, ²®£¤  ±®£« ±® ²¥®°¥¬¥ (?? ) β = −nan, an = nBn, bn = −nAn =⇒ An = − bnn ; Bn =
an
n ; A0

2 =
∞∑
n=1

bn
n

�®¤±² ¢¨¬ An; Bn ¨ A0
2 ¢ (?? ):

x∫
0
f(t)dt− a0x

2 =
∞∑
n=1

bn
n +

∑
n=1
∞[− bnn cos(nx)ann sin(nx)] =

∞∑
n=1

[ann sin(nx)+ bn
n (1−cos(nx))] ².®. ¬» ¯°¨¸«¨

ª (?? ).
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�.².¤. (III.5.1 ) B �.

� ¬¥· ¨¥ � 5.1. �§ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» ¢»²¥ª ¥² 2
∞∑
n=1

bn
n = A0 = 1

π

π∫
−π

F (x)dx = 1
π

π∫
−π

(
x∫
0

[f(t)− a0
2 ]dt

)
dx =

1
π

π∫
−π

[
x∫
0
f(t)dt− a0

2 x]dx = 1
π

π∫
−π

(
x∫
0
f(t)dt

)
dx ².¥.

∞∑
n=1

bn
n

=
1

2π

π∫
−π

 x∫
0

f(t)dt

 dx

5.1. �

�«¥¤±²¢¨¥ 1 ¨§ (III.5.1 ). �®«®²  ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬» ´³ª¶¨©.
�³±²¼ f(x) ∈ C[−π;π]; an, bn - ª®½´´¨¶¨¥²» �³°¼¥.
�±«¨ an = 0, n ∈ N; bn = 0, ²® f(x) ≡ 0 �»¬¨ ±«®¢ ¬¨ ½²® ®§ · ¥², ·²® ª°®¬¥ ²®¦¤¥±²¢  ® ¥
±³¹¥±²¢®¢ ¨¨ ¥¯°¥°»¢®©   [−π;π] ®°²®£® «¼®© ¢±¥¬ ²°¨£®®¬¥²°¨·¥±ª¨¬ ±¨±²¥¬ ¬. �²® ±¢®©±²¢®
¤ ®© ±¨±²¥¬» ´³ª¶¨©.
�.®. ¤ ®¥ ±«¥¤±²¢¨¥ ¬®¦® ±´®°¬³«¨°®¢ ²¼ ² ª:
²°¨£®®¬¥²°¨·¥±ª ¿ ±¨±²¥¬  ¯®«  ¢ ª« ±±¥ ¥¯°¥°»¢»µ ´³ª¶¨© (¤«¿ ° §°»¢»µ ´³ª¶¨© ½²® ¥ ² ª).
1 ¨§ (III.5.1 ).

�®ª § ²¥«¼±²¢® � C (1 ). �®£« ±® (III.5.1 ) ¨¬¥¥² ¬¥±²® ° ¢¥±²¢®:

x∫
0

f(x)dt =
a0x

2
+
∞∑
n=1

[
an
n

sin(nx) +
bn
n

(1− cos(nx))
]

= 0.

(².ª. an, bn = 0)

x∫
0

f(t)dt = 0 =⇒ f(x) = 0 (∀x ∈ [−π;π])

�.².¤. (1 ) B �.

�¯° ¦¥¨¥ C � 5.1. �°¨¢¥±²¨ ¯°¨¬¥° ° §°»¢»µ ´³ª¶¨©, ¤«¿ ª®²®°»µ ½²® ¥ ¢¥°®. 5.1. � B

�«¥¤±²¢¨¥ 2 ¨§ (III.5.1 ). �³±²¼ f(x), g(x) ∈ C[−π;π], ¯³±²¼ ±®®²¢¥²±²¢³¾¹¨¥ ª®½´´¨¶¨¥²»
�³°¼¥ ° ¢» ¬¥¦¤³ ±®¡®©.

1
π

π∫
−π

f(x) cos(nx)dx =
1
π

π∫
−π

f(x) cos(nx)dx

1
π

π∫
−π

f(x) sin(nx)dx =
1
π

π∫
−π

f(x) sin(nx)dx
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¤«¿ n ∈ N f(x) = g(x) (∀x ∈ [−π;π])
2 ¨§ (III.5.1 ).

�®ª § ²¥«¼±²¢® � C (2 ). � ±±¬®²°¨¬ ¢±¯®¬®£ ²¥«¼³¾ ´³ª¶¨¾ φ(x) = f(x)−g(x) ∈ C[−π;π], an =
0, bn = 0 =⇒ φ(x) = 0 (∀x ∈ [−π;π])

�.².¤. (2 ) B �.

§5.¡. � ¢¥±²¢® � °±¥¢ «¿.

� ¯°¥¤»¤³¹¥¬ ¯ ° £° ´¥ ¡»«® ¤®ª § ® (?? ), ·²® ¥±«¨ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]; an, bn
- ¥¥ ª®½´´¨¶¨¥²» �³°¼¥, ²®

∞∑
n=1

(a2
n + b2n) < +∞

¨ a2
0
2 +

∞∑
n=1

(a2
n + b2n) ≤ 1

π

π∫
−π

f2(x)dx

�¥®°¥¬  C 5.2: � ° ¢¥±²¢¥ � °±¥¡ «¿. �³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π]; an, bn
- ¥¥ ª®½´´¨¶¨¥²» �³°¼¥.
�®£¤ 

a2
0

2
+
∞∑
n=1

(a2
n + b2n) =

1
π

π∫
−π

f2(x)dx (5.4)

5.2. B

�®ª § ²¥«¼±²¢® � C (III.5.2 ). �«¿ ³¯°®¹¥¨¿ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» ¤®¯®«¨¥²¥«¼® ¯°¥¤-
¯®«®¦¨¬:

1) f(x) ∈ C[−π;π]

2) f(π) = f(−π)

3) f(x) ª³±®·® ¥¯°¥°»¢  ¨ ¤¨´´¥°¥¶¨°³¥¬    [−π;π]

f(x) =
a0

2
+
∞∑
n=1

(an cos(nx) + bn sin(nx)) (∀x ∈ [−π;π]). (5.5)

�°¨ ½²®¬ °¿¤ (5.2 ) ±µ®¤¨²±¿ ° ¢®¬¥°® ª ´³ª¶¨¨ f(x).
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S2n+1(x) =
a0

2
+

n∑
k=1

(ak cos(kx) + bk sin(kx))

S2n+1(x) ⇒
n→∞

f(x) (∀x ∈ [−π;π])

±®£« ±® ²¥®°¥¬¥ (?? )

S2
2n+1(x) ⇒

n→∞
f2(x) (∀x ∈ [−π;π])

π∫
−π

S2
2n+1(x)dx →

n→∞

π∫
−π

f2(x)dx (5.6)

π∫
−π

S2
2n+1(x)dx =

π∫
−π

[
a0

2
+

n∑
k=1

(ak cos(kx) + bk sin(kx))

]2

dx =
a2

0π

2
+ π

n∑
k=1

(a2
k + b2k)

(¨²¥£° « ®² ³¤¢®¥®© ¯°®¨§¢®¤®© ° ¢¥ 0).

a2
0

2
+

n∑
k=1

(a2
k + b2k) =

1
π

π∫
−π

S2
2n+1(x)dx (5.7)

�§ (5.6 ) ¨ (5.7 ) ±«¥¤³¥², ·²® a2
0
2 +

n∑
k=1

(a2
k + b2k) → (n → ∞) 1

π

π∫
−π

f2(x)dx ¨§ ·¥£®, ¢ ±¢®¾ ®·¥°¥¤¼,

±«¥¤³¥² (5.4 ). �.².¤. (III.5.2 ) B �.

�°¨¬¥° J5.1.

x = 2
∞∑
n=1

(−1)n+1

n
sin(nx), (∀x ∈ [−π;π]) (5.8)

an = 0, bn = frac2(−1)n+1n

4
∞∑
n=1

1
n2 =

2
π

π∫
0

x2dx =
2π3

3π
=

2π2

3
=⇒

∞∑
n=1

1
n2 =

π2

6
=⇒

∞∑
n=1

(−1)n+1

n2 =
π2

12

S =
∞∑
n=1

(−1)n+1

n2 = 1− 1
22 +

1
32 + ... = 1 +

1
22 +

1
32 + ...− 2

(
1
22 + ...

)
=
π2

6
− 1

2
π2

6
=
π2

12

�°®¨²¥£°¨°³¥¬ ¯®·«¥® (5.8 ):
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x2

2
= 2

∞∑
n=1

(−1)n

n2 cos(nx)

bn = 0, an =
4(−1)n

n2

2
9
π4 + 16

∞∑
n=1

1
n4 =

2
π

π∫
−π

x4dx =
2
π

π5

5
=

2
5
π4 =⇒ 16

∞∑
n=1

1
n4 = π4

(
2
5
− 2

9

)
=

8π4

45
=⇒

∞∑
n=1

1
n4 =

π4

90

5.1. I

�¯° ¦¥¨¥ C � 5.2. �°®¢¥±²¨   «®£¨·»¥ ° ±±³¦¤¥¨¿ ¤«¿

∞∑
n=1

1
n6 ;

∞∑
n=1

1
n8 ;

∞∑
n=1

1
n10

5.2. � B
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§6. �¥®°¥¬  �¨°¨¸«¥ ® «®ª «¼®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.

� ¯®¬¨ ¨¥: ¥±«¨ f(x) ®¯°¥¤¥«¥  ¢ O+
h (x0), ²®

f ′+(x0) = lim
x0+0

f(x)− f(x0)
x− x0

(¯°¨ ³±«®¢¨¨, ·²® ® ±³¹¥±²¢³¥²)
�¡®¡¹¥¨¥ ¯®¿²¨¿:

�¯°¥¤¥«¥¨¥ C C 6.1. �³±²¼ f(x) ®¯°¥¤¥«¥  ¢ O+
h (x0) = (x0;x0+h; ¯³±²¼ ±³¹¥±²¢³¥² f(x0+h) =

lim
x→x0+0

f(x)

�®£¤ , ¥±«¨ ±³¹¥±²¢³¥² lim
x→x0+0

f(x)−f(x0+0)
x−x0

, ²® ®  §»¢ ¥²±¿ ¯° ¢®© ¯°¥¤¥«¼®© ¯°®¨§¢®¤®© ´³ª¶¨¨

f(x) ¢ (.)x0 ¨ ®¡®§ · ¥²±¿ f ′+(x0)
� «®£¨·® ®¯°¥¤¥«¿¥²±¿ «¥¢ ¿ ¯°¥¤¥«¼ ¿ ¯°®¨§¢®¤ ¿ f− ¢ (.)x0:

f ′−(x) lim
x→x0−0

f(x)− f(x0 − 0)
x− x0

6.1. B B

�°¨¬¥° J6.1. f(x)=� (.)1 ´³ª¶¨¿ ¥ ®¯°¥¤¥«¥  ¨ ²¥°¯¨² ° §°»¢ f ′+(1) = 0 f ′−(1) = 1
6.1. I
�¥¬¬  C @ p 6.1: �¡ ¨²¥£° «¥ ¯® ¯¥°¨®¤³ ®² ¯¥°¨®¤¨·¥±ª®© ´³ª¶¨¨.

�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [0; 2π], f(x+ 2π) = f(x)∀x.

�®£¤ 
a+2π∫
a

f(x)dx =
2π∫
0
f(x)dx (∀x) 6.1 A B

�®ª § ²¥«¼±²¢® � C (III.6.1 ).

a+2π∫
a

f(x)dx =

0∫
a

+

2π∫
0

+

2π+a∫
2π

= −
a∫

0

+

a+2π∫
0

+{
2π+a∫
2π

f(x)dx = [x− 2π = t dx = dt] =

a∫
0

f(t+ 2π)dt =

a∫
0

f(t)dt}+

a∫
0

=

2∫
0

πf(x)dx

�.².¤. (III.6.1 ) B �.

�¥¬¬  C @ p 6.2: �¤°® �¨°¨¸«¥.

Dn(x) = 1
2 +

n∑
k=1

cos kx = sin(n+ 1
2 )x

2 sin 1
2

(∀x)Dn(x) = 1
2 + sin 3x

2 −sin x
2 +sin 5x

2 −sin 3x
2 +···+sin (2n+1)x

2 −sin (2n−1)x
2

2 sin x
2

=

sin (2n+1)x
2

2 sin x
2

�¡® ¢ ²®·ª µ, £¤¥ sin x
2 = 0 ¯° ¢ ¿ · ±²¼ ¤®¯³±ª ¥² ¤®®¯°¥¤¥«¥¨¥ ¯® ¥¯°¥°»¢®±²¨. 6.2 A B

�¥¬¬  C @ p 6.3: �²¥£° « �¨°¨¸«¥.

�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π], an, bn-¥¥̈ ª®½´´¨¶¨¥²» �³°¼¥. f(x) ∼ a0
2 +

∞∑
n=1

an cosnx+

bn sinnx, x0 ∈ [−π;π]� δδ¬αεγΥ¬ Sn(x0) = a0
2 +

n∑
k=1

ak cos kx0+bk sin kx0 = 1
2π

π∫
−π

f(x)dx+
n∑
k=1

1
π [

π∫
−π

(cos kx cos kx0+
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sin kx sin kx0)f(x)dx] = 1
2π

π∫
−π

f(x)dx + 1
π

π∫
−π

n∑
k=1

cos k(x − x0)f(x)dx = 1
π

π∫
−π

[ 1
2 +

n∑
k=1

cos k(x − x0)]f(x)dx =

1
π

π∫
−π

sin(n+ 1
2 )(x−x0)

2 sin (x−x0)
2

f(x)dx

�ª §»¢ ¥²±¿, ·²® ¤«¿ ½®© · ±²¨·®© ±³¬¬» °¿¤  ´³ª¶¨¨ f(x) ¢ (.)x0 ±¯° ¢¥¤«¨¢  ´®°¬³« :

Sn(x0) = 1
π

π∫
−π

sin(n+ 1
2 )(x−x0)

2 sin (x−x0)
2

f(x)dx 6.3 A B

� ¬¥· ¨¥ � 6.1. �²¥£° «, ±²®¿¹¨© ¢ ¯° ¢®© · ±²¨ ½²®© ´®°¬³«»,  §»¢ ¥²±¿ ¨²¥£° «®¬ �¨-
°¨¸«¥ ´³ª¶¨¨ f(x). 6.1. �

�¥¬¬  C @ p 6.4: �°¥®¡° §®¢ ¨¥ ¨²¥£° «  �¨°¨¸«¥ ¤«¿ 2π ¯¥°¨®¤¨·¥±ª®© ´³ª¶¨¨.
�³±²¼ f(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [−π;π], f(x+ 2π) = f(x)∀x.

� ±±¬®²°¨¬ Sn(x)- ½³¾ · ±²¨·³¾ ±³¬¬³ °¿¤  �³°¼¥ ´³ª¶¨¨ f(x) Sn(x0) = 1
π

π∫
−π

sin(n+ 1
2 )(x−x0)

2 sin (x−x0)
2

f(x)dx =

1
π

π+x0∫
−π+x0

sin(n+ 1
2 )(x−x0)

2 sin (x−x0)
2

f(x)dx = [x−x0 = t dx = dt] = 1
π

π∫
−π

sin(n+ 1
2 )t

2 sin t
2
f(x0+t)dt =

1
π

0∫
−π

sin(n+ 1
2 )t

2 sin t
2

f(x0 + t)dt

︸ ︷︷ ︸
βα«αΠΥ¬ t=−y

+ 1
π

π∫
0

sin(n+ 1
2 )t

2 sin t
2
f(x0+

t)dt = − 1
π

0∫
π

sin(n+ 1
2 )y

2 sin y
2

f(x0 − y)dy + 1
π

π∫
−π

sin(n+ 1
2 )t

2 sin t
2
f(x0 + t)dt �² ª

Sn(x0) =
1
π

π∫
0

[f(x0 + t) + f(x0 − t)]
sin(n+ 1

2 )t
2 sin t

2
dt (6.1)

�«¿ 2π-¯¥°¨®¤¨·®© ´³ª¶¨¨ ¨²¥£° « �¨°¨¸«¥ ¯°¨¥®¡° §³¥²±¿ ª ¢¨¤³ (6.1).
6.4 A B

�¥¬¬  C @ p 6.5: �¥¬¬  �¨¬  :
�³±²¼ g(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [0;π]

�®£¤  ±³¹¥±²¢³¥² lim
n→∞

π∫
0
g(x) sin(n+ 1

2 )xdx = 0 6.5 A B

�¯° ¦¥¨¥ C � 6.1. �»¢¥±²¨ ½²³ «¥¬¬³ �¨¬   ¨§ «¥¬¬» �¨¬   ¯ ° £° ´  3. 6.1. � B

� ¬¥· ¨¥ � 6.2. �²  «¥¬¬  �¨¬   (ª ª ¨ ²  «¥¬¬  �¨¬  ) ¿¢«¿¾²±¿ · ±²»¬¨ ±«³· ¿¬¨

®¡¹¥© «¥¬¬» �¨¬  : �±«¨ g(x) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    [a; b],²® ±³¹¥±²¢³¥² lim
λ→∞

b∫
a

g(x) sinλxdx = 0

¨ lim
λ→∞

b∫
a

g(x) cosλxdx = 0 6.2. �

�¥®°¥¬  C 6.1: �¥®°¥¬  �¨°¨¸«¥ ® «®ª «¼®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥. �³±²¼

1) f(x) ª³±®·®-¥¯°¥°»¢    [−π;π]

2) f(x+ 2π) ≡ f(x)

3) ∃ f ′+(x0), f ′−(x0)︸ ︷︷ ︸
βαΩΥ¬ Ξ¬ξΞ θαετ Γξ ∆ βγΞΛΞ«πΩα¬ δ¬ξδ«Ξ

( x0-¯°®¨§¢®«¼ ¿ ´¨ª±¨°®¢  ¿ ²®·ª )
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�®£¤  °¿¤ �³°¼¥ ´³ª¶¨¨ f(x) ±µ®¤¨²±¿ ¢ ²®·ª¥ x0 ª § ·¥¨¾ f(x0+0)+f(x0−0)
2 � · ±²®±²¨, ¥±«¨

f(x) ¥¯°¥°»¢ , ²® °¿¤ �³°¼¥ ´³ª¶¨¨ f(x) ±µ®¤¨²±¿ ¢ ²®·ª¥ x0 ª f(x0).
6.1. B

�®ª § ²¥«¼±²¢® � C (III.6.1 ). �³±²¼ Sn(x0)-½ ¿ · ±²¨· ¿ ±³¬¬  °¿¤  �³°¼¥. �®£¤  ±®£« ±-

® «¥¬¬¥ (III.6.5) Sn(x0) = 1
π

π∫
0

[f(x0+t)+f(x0−t)]
sin(n+ 1

2 )t
2 sin t

2
dt; � ¬¥²¨¬, ·²® 1

π

π∫
0
Dn(x)⇒ f(x0+0)+f(x0−0)

2 =

1
π

π∫
0
f(x0 + 0) + f(x0− 0) sin(n+ 1

2 )t
2 sin t

2
° ±±¬®²°¨¬ ° §®±²¼ : Sn(x0)− f(x0+0)+f(x0−0)

2 = 1
π

π∫
0
{[f(x0 + t) + f(x0−

t)] − [f(x0 + 0) + f(x0 − 0)]} sin(n+ 1
2 )t

2 sin t
2
dt = 1

π

π∫
0

[f(x0 + t) − f(x0 + 0)] sin(n + 1
2 )t)(2 sin t

2 )dt + 1
π

π∫
0

[f(x0 − t) −

f(x0 − 0)] sin(n+ 1
2 )t)(2 sin t

2 )dt �®ª ¦¥¬, ·²® ª ¦¤»© ¨§ ¨²¥£° «®¢ →∞ ¯°¨ n→∞
� ±±¬®²°¨¬ φ(t) = f(x0+t)−f(x0+0)

2 sin t
2

�³¹¥±²¢³¥² lim
t→+0

φ(t) = lim
t→+0

[ f(x0+t)−f(x0+0)
t

t
2 sin t

2
] = f ′+(x0) ⇒ φ(t) ª³±®·®-¥¯°¥°»¢    [0;π] ⇒

(δαΘ«.«Ξ¬¬Ξ�Υ¬ Ω )∃ lim
n→∞

1
π

π∫
0
φ(t) sin(n+ 1

2 )tdt = 0 � «®£¨·® ¤®ª §»¢ ¥²±¿, ·²® ∃ lim
n→∞

1
π

π∫
0
ψ(t) sin(n+

1
2 )tdt = 0ψ(t) = f(x0−t)−f(x0−0)

2 sin(n+ 1
2 ) (∃ lim

t→−0
= f ′−(x0))

�§ ¤®ª § ²¥«¼±²¢  ¢»²¥ª ¥², ·²® ∃ lim
n→∞

Sn(x0)− f(x0+0)+f(x0−0)
2 ] = 0⇒ ∃ lim

n→∞
Sn(x0) = f(x0+0)+f(x0−0)

2

�.².¤. (III.6.1 ) B �.

�¯°¥¤¥«¥¨¥ C C 6.2. �³±²¼ f(x) ®¯°¥¤¥«¥    [a; a+T ], T > 0 �-¯¥°¥®¤¨·¥±ª¨¬ ¯°®¤®«¦¥¨¥¬
´³ª¶¨¨ f(x)  §»¢ ¥²±¿ f(x) ² ª ¿, ·²®

1) f ®¯°¥¤¥«¥    ¢±¥© ®±¨.

2) f(x+ T ) = f(x).

3) f(x) = f(x) ∀x ∈ (a; a+ T ).

6.2. B B

� ¬¥· ¨¥ � 6.3. �§ ®¯°¥¤¥«¥¨¿ ±«¥¤³¥², ·²® �-¯¥°¥®¤¨·¥±ª®¥ ¯°®¤®«¦¥¨¥ ´³ª¶¨¨ ®¯°¥¤¥«¿-
¥²±¿ ¥®¤®§ ·®,   ¨¬¥® ®® ®¯°¥¤¥«¿¥²±¿ ± ²®·®±²¼¾ ¤® § ·¥¨¿   ª®¶ µ ¨²¥°¢ « .
����� ������� 6.3. �

�«¥¤±²¢¨¥ 1 ¨§ III.6.1. �³±²¼

1) f(x) ª³±®·®-¥¯°¥°»¢    [−π;π] f(x) —- 2π-¯¥°¨®¤¨· 

2) ∃f ′+(x0); f ′−(x0)

�®£¤  ¨¬¥¥² ¬¥±²® ° ¢¥±²¢® a0
2 +

∞∑
n=1

an cosnx0 + bn sinnx0 = f(x0+0)+f(x0−0)
2 £¤¥ an, bn ª®½´´¨¶¨¥²»

�³°¼¥ ´³ª¶¨¨ f(x)   [−π;π]. 1 ¨§ III.6.1.

� ¬¥· ¨¥ � 6.4. � ±«³· ¥, ¥±«¨ f ¥¯°¥°»¢  ¢ (.)x0 ²® ¨¬¥¥² ¬¥±²® ° ¢¥±²¢® a0
2 +

∞∑
n=1

an cosnx0 +

bn sinnx0 = f(x0) 6.4. �
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� ¬¥· ¨¥ � 6.5. �±«¨ f(x) ∈ C(−∞;+∞) ¨ ∃f ′+, f ′−∀x ²® ¨¬¥¥² ¬¥±²® ° ¢¥±²¢® : a0
2 +

∞∑
n=1

an cosnx+

bn sinnx = f(x)∀x a0
2 +

∞∑
n=1

an cosnx+ bn sinnx = f(x)∀x ∈ [−π;π]. 6.5. �

� ¬¥· ¨¥ � 6.6. �³±²¼

1) f(x) ∈ C[−π;π]

2) f(−π) = f(π)

3) ∃f ′+(x0); f ′−(x0) ∀x0 ∈ (−π;π)

�®£¤  ¨¬¥¾² ¬¥±²® ° ¢¥±²¢  ® ª®²®°»µ ¡»«® ±ª § ® ¢ § ¬¥· ¨¨ (6.5) 6.6. �



����� IV

�²¥£° «», § ¢¨±¿¹¨¥ ®² ¯ ° ¬¥²° .

§1. �±®¢»¥ ®¯°¥¤¥«¥¨¿.

�¯°¥¤¥«¥¨¥ C C 1.1. �³±²¼ f(x, y) ∈ C(Π), Π = {(x, y)|(x, y) ∈ R2, a ≤ x ≤ b, C ≤ y ≤ d}.
�®£¤ 

∀y ∈ [c, d] ®¯°¥¤¥«¥  ´³ª¶¨¿ F (y) =

b∫
a

f(x, y)dx (1.1)

�³ª¶¨¿ F (y)  §»¢ ¥²±¿ ¨²¥£° «¼® § ¢¨±¨¬®© ®² ¯ ° ¬¥²° . 1.1. B B

� ¬¥· ¨¥ � 1.1. � ±²® ¯°¨µ®¤¨²±¿ ° ±±¬ ²°¨¢ ²¼ ¨²¥£° «¼³¾ § ¢¨±¨¬®±²¼ ®² ¯ ° ¬¥²° 
¡®«¥¥ ®¡¹¥£® ¢¨¤ :

F (y) =

ψ(y)∫
φ(y)

f(x, y)dx, £¤¥ a ≤ φ(y); ψ(y) ≤ b (∀y ∈ [c, d]) (1.2)

1.1. �

� ¬¥· ¨¥ � 1.2. � ¤ ·  ±¢¿§  ¿ ± (1.1 ) ¨ (1.3 ) § ª«¾· ¥±²±¿

1) ¢ ¨±±«¥¤®¢ ¨¨ ¨µ   ¥¯°¥°»¢®±²¼

2) ¢ ¨±±«¥¤®¢ ¨¨ ¨µ   ¤¨´´¥°¥¶¨°³¥¬®±²¼

3) ¢ ¨±±«¥¤®¢ ¨¨ ¨µ   ¨²¥£°¨°³¥¬®±²¼ ¯®¤ § ª®¬ ¨²¥£° «  (?)

1.2. �

� ¬¥· ¨¥ � 1.3. � ª ·¥±²¢¥ ¢±¯®¬®£ ²¥«¼®£® ®¡º¥ª²  ¡³¤¥² ´¨£³°¨°®¢ ²¼ I(y, u, v) =
v∫
u

f(x, y)dx, a ≤

u; v ≤ b f(x, y) ∈ C(Π). �·¥¢¨¤®, ·²® ¨²¥£° « ®¯°¥¤¥«¥ (�¬¨²°¨© �¨µ ©«®¢¨·, ¬®¦¥² ¨¬¥¥² ±¬»±«
±¤¥« ²¼ ±¤¥±¼ ±±»«ª³,   ²® ¥ ª°¨±² «¼® ¿±®, ª ª®© ¨²¥£° «?..) I(y, u, v) ®¯°¥¤¥«¥( ) ¢D = {(y, u, v)|(y, u, v) ∈
R3, c ≤ y ≤ d, a ≤ u ≤ b, a ≤ v ≤ b} 1.3. �

72
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IV.1 �±®¢»¥ ®¯°¥¤¥«¥¨¿. 73

� ¬¥· ¨¥ � 1.4.
ψ(y)∫
φ(y)

f(x, y)dx = I(y, φ(y), ψ(y)) 1.4. �

�¥®°¥¬  C 1.1: � ¥¯°¥°»¢®±²¨ ¨²¥£° « , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥²° .
�³±²¼ f(x, y) ∈ C(Π);

�®£¤  F (y) =
b∫
a

f(x, y)dx ∈ C[c;d] 1.1. B

�®ª § ²¥«¼±²¢® � C (IV.1.1 ). ∀ε > 0 ∃δ > 0 ¨§ |y − y0| < δ =⇒ |F (y)− F (y0)| < ε (y0 ∈ (c; d))
� ª ª ª ´³ª¶¨¿ f(x, y) ¥¯°¥°»¢  ¢ C(Π),   Π - ª®¬¯ ª²®, ²® ¯® ²¥®°¥¬¥ � ²®°  (?? ) ´³ª¶¨¿
f(x, y) ° ¢®¬¥°® ¥¯°¥°»¢  ¢ Π ¨ ∀ε > 0 ¯®

ε

b− a

∃δ > 0 :

{
|x1 − x2| < δ (x1, y1) ∈ Π
|y1 − y2| < δ (x2, y2) ∈ Π

² ª¨¬ ®¡° §®¬ |f(x1, y1) − f(x2, y2)| < ε

b− a
, ¯®«®¦¨¬ x1 = x2 = x, ¨, ������, y1 = y2 = y ²®£¤  ¨§

|y − y0| < δ ±«¥¤³¥² |f(x, y)− f(x, y0)| < ε

b− a
.

� ±±¬®²°¨¬ |F (y) − F (y0)| = |
b∫
a

f(x, y)dx −
b∫
a

f(x, y0)dx| ≤
b∫
a

|f(x, y) − f(x, y0)|dx <
ε

b− a
b∫
a

dx = ε

�.².¤. (IV.1.1 ) B �.

�¯° ¦¥¨¥ C � 1.1. �°®¢¥±²¨   «®£¨·»¥ ° ±±³¦¤¥¨¿ ¤«¿ y0 = c y0 = d, ¤®ª § ¢ ®¤®±²®-
°®¾¾ ¥¯°¥°»¢®±²¼ ¢ ½²¨µ ²®·ª µ 1.1. � B

� ¬¥· ¨¥ � 1.5. �±«®¢¨¥ ¥¯°¥°»¢®±²¨ ´³ª¶¨¨ ¢ ²¥®°¥¬¥ (IV.1.1 ) ±³¹¥±²¢¥®:

f(x, y) =
y

x2 + y2 ; (0, 0) - ²®·ª  ° §°»¢ 

F (y) =

1∫
0

ydx

x2 + y2 =
y

y
arctg

x

y
|10 =

y

y
arctg

1
y

1.5. �

� ¬¥· ¨¥ � 1.6. �¥¬ ¥ ¬¥¥¥ ³±«®¢¨¥ ¥¯°¥°»¢®±²¨ ´³ª¶¨¨ ¢ ²¥®°¥¬¥ (IV.1.1 ) ®²¾¤¼ ¥
¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬:

f(x, y) = sgn(x− y)

�«¿ 0 ≤ x ≤ 1 0 ≤ y ≤ 1 F (y) =

1∫
0

sgn(x− y)dx =

∫
sgn(x− y)dx+

∫ 1

y

sgndx =

− y + x|1y = 1− 2y ∈ C[0;1]
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1.6. �

�¥®°¥¬  C 1.2: � ¥¯°¥°»¢®±²¨ ¨²¥£° « , § ¢¨±¿¹¥£® ®² 3µ ¯ ° ¬¥²°®¢.
�³±²¼

1) f(x, y) ∈ C(Π)

2) Π{(x, y)|(x, y) ∈ R2, a ≤ x ≤ b, c ≤ y ≤ d}

�®£¤  I(y, u, v) =
v∫
u

f(x, y)dx ∈ CD 1.2. B

�¯° ¦¥¨¥ C � 1.2. �®ª § ²¥«¼±²¢® ¯°®¢¥±²¨ ± ¬®±²®¿²¥«¼® 1.2. � B

�¥®°¥¬  C 1.3: �¡®¡¹¥ ¿ ²¥®°¥¬  ® ¥¯°¥°»¢®±²¨ ¨²¥£° « , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥²° (-
®¢).
�³±²¼

1) f(x, y) ∈ C(Π)

2) �³ª¶¨¨ a ≤ φ(y) ≤ b ¨ a ≤ ψ(y) ≤ b (∀y ∈ [c; d])

3) φ(y), ψ(y) ∈ C[c;d]

�®£¤ 

F (y) =

ψ(y)∫
φ(y)

f(x, y)dx ∈ C[c;d] (1.3)

1.3. B

�®ª § ²¥«¼±²¢® � C (IV.1.3 ).

F (y) =

ψ(y)∫
φ(y)

= I(y, φ(y), ψ(y))

1) I(y, u, v) ∈ CD

2) u = φ(y) ¨ v = ψ(y) ∈ C[c;d]

² ª¨¬ ®¡° §®¬ ±®£« ±® ²¥®°¥¬¥ ® ¥¯°¥°»¢®±²¨ ±«®¦®© ´³ª¶¨¨

I(y, φ(y), ψ(y)) ∈ C[c;d]

�.².¤. (IV.1.3 ) B �.
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§2. �¨´´¥°¥¶¨°®¢ ¨¥ ¨ ¨²¥£°¨°®¢ ¨¥ ¨²¥£° « , § ¢¨±¿¹¥£® ®² ¯ -
° ¬¥²° .

�¥®°¥¬  C 2.1: �° ¢¨«® �¥©¡¨¶  ® ¤¨´´¥°¥¶¨°®¢ ¨¨ ¨ ¨²¥£°¨°®¢ ¨¨ ¯® ¯ ° ¬¥²°³.

�³±²¼ f(x, y) ∈ C(Π),
∂f

∂y
∈ C(Π).

�®£¤  ´³ª¶¨¿ F (y) =
b∫
a

f(x, y)dx ¤¨´´¥°¥¶¨°³¥¬  ¢ (c, d) ¯°¨ ½²®¬

1) F
′
(y) =

b∫
a

∂f

∂y
dx ².¥.

2)
d

dy

(
b∫
a

f(x, y)dx

)
=

b∫
a

∂d

∂y
dy

�»¬¨ ±«®¢ ¬¨  ¸ ¨²¥£° « § ¢¨±¿¹¨© ®² ¯ ° ¬¥²°  ¤®¯³±ª ¥² ¤¨´´¥°¥¶¨°®¢ ¨¥ ¯® ¯ ° ¬¥²°³
¯®¤ § ª®¬ ¨²¥£° « . 2.1. B

�®ª § ²¥«¼±²¢® � C (IV.2.1 ).

∃ lim
y→y0

F (y)− F (y0)
y − y0

=

b∫
a

∂f

∂y
(x, y0)dx

∣∣∣∣∣∣F (y)− F (y0)
y − y0

−
b∫
a

∂f

∂y
(x, y0)dx

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
b∫
a

f(x, y)− f(x, y0)
y − y0

−
b∫
a

∂f

∂y
(x, y0)dx

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣
b∫
a

∂f

∂y
(x, ζ)(y − y0)

y − y0
dx−

b∫
a

∂f

∂y
(x, y0)dx

∣∣∣∣∣∣∣∣ =

(y0 < ζ < y «¨¡® y < ζ < y0)

=

b∫
a

∣∣∣∣∂f∂y (x, ζ)− ∂f

∂y
(x, y0)

∣∣∣∣ dx
�§ ³±«®¢¨¿ ±«¥¤³¥², ·²®

∂f

∂y
°.. (???) ¢ Π

�®³·¥  ®¶¥ª :

∣∣∣∣F (y)− F (y0)
y − y0

∣∣∣∣ ≤
b∫
a

∣∣∣∣∂f∂y (x, ζ)− ∂f

∂y
(x, y0)

∣∣∣∣ dx
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£¤¥

{
«¨¡® y0 < ζ < y

«¨¡® y < ζ < y0

0 < |ζ − y0| < |y − y0| ².ª. ¯® ³±«®¢¨¾
∂f

∂y
∈ C(Π), ²®

∂f

∂y
° ¢®¬¥°® ¥¯°¥°»¢  ¢ Π, ².¥. ∀ε > 0 (¯®

ε

b− a
> 0) ∃δ > 0 : ¨§{

|x1 − x2| < δ (x1, y1) ∈ Π
|y1 − y2| < δ (x2, y2) ∈ Π

=⇒ |∂f(x1, y1)
∂y

− ∂f(x2, y2)
∂y

| < ε

b− a

�®«®¦¨¬, ·²® x1 = x2 = x ∈ (a; b); y1 = y, y2 = y0, ²®£¤  ¨§ 0 < |y − y0| < δ ¡³¤¥² ±«¥¤®¢ ²¼, ·²®

0 < |ζ − y0| < δ =⇒ |∂f(x, y0)
∂y

− ∂f(x, y0)
∂y

| < ε

b− a
=⇒

∣∣∣∣∣F (y)− F (y0)
y − y0

−
b∫
a

∂f(x, y0)
∂y

dx

∣∣∣∣∣ < ε

b− a
b∫
a

dx =

ε =⇒ ∃ F
′

= lim
y→y0

F (y)− F (y0)
y − y0

=
b∫
a

∂f(x, y0)
∂y

dx �.².¤. (IV.2.1 ) B �.

�¯° ¦¥¨¥ C � 2.1. �°®¢¥¤¿   «®£¨·»¥ ° ±±³¦¤¥¨¿ ¤«¿ ²®·¥ª c ¨ d, ¤®ª § ²¼ ±³¹¥±²¢®¢ -

¨¥ ®¤®±²®°®¨µ ¯°®¨§¢®¤»µ F
′
+(C) =

b∫
a

∂f(x, c)
∂y

dx ¨ F
′
−(C) =

b∫
a

∂f(x, d)
∂y

dx 2.1. � B

� ¬¥· ¨¥ � 2.1. � ±±¬®²°¨¬ ¨²¥£° « § ¢¨±¿¹¨© ®² ²°¥µ ¯ ° ¬¥²°®¢:

I(y, u, v) =

v∫
u

f(x, y)dx (2.1)

£¤¥ f(x, y) ∈ C(Π), a ≤ u, v ≤ b, ²®£¤  ±³¹¥±²¢³¥²
∂I

∂u
= −f(u, y),

∂I

∂v
= −f(v, y). �®£« ±® ²¥®°¥¬¥

�¼¾²® -�¥©¡¨¶  (?? ), ¥±«¨
∂f

∂y
∈ C(Π) ²® ¯® (IV.2.1 ) ∃∂I(x,y)

∂y dx 2.1. �

� ¬¥· ¨¥ � 2.2. � ±±¬®²°¨¬ (2.1 ), £¤¥
∂f(x, y)
∂y

∈ C(Π), a = u, b = v. �®£¤ 
∂I

∂u
=
∂I

∂v
;
∂I

∂y
∈

C(D), £¤¥ D = {(y, u, v)|(y, u, v) ∈ R3, c < y < d, a < u, v < b}, ±«¥¤®¢ ²¥«¼® I(y, u, v) - ¤¨´´¥°¥¶¨°³-
¥¬( ) ¢ D. 2.2. �

�¥®°¥¬  C 2.2: �¡®¡¹¥®¥ ¯° ¢¨«® �¥©¡¨¶  ® ¤¨´´¥°¥¶¨°®¢ ¨¨ ¯® ¯ ° ¬¥²°³.

F (y) =

ψ(y)∫
φ(y)

f(x, y)dx (2.2)

�³±²¼ ¢»¯®«¥» ³±«®¢¨¿:

1) F (x, y),
∂f(x, y)
∂y

∈ C(Π)

2) a < φ(y), ψ(y) < b ∀y ∈ [c; d]

3) ∃φ
′
(y), ψ

′
(y) ∀y ∈ [c; d]
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�®£¤  ±¯° ¢¥¤«¨¢  ´®°¬³« :

F
′
(y) = f(ψ(y), y)ψ

′
(y)− f(φ(y), y)φ

′
+

ψ(y)∫
φ(y)

∂f(x, y)
∂y

dx (2.3)

2.2. B

�®ª § ²¥«¼±²¢® � C (IV.2.2 ). F (y) = I(y, φ(y), ψ(y)), £¤¥ I(y, u, v) =
v∫
u

f(x, y)dx �»ª¶¨¿ F (y)

³¤®¢«¥²¢®°¿¥² ¢±¥¬ ³±«®¢¨¿¬ ²¥®°¥¬» ® ¥° §°»¢®±²¨ (??) ±«®¦®© ´³ª¶¨¨, ±®£« ±® ª®²®°®© ¨¬¥¥²
¬¥±²®:

F
′
(y) =

∂I

∂y
+
∂φ
′
(y)

∂u
+
∂I

∂v
ψ
′
(y) §¤¥±¼ £¤¥-²® ¡°¥¤?..

F
′
(y) =

ψ(y)∫
φ(y)

∂f(x, y)
∂y

dx− f(ψ(y), y)ψ
′
(y) + f(φ(y), y)φ

′

�²® ±®¢¯ ¤ ¥² ± (2.3 ). �.².¤. (IV.2.2 ) B �.

�¥®°¥¬  C 2.3: �¡ ¨²¥£°¨°®¢ ¨¨ ¯® ¯ ° ¬¥²°³ ¯®¤ § ª®¬ ¨²¥£° « .

F (y) =

b∫
a

f(x, y)dx (2.4)

�³±²¼ f(x, y) ∈ C(Π).
�®£¤  ¨²¥£° « (2.4 ) ¤®¯³±ª ¥² ¨²¥£°¨°®¢ ¨¥ ¯® ¯ ° ¬¥²°³ y ¯®¤ § ª®¬ ¨²¥£° « , ².¥. ¨¬¥¥²
¬¥±²® ´®°¬³« :

d∫
c

F (y)dy =

d∫
c

 b∫
a

f(x, y)dx

 dy =

b∫
a

 d∫
c

f(x, y)dy

 dx. (2.5)

2.3. B

�®ª § ²¥«¼±²¢® � C (IV.2.3 ).

z∫
c

 b∫
a

f(x, y)dx

 dy =

b∫
a

 z∫
c

f(x, y)dy

 dx ∀z ∈ [c, d] (2.6)

´®°¬³«  (2.5 ) ¯®«³· ¥²±¿ ¨§ ´®°¬³«» (2.6 ) ¯°¨ z = d.
� ±±¬®²°¨¬ ¢±¯®¬®£ ²¥«¼»¥ ´³ª¶¨¨ z:

g(z) =

z∫
c

 b∫
a

f(x, y)dx

 dy; h(z) =

b∫
a

 z∫
c

f(x, y)dy

 dx
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�²¨ ´³ª¶¨¨ ®¯°¥¤¥«¥»   [c, d] ¨ ¤¨´´¥°¥¶¨°³¥¬»   ½²®¬ ®²°¥§ª¥. �°¨ ½²®¬ g
′
(z) =

b∫
a

f(x, y)dx.

∂

∂z

z∫
c

f(x, y)dy = f(x, z)

h
′
(z) =

b∫
a

∂

∂z

 z∫
c

f(x, y)dy

 dx =

b∫
a

f(x, z)dx =⇒ g
′
(z) = h(z) + Const, ¯®¤±² ¢¨¬ x = c, ²®£¤  ¯®«³·¨¬:

g(c) = 0; h(c) = 0; z = c =⇒ Const = 0 =⇒ g(z) = h(z) ∀z ∈ [c, d] �®°¬³«  (2.6 ) ³±² ®¢«¥ ,  
´®°¬³«  (2.5 ) ¯®«³· ¥²±¿ ¨§ (2.6 ) �.².¤. (IV.2.3 ) B �.

�°¨¬¥° J2.1.

1∫
0

xb − xa

lnx
dx, 0 < a < b. �.ª.

xb − xa

lnx
=

b∫
a

xydy, ²®

1∫
0

xb − xa

lnx
dx =

1∫
0

 b∫
a

xydy

 dx =

b∫
a

(
xy+1

y + 1
|10
)
dy =

b∫
a

y + 1
1

dy = ln(y + 1)|ba = ln
b+ 1
a+ 1

2.1. I

�¯°¥¤¥«¥¨¥ C C 2.1. �¨±«® g =

1∫
0

arctan(x)
x

dx - ª®±² ²  � ² «  . 2.1. B B

§3. �¥±®¡±²¢¥»¥ ¨²¥£° «», § ¢¨±¿¹¨¥ ®² ¯ ° ¬¥²° . �®¿²¨¥ ° ¢®-
¬¥°®© ±µ®¤¨¬®±²¨.

�¯°¥¤¥«¥¨¥ C C 3.1.
�³±²¼

1) f(x, y) ®¯°¥¤¥«¥  ¢ D = {(x, y)|(x, y) ∈ R2, a ≤ x < +∞, y ∈ E < R}

2) f(x, y) ¨²¥£°¨°³¥¬  ¯® x   [a,A] ∀A > a; ∀y ∈ E

3) ∃ lim
A→+∞

A∫
a

f(x, y)dx = I(y), (∀y ∈ E)

�®£¤    E ®¯°¥¤¥«¥  ´³ª¶¨¿:

I(y) =

+∞∫
a

f(x, y)dx (∀y ∈ E) (3.1)

 §»¢ ¥¬ ¿ ¥±®¡±²¢¥»¬ ¨²¥£° «®¬ ¯¥°¢®£® °®¤ , § ¢¨±¿¹¨¬ ®² ¯ ° ¬¥²° . 3.1. B B

� ¬¥· ¨¥ � 3.1. �  ¿§»ª¥ ”ε−M” ®¯°¥¤¥«¥¨¥ (IV.3.1 ) ° ·¸¨´°®¢»¢ ¥²±¿ ² ª: ∀ε > 0 ∃M =

M(ε, y) > 0 : ¨§ A > M =⇒

∣∣∣∣∣∣
A∫
a

f(x, y)dx− I(y)

∣∣∣∣∣∣ < ε (∀y ∈ E) 3.1. �
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� ¬¥· ¨¥ � 3.2. � ±«³· ¥, ¥±«¨ ¢ ®¯°¥¤¥«¥¨¨ (IV.3.1 ) M ®ª § « ±¼ § ¢¨±¿¹¥© ²®«¼³® ®² ε,
£®¢®°¿², ·²® ¨¬¥¥² ¬¥±²® ° ¢®¬¥° ¿ ±µ®¤¨¬®±²¼. 3.2. �

� ¬¥· ¨¥ � 3.3. �¥° ¢¥±²¢® |
A∫
a

f(x, y)dx−I(y)| < ε (∀y ∈ E) ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢«¥® ¢ ¢¨¤¥

|
+∞∫
A

f(x, y)dx| < ε 3.3. �

� ¬¥· ¨¥ � 3.4. � «®£¨·® ®¯°¥¤¥«¥¨¥ ¤«¿ I(y) =
a∫

+∞
f(x, y)dx 3.4. �

�¯°¥¤¥«¥¨¥ C C 3.2. �³±²¼ ¢»¯®«¥» ³±«®¢¨¿ ®¯°¥¤¥«¥¨¿ (IV.3.1 ), ²®£¤  (3.1 )  §»¢ ¥²±¿
° ¢®¬¥°® ±µ®¤¿¹¨¬±¿   ¬®¦¥±²¢¥ E, ¥±«¨: ∀ε > 0 ∃M = M(ε) (® ¥ § ¢¨±¨² ®² y) > 0 : ¨§ A >

M =⇒

∣∣∣∣∣∣
A∫
a

f(x, y)dx− I(y)

∣∣∣∣∣∣ < ε (∀y ∈ E) 3.2. B B

� ¬¥· ¨¥ � 3.5. �® ¬®¦¥±²¢®,   ª®²®°®¬ ®¯°¥¤¥«¥ ¨²¥£° « I ¬®¦¥² ¥ ±®¢¯ ¤ ²¼ ± ¬®¦¥-
±²¢®¬,   ª®²®°®¬ ® ° ¢®¬¥°® ±µ®¤¨²±¿, ®, ¢ · ±²®±²¨, ¬®¦¥² ± ¨¬ ¨ ±®¢¯ ¤ ²¼. 3.5. �

� ¬¥· ¨¥ � 3.6. �§ ®¯°¥¤¥«¥¨¿ (IV.3.2 ) ¢»²¥ª ¥², ·²® ¨¬¥¥² ¬¥±²®   «®£¨¿ ¬¥¦¤³ ¨²ª£° -
«®¬ ¯¥°¢®£® °®¤  ¨ ° ¢®¬¥°® ±µ®¤¿¹¥©±¿ ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¼¾. 3.6. �

�¥®°¥¬  C 3.1: �°¨²¥°¨© �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¥±®¡±²¢¥®£® ¨²¥£° «  ¯¥°¢®£® °®-
¤ .
�«¿ ²®£®, ·²®¡» (3.1 ) ±µ®¤¨«±¿   E ¥®¡µ®¤¨¬® ¨ ¤®±² ²®·® ∀ε > 0 ∃M(ε) > 0 : ¨§ A > A > M =⇒∣∣∣∣∣∣∣
A∫
A

f(x, y)dx

∣∣∣∣∣∣∣ < ε; (∀y ∈ E) 3.1. B

�¯° ¦¥¨¥ C � 3.1. �®ª § ²¼ ²¥®°¥¬³ (IV.3.1 ) ± ¬®±²®¿²¥«¼®. 3.1. � B

�¥®°¥¬  C 3.2: �°¨§ ª �¥©°¸²° ±±  ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¥±®¡±²¢¥®£® ¨²¥£° «  ¯¥°-
¢®£® °®¤ .
�³±²¼

1) |f(x, y)| ≤ g(x) ∀y ∈ E; ∀x ∈ [a; +∞]

2)
+∞∫
a1

g(x)dx ±µ®¤¨²±¿ ¯°¨ a1 ≥ a

�®£¤  (3.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   E. 3.2. B

�¯° ¦¥¨¥ C � 3.2. �®ª § ²¼ ²¥®°¥¬³ (IV.3.2 ) ± ¬®±²®¿²¥«¼®. 3.2. � B

� ½²®¬ ±«³· ¥ ¨§¢¥±²®, ·²® ¨²¥£° « (?? ) ¬ ¦®°¨°³¥² ¨²¥£° « (3.1 ) ¨«¨ ¿¢«¿¥²±¿ ¬ ¦®° ²®©.

�¯° ¦¥¨¥ C � 3.3. �±±«¥¤®¢ ²¼   ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼ I(y) =

+∞∫
0

yβe−yx
α

dx; α, β >

0; y ∈ (0,+∞) 3.3. � B
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�¯° ¦¥¨¥ C � 3.4. �´®°¬³«¨°®¢ ²¼ ¤«¿ ¨²¥£° «  (3.1 ) ¯°¨§ ª¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨
�¨°¨¸«¥ ¨ �¡¥«¿. 3.4. � B

� ¬¥· ¨¥ � 3.7. �±«®¢¨¿ ²¥®°¥¬» (IV.3.2 ) ®²¾¤¼ ¥ ¿¢«¿¾²±¿ ¥®¡µ®¤¨¬»¬¨ ¤«¿ ° ¢®¬¥°-
®© ±µ®¤¨¬®±²¨, ¨¡® ±³¹¥±²³¥² ° ¢®¬¥°® ±µ®¤¿¹¨©±¿ ¨ ¥ ¬ ¦®°¨°³¥¬»© ¥±®¡±²¢¥»© ¨²¥£° «.
3.7. �

�°¨¬¥° J3.1.

+∞∫
1

sin(x)
x+ y

dx, y ∈ (0,+∞) ±µ®¤¨²±¿ ° ¢®¬¥°® ±®£« ±® �¨°¨¸«¥
1

x+ y
⇒
y

0 ¨

¬®®²®®

+∞∫
1

| sin(x)|
|x+ y|

dx, y ∈ (0,+∞) ° ±µ®¤¨²±¿. 3.1. I

§4. �±±«¥¤®¢ ¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨.

�¥¬¬  C @ p 4.1: �³±²¼ ¨²¥£° « (3.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   E. � ±±¬®²°¨¬  °¿¤³ ± (3.1 )

In(y) =

A∫
a

f(x, y)dx; n ∈ N, n > a (4.1)

�®£¤  (4.1 ) ° ¢®¬¥°® ±µ®¤¨²±¿   E. 4.1 A B

�®ª § ²¥«¼±²¢® � C (IV.4.1 ). �§ ³±«®¢¨¿ ¢»²¥ª ¥², ·²® ∀ε > 0 ∃M(ε) > 0; A > M =⇒∣∣∣∣∣∣
A∫
a

f(x, y)dx− I(y)

∣∣∣∣∣∣ < ε ∀y ∈ E. �.¥.∀ε > 0 ∃N(ε) > 0 ∈ N; n > N =⇒ |In(y) − I(y)| < ε ∀y ∈ E =⇒

In(y) ±µ®¤¨²±¿ ° ¢®¬¥°® ¯® ®¯°¥¤¥«¥¨¾   E. �.².¤. (IV.4.1 ) B �.

�¥®°¥¬  C 4.1: � ¥¯°¥°»¢®±²¨ ¥±®¡±²¢¥®£® ¨²¥£° « ¯¥°¢®£® °®¤ , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥-
²° .
� ±±¬®²°¨¬ (3.1 ): ¯³±²¼

1) f(x, y) ∈ C(D), D = {(x, y)|(x, y) ∈ R2a ≤ x ≤ +∞; y ∈ [c, d]}

2) �²¥£° « (3.1 ) ±µ®¤¨²±¿ ° ¢®¬¥°®   [c,d]

�®£¤  I(y) ∈ C[c;d] 4.1. B

�®ª § ²¥«¼±²¢® � C (IV.4.1 ). � ±±¬®²°¨¬ (4.1 ). �§ ³±«®¢¨¿ ±«¥¤³¥², ·²® f(x, y) ∈ C(Πn); Πn =
{(x, y)|(x, y) ∈ R2; a ≤ x ≤ n, c ≤ y ≤ d} In(x) ±µ®¤¨²±¿ ° ¢®¬¥°® ª I(y) ¯°¨ n→∞; y ∈ [c, d]. �®£« ±®
²¥®°¥¬¥ ® ¥¯°¥°»¢®±²¨ ¨²¥£° « , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥²°  (IV.1.1 ) In(y) ∈ C[c,d] In ⇒

D−?
I(y). �§

¢±¥£® ½²®£® ¢»²¥ª ¥², ·²® I(y), ±®£« ±® ²¥®°¥¬¥ ® ¥¯°¥°¢®±²¨ ¯°¥¤¥«¼®© ´³ª¶¨¨, ¥±²¼ ° ¢®¬¥°®
±µ®¤¿¹ ¿±¿ ¯®±«¥¤®¢ ²¥«¼®±²¼ ¥¯°¥°»¢»µ ´³ª¶¨©. �.².¤. (IV.4.1 ) B �.
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� ¬¥· ¨¥ � 4.1. �±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ (3.1 ) ¢ ²¥®°¥¬¥ (IV.4.1 ) ±³¹¥±²¢¥®.
4.1. �

�°¨¬¥° J4.1.

I(y) =

+∞∫
0

√
yeyx

2
dx; x ∈ [0,+∞]

I(y) =

0, y = 0√
π

2
, y > 0

4.1. I

� ¬¥· ¨¥ � 4.2. �¥¬ ¥ ¬¥¥¥ ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨-
¬»¬. 4.2. �

�°¨¬¥° J4.2.

I(y) =

+∞∫
0

√
yeyx

2
dx; x ∈ (0,+∞)

I(y) ∈ (0,+∞)

4.2. I

�°¨¬¥° J4.3. ������� ����������, ������ - λ - ����� ��������� �������
�����... � ±²¥°.

I(y) =

+∞∫
0

√
ye−yx

α

dx; y ∈ (0; +∞); 0 < α < 2

Sup ¬®¤³«¿ ”µ¢®±² ” ¥ ±³¹¥±²¢³¥².

�®«®¦¨¬: yxα = t, x =
t

1
α

y
1
α

; dx =
1
y

1
α

1
α
t

1
α−1dt

1
αy

1
α

+∞∫
0

e−tt
1
α dt ∈ C(0,+∞) ∀α ∈ (0, 2)

�® ±µ®¤¨²±¿ ¥° ¢®¬¥°®, ².ª. Sup ¬®¤³«¿ ”µ¢®±² ” ¥ ±³¹¥±²¢³¥². 4.3. I

�¥®°¥¬  C 4.2:
�²¥£°¨°®¢ ¨¥ ¯® ¯ ° ¬¥²°³ ¥±®¡±²¢¥®£® ¨²¥£° «  ¯¥°¢®£® °®¤ , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥²° .

I(y) =

+∞∫
a

f(x, y)dx :.

�³±²¼
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1) f(x, y) ∈ C(D); D = {(x, y)|(x, y) ∈ R2, a ≤ x < +∞, c ≤ yled},

2) I(y) ±µ®¤¨²±¿ ° ¢®¬¥°®   [c, d].

�®£¤  (3.1 ) ¤®¯³±ª ¥² ¨²¥£°¨°®¢ ¨¥ ¯® ¯ ° ¬¥²°³ ¯®¤ § ª®¬ ¨²¥£° « , ².¥. ¨¬¥¥² ¬¥±²® ´®°-
¬³« :

d∫
c

f(y)dy =

d∫
c

 +∞∫
a

f(x, y)dx

 dy =

+∞∫
a

 d∫
c

f(x, y)dy

 dx (4.2)

4.2. B

�®ª § ²¥«¼±²¢® � C (IV.4.2 ). In(y) =

n∫
a

f(x, y)dx �²¥£° « (4.2 ) ±³¹¥±²¢³¥², ².ª. I(y) ∈ C[c,d].

�®£« ±® «¥¬¬¥ (IV.4.1 ) In(y)⇒ I(y)   [c, d] =⇒
d∫
c

In(y)dy →
d∫
c

I(y)dy = lim
n→∞

d∫
c

In(y)dy =

lim
n→∞

d∫
c

 n∫
a

f(x, y)dx

 dy = lim
n→∞

n∫
a

 d∫
c

f(x, y)dy

 dx =< �®£« ±® ²¥®°¥¬¥ (IV.2.3 )>=

+∞∫
a

 d∫
c

f(x, y)dy

 dx.

�.².¤. (IV.4.2 ) B �.

�°¨¬¥° J4.4. I(y) =

+∞∫
0

e−xydx, 0 < a ≤ y ≤ b ¨²¥£° « ±µ®¤¨²±¿ ° ¢®¬¥°®   0 ≤ y ≤

b, 0 ≤ e−xy ≤ e−ay.

+∞∫
0

e−axdx ±µ®¤¨²±¿ =⇒ ±µ®¤¨²±¿ ° ¢®¬¥°® (�®£« ±® �¥©¥°¸²° ±±³) I(y) =

1
y

® ±®£« ±® ²¥®°¥¬¥ (IV.4.2 )

b∫
a

dy

y
= ln

b

a
=

+∞∫
0

 b∫
a

e−xydy

 dx =

+∞∫
0

e−ax − e−bx

x
dx. �² ª

+∞∫
0

e−ax − e−bx

x
dx =

ln
b

a
4.4. I

� ¬¥· ¨¥ � 4.3. �  ¿ ´®°¬³«  ¯°¥¤±² ¢«¿¥² ±®¡®© · ±²»© ±«³· © ´®°¬³«»

+∞∫
0

f(ax)− f(bx)
x

dx = f(0) ln
b

a
(4.3)

f(x) ∈ C(0;+∞), ∀A ∈ (0,+∞)

+∞∫
a

f(x)
x

dx ±µ®¤¨²±¿.

4.3. �
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� ¬¥· ¨¥ � 4.4. ������� ����������, ���� ����� �����-��... �²®² ¯°¨¥¬ ¯°¨
¢¥±¼¬  ®¡¹¨µ ³±«®¢¨¿µ ¬®¦¥² ¡»²¼ ° ±¯°®±²° ¥   ±«³· ©, ª®£¤  ¯® ¯ ° ¬¥²°³ ¯°®¨§¢®¤®© ¢ ¡¥±ª®-
¥·»µ ¯°¥¤¥« µ. �»¬¨ ±«®¢ ¬¨ ¯°¨ ¢¥±¼¬  ®¡¹¨µ ³±«®¢¨¿µ ¢¯° ¢¥¤«¨¢ 

+∞∫
c

 +∞∫
a

f(x, y)dx

 dy =

+∞∫
a

 +∞∫
c

f(x, y)dy

 dx (4.4)

4.4. �

�°¨¬¥° J4.5. I =

+∞∫
0

e−x
2
dx - �²¥£° « �©«¥° -�³ ±±®  -

� ¬¥ : x = ty, dx = y dt ¤ ¥̈² I =

+∞∫
0

ye−t
2y2

dt

� °¿¤³ ±

+∞∫
0

ye−t
2y2

dt ° ±±¬®²°¨¬ ¨²¥£° « e−y
2
·

+∞∫
0

ye−t
2y2

dt =

+∞∫
0

ye−(1+t2)y2
dt = S(y; +∞)

�®£« ±® ²¥®°¥¬¥ IV.4.2 ¯®±«¥¤¨© ¨²¥£° « ¬®¦® ¨²¥£°¨°®¢ ²¼ ¯® ¯ ° ¬¥²°³ y. �±«®¢¨¿ ²¥®°¥¬»
IV.4.2 ¢»¯®«¥»:

1) f(t, y) ∈ C(D); D = {(t, y) | (t, y) ∈ R2, 0 6 t 6 +∞, 0 6 y 6 +∞}, �·¥¢¨¤® f(t, y) = ye−(1+t2)y2
-

¥¯°¥°»¢    ¤ ®¬ ¬®¦¥±²¢¥.

2) S(y,+∞) =
+∞∫
0
ye−(1+t2)y2

dt ±µ®¤¨²±¿ ° ¢®¬¥°® ¯® y   [c, d] = [0; +∞].

�®ª ¦¥¬ ° ¢®¬¥°³¾ ±µ®¤¨¬®±²¼: ¤®ª ¦¥¬, ·²®

S(y,A) =

A∫
0

ye−(1+t2)y2
dt ⇒

y∈[0;+∞]
S(y,+∞) ¯°¨ A→ +∞

�°¥®¡° §³¥¬ S(y,A) ¢ ®¡° ²³¾ ±²®°®³:

S(y,A) = e−y
2
·
A∫

0

e−(ty)2
d(ty) = e−y

2
·
A∫

0

e−x
2
dx

�² ª,  ¬ ¥®¡µ®¤¨¬® ¯®ª § ²¼, ·²®

S(y,A) = e−y
2
·
A∫

0

e−x
2
dx ⇒

y∈[0;+∞]
S(y,+∞) ¯°¨ A→ +∞

�¶¥¨¬ ±¢¥°µ³ ¬®¤³«¼ ° §®±²¨ S(y,+∞)− S(y,A) ¢¥«¨·¨®©, ¥ § ¢¨±¿¹¥© ®² y ¨ ±²°¥¬¿¹¥©±¿ ª
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³«¾ ¯°¨ A→ +∞.

|S(y,+∞)− S(y,A) | =

∣∣∣∣∣∣ e−y2
·

+∞∫
0

e−x
2
dx− e−y

2
·
A∫

0

e−x
2
dx

∣∣∣∣∣∣ =

= e−y
2
·

+∞∫
A

e−x
2
dx 6

+∞∫
A

e−x
2
dx 6

+∞∫
A

e−x dx = e−A ⇒
y∈[0;+∞]

0 ¯°¨ A→ +∞ .

� ¢®¬¥° ¿ ±µ®¤¨¬®±²¼ ²¥¬ ± ¬»¬ ¤®ª §  , ¨ ¬» ¨¬¥¥¬ ¯° ¢® ¨²¥£°¨°®¢ ²¼ ¯® y ¯®¤ § ª®¬
¨²¥£° « .

I · I =

 +∞∫
0

e−y
2
dy

 ·
 +∞∫

0

e−x
2
dx

 =

〈
§ ¬¥  x = ty

〉
=

+∞∫
0

e−y
2

y +∞∫
0

e−t
2y2

dt

 dy =

¬» ¯¥°¥¸«¨ ª ¯®¢²®°®¬³ ¨²¥£° «³

=

+∞∫
0

 +∞∫
0

ye−(1+t2)y2
dt

 dy = ¬¥¿¥¬ ¯®°¿¤®ª ¨²¥£°¨°®¢ ¨¿ =

+∞∫
0

 +∞∫
0

ye−(1+t2)y2
dy

 dt =

=
1
2
·

+∞∫
0

 +∞∫
0

e−(1+t2)y2
d(y2)

 dt =
1
2
·

+∞∫
0

(
− 1

1 + t2
· e−(1+t2)y2

∣∣∣y=+∞

y=0

)
dt =

1
2
·

+∞∫
0

1
1 + t2

dt =

=
1
2
· (arctg t)

∣∣∣t=+∞

t=0
=

1
2
· π

2
=
π

4
�®«³·¨«¨ I

2 =
π

4
=⇒ I =

√
π

2
.

4.5. I



����� V

�° ²»¥ ¨²¥£° «».

§1. �¢®©®© ¨²¥£° « ¨ ¥£® ±¢®©±²¢ .

§1. . �¢ ¤°¨°³¥¬»¥ ¬®¦¥±²¢ ¨ ¯«®¹ ¤¼ ¯«®±ª®© ´¨£³°».

�¯°¥¤¥«¥¨¥ C C 1.1. �» ¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ®£° ¨·¥»¥ ¬®¦¥±²¢  D ⊆ R2 �±«¨ D =
�(a; b)-¯°¿¬®³£®«¼¨ª ±® ±²®°® ¬¨ a ¨ b ²® ±³¹¥±²¢³¥² S(D) = ab 1.1. B B

�¯°¥¤¥«¥¨¥ C C 1.2. �³±²¼ D ⊂ R2; D = D1 ∪ D2 ∪ . . . Dn£¤¥ Di = �i(ai; bi), i = 1, 2, . . . , n
£¤¥ Di ¨ Dk ¯°¨ i 6= k ¥ ¨¬¥¾² ®¡¹¨µ ¢³²°¥¨µ ²®·¥ª. �®£³² ¯¥°¥±¥ª ²¼±¿ £° ¨¶». �®£¤  ² ª®¥
¬®¦¥±²¢®  §»¢ ¥²±¿ ±²³¯¥· ²»¬ (±²³¯¥· ²®© ´¨£³°®©, ±²³¯¥· ²»¬ ²¥«®¬). � ½²®¬ ±«³· ¥

¯®« £ ¥¬ S(D) =
n∑
i=1

S(Di) =
n∑
i=1

aibi 1.2. B B

�¯°¥¤¥«¥¨¥ C C 1.3. �³±²¼ D ⊂ R2-®£° ¨·¥®¥ ¬®¦¥±²¢®. �¨¦¥© ¯«®¹ ¤¼¾ ¬®¦¥±²¢ 
D (®¡®§ ·¥¨¥ S(D))  §»¢ ¥²±¿ ¢¥°µ¿¿ £° ¼ ¬®¦¥±²¢  ¯«®¹ ¤¥© ¢±¥µ ±²³¯¥· ²»µ ´¨£³°, ±®¤¥°-
¦ ¹¨µ±¿ ¢ ¬®¦¥±²¢¥ D. �® ¥±²¼ S(D) = sup{S(E), £¤¥ E-±²³¯¥· ²®¥ ¬®¦¥±²¢® E ⊂ D} 1.3. B B

�¯°¥¤¥«¥¨¥ C C 1.4. �³±²¼ D ⊂ R2-®£° ¨·¥®¥ ¬®¦¥±²¢®. �¥°µ¥© ¯«®¹ ¤¼¾ ¬®¦¥±²¢ 
D (®¡®§ ·¥¨¥ S(D))  §»¢ ¥²±¿ ¨¦¿¿ £° ¼ ¬®¦¥±²¢  ±²³¯¥· ²»µ ´¨£³°, ±®¤¥°¦ ¹¨µ ¢ ±¥¡¥
¬®¦¥±²¢® D. �® ¥±²¼ S(D) = inf{S(F ), £¤¥ F -±²³¯¥· ²®¥ ¬®¦¥±²¢® F ⊃ D} 1.4. B B

� ¬¥· ¨¥ � 1.1. �§ ½²¨µ ®¯°¥¤¥«¥¨© ±«¥¤³¥², ·²® ¤«¿ «¾¡®£® ®£° ¨·¥®£® ¬®¦¥±²¢  ¢±¥£¤ 
±³¹¥±²¢³¥² S(D), ® ¥ ¢±¥£¤  ±³¹¥±²¢³¥² S(D). 1.1. �

�¯°¥¤¥«¥¨¥ C C 1.5. �³±²¼ D ⊂ R2-®£° ¨·¥®¥ ¬®¦¥±²¢®. �±«¨ S(D) = S(D) (¢ ¯°¥¤¯®«®-
¦¥¨¨, ·²® S(D) ±³¹¥±²¢³¥²), ²® ¬®¦¥±²¢® D  §»¢ ¥²±¿ ª¢ ¤°¨°³¥¬»¬. 1.5. B B

�¯°¥¤¥«¥¨¥ C C 1.6. �³±²¼ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. �®£¤  ·¨±«® S(D) = S(D) = S(D)
 §»¢ ¥²±¿ ¯«®¹ ¤¼¾ ¬®¦¥±²¢  D. 1.6. B B

� ¬¥· ¨¥ � 1.2. �³¹¥±²¢³¾² ª¢ ¤°¨°³¥¬»¥ ¬®¦¥±²¢  ¨§ R2 ¥ ¿¢«¿¾¹¨¥±¿ ª¢ ¤°¨°³¥¬»¬¨.
1.2. �

85
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� ¬¥· ¨¥ � 1.3. �°®±²¥©¸¨¬ ¯°¨¬¥°®¬ ª¢ ¤°¨°³¥¬®£® ¬®¦¥±²¢  (¯®¬¨¬® ²°¨¢¨ «¼»µ: ¯°¿-
¬®³£®«¼¨ª, ±²³¯¥· ²»¥ ´¨£³°») ¿¢«¿¥²±¿ ª°¨¢®«¨¥© ¿ ²° ¯¥¶¨¿.
����� �������!!!

�®¦® ¤®ª § ²¼, ·²® ®¯°¥¤¥«¥¨¥ ¯«®¹ ¤¨ ª°¨¢®«¨¥©®© ²° ¯¥¶¨¨ S(D) =
b∫
a

[f2(x) − f1(x)]dx ±®£« ±³-

¥²±¿ ± ®¯°¥¤¥«¥¨¥¬ (V.1.6) 1.3. �

� ¬¥· ¨¥ � 1.4. � ½²®¬ ¨§«®¦¥¨¨ (®¯°¥¤¥«¥¨¿ (V.1.2)− (V.1.6) ) ®¯³¹¥» ¥ª®²®°»¥ ¤¥² «¨:

1) �«¥¤®¢ «® ¡» ¤®ª § ²¼, ·²® ¯«®¹ ¤¼ ±²³¯¥· ²®£® ¬®¦¥±²¢  ¥ § ¢¨±¨² ®² ±¯®±®¡  ° §¡¨¥¨¿  
±®±² ¢«¿¾¹¨¥ ¯°¿¬®³£®«¼¨ª¨.

2) �«¥¤®¢ «® ¡» ¤®ª § ²¼, ·²® ¯«®¹ ¤¼, ¢¢¥¤¥̈ ¿ ¢ ®¯°¥¤¥«¥¨¨ (V.1.6) ®¡« ¤ ¥² ¢±¥¬¨ ²¥¬¨ ±¢®©±²¢ -
¬¨ ¯«®¹ ¤¥©, ¢¢¥¤¥̈»µ  ª±¨®¬ ²¨·¥±ª¨, ¢ · ±²®±²¨, ·²® ¯«®¹ ¤¼ ´¨£³°» ° ¢  ±³¬¬¥ ¯«®¹ ¤¥©
¥¥̈ ±®±² ¢«¿¾¹¨µ.

1.4. �

� ¬¥· ¨¥ � 1.5. �¢¥¤¥̈®¥ ¯®¿²¨¥ ¯«®¹ ¤¨ ¬®¦¥² ¡»²¼ ° ±¯°®±²° ¥®   ¥®£° ¨·¥»¥
¬®¦¥±²¢  ±«¥¤³¾¹¨¬ ®¡° §®¬. �³±²¼ R2-¥®£° ¨·¥®¥ ¬®¦¥±²¢®.
����� �������!!!
1.5. �
� ±±¬®²°¨¬ ¬®¦¥±²¢®:
OA = {(x, y)|(x, y) ∈ R2, x2 + y2 6 A2}
DA = D ∩OA

�¯°¥¤¥«¥¨¥ C C 1.7. �±«¨ ¢»¯®«¥» ³±«®¢¨¿:

1) DA-¿¢«¿¥²±¿ ª¢ ¤°¨°³¥¬»¬ ¤«¿ «¾¡®£® A > A0

2) ∃ lim
A→∞

S(DA) = lim
A→∞

S(A)

²® § ·¥¨¿ ½²®£® ¯°¥¤¥«  ¯°¨¿²®  §»¢ ²¼ ¯«®¹ ¤¼¾ (¢ ¥±®¡±²¢¥®¬ ±¬»±«¥).
S(D) = lim

A→∞
S(DA) 1.7. B B

�°¨¬¥° J1.1. D :

{
y = 1

1+x2

y = 0
����� �������!!!

S(D) =
+∞∫
−∞

dx
1+x2 = π 1.1. I

§1.¡. �®¿²¨¥ ¤¢®©®£® ¨²¥£° « .

�¯°¥¤¥«¥¨¥ C C 1.8. �³±²¼ E ⊂ R2. �¨ ¬¥²°®¬ ¬®¦¥±²¢  ( diam E ) E  §»¢ ¥²±¿ ¢¥°µ¿¿
£° ¼ ¬®¦¥±²¢  ° ±±²®¿¨© ¬¥¦¤³ «¾¡»¬¨ ¤¢³¬¿ ²®·ª ¬¨, ¯°¨ ¤«¥¦ ¹¨¬¨ E. �® ¥±²¼ diamE =
sup{ρ(P,Q);P,Q ∈ E}
�±«¨ ¬®¦¥±²¢® ®£° ¨·¥®, ²® ®® ¨¬¥¥² ¤¨ ¬¥²°. 1.8. B B

�¯°¥¤¥«¥¨¥ C C 1.9. �³±²¼ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. � §¡¨¥¨¥¬ τ = τ(D1, D2, . . . , Dn)
 §»¢ ¥²±¿ ±¨±²¥¬  ª¢ ¤°¨°³¥¬»µ ¬®¦¥±²¢ (D1, D2, . . . , Dn) ² ª¨µ, ·²®
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1) D = D1 ∪D = D2 ∪ · · · ∪Dn

2) �°¨ i 6= k Di ¨ Dk ¥ ¨¬¥¾² ®¡¹¨µ ²®·¥ª.

1.9. B B

�¯°¥¤¥«¥¨¥ C C 1.10. �³±²¼ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. τ = τ(D1, D2, . . . , Dn) ¥ª®²®°®¥
° §¡¨¥¨¥ ¬®¦¥±²¢  D. � ° ¬¥²°®¬ ° §¡¨¥¨¿ λ(τ)  §»¢ ¥²±¿ ¬ ª±¨¬³¬ ¤¨ ¬¥²°  ±®±² ¢«¿¾¹¨µ
¥£® ¬®¦¥±²¢, ²® ¥±²¼ λ(τ) = max diam16i6nDi 1.10. B B

�¯°¥¤¥«¥¨¥ C C 1.11. �³±²¼ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. �³±²¼ τ = τ(D1, D2, . . . , Dn)
¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ ¬®¦¥±²¢  D. �³±²¼ Mi(xi; yi) ¯°®¨§¢®«¼ ¿ ²®·ª  ¨§ Di, i = 1, 2, . . . , n
�³±²¼ ´³ª¶¨¿ f(x, y) = f(M) M = M(x, y) -´³ª¶¨¿, ®¯°¥¤¥«¥̈ ¿   ¬®¦¥±²¢¥ D. �®£¤  ±³¬-

¬  σ = Iτ (Mi) =
n∑
i=1

f(Mi)S(Di)  §»¢ ¥²±¿ ¨²¥£° «¼®© ±³¬¬®© ´³ª¶¨¨ f(M)   ¬®¦¥±²¢¥ D

±®®²¢¥²±²¢³¾¹¥© ¤ ®¬³ ° §¡¨¥¨¾ τ ¨ ¤ ®¬³ ¢»¡®°³ ²®·¥ª Mi. 1.11. B B

�¯°¥¤¥«¥¨¥ C C 1.12. �³±²¼ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. �³±²¼ τ = τ(D1, D2, . . . , Dn)
¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ ¬®¦¥±²¢  D. �³±²¼ Mi(xi; yi) ∈ Di ¯°®¨§¢®«¼ ¿ ²®·ª  ¨§ Di, i = 1, 2, . . . , n
�³±²¼ ´³ª¶¨¿ f(x, y) = f(M) M = M(x, y) -´³ª¶¨¿, ®¯°¥¤¥«¥̈ ¿   ¬®¦¥±²¢¥ D. �³±²¼ ±³¬¬ 

σ = Iτ (Mi) =
n∑
i=1

f(Mi)S(Di) ¨²¥£° «¼ ¿ ±³¬¬  ´³ª¶¨¨ f(M)   ¬®¦¥±²¢¥ D ±®®²¢¥²±²¢³¾¹ ¿

¤ ®¬³ ° §¡¨¥¨¾ τ ¨ ¤ ®¬³ ¢»¡®°³ ²®·¥ª Mi.

�®£¤ , ¥±«¨ ±³¹¥±²¢³¥² lim
λ(τ)→0

σ = lim
λ(τ)→0

n∑
i=1

f(Mi)S(Di) = I (¥ § ¢¨±¨² ®² ° §¡¨¥¨¿ ¨ ¢»¡®°  ²®·¥ª),

²® I  §»¢ ¥²±¿ ¤¢®©»¬ ¨²¥£° «®¬ ´³ª¶¨¨ f(M)   ¬®¦¥±²¢¥ D (¯® ¬®¦¥±²¢³ D) ¨ ®¡®§ · -
¥²±¿ ∫∫

D

f(x, y)dxdy =
∫
D

∫
f(M)dM

1.12. B B

�² ª,
∫

+∞

∫
f(M)dM = lim

λ(τ)→0

n∑
i=1

f(Mi)S(Di) (�°¨ ³±«®¢¨¨ ·²® ½²®² ¯°¥¤¥« ±³¹¥±²¢³¥²).

� ¬¥· ¨¥ � 1.6. �³ª¶¨¿ f(x, y)  §»¢ ¥²±¿ ¨²¥£°¨°³¥¬®© ¯® ¬®¦¥±²¢³ D. 1.6. �

� ���� ������� ��������� ����������� �� ����� (ε, δ) ®¯°¥¤¥«¥¨¿ (V.1.12). ����-
������� 5-����� � ����������� ������������� ������� ����� ���������!!!

�°¨¬¥° J1.2. �³±²¼ D-¯°®¨§¢®«¼®¥ ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®, f(M) = C ∀M ∈ D

σ = Iτ =
n∑
i=1

f(Mi)S(Di) =
n∑
i=1

CS(Di) = C
n∑
i=1

S(Di) = CS(D). � ¸  ¨²¥£° «¼ ¿ ±³¬¬  ¿¢«¿¥²-

±¿ ª®±² ²®©, ¥ § ¢¨±¨² ®² ° §¡¨¥¨¿ ¨ ¢»¡®°  ²®·¥ª, ±«¥¤®¢ ²¥«¼® ±³¹¥±²¢³¥² I =
∫
D

∫
CdM =∫∫

D

Cdxdy = lim
λ(τ)→0

σ = lim
λ(τ)→0

CS(D) = CS(D) �²±¾¤  ±«¥¤³¥², ·²® ¤«¿ «¾¡®£® ª¢ ¤°¨°³¥¬®£® ¬®¦¥-

±²¢  D
∫∫
D

Cdxdy = CS(D).

� · ±²®±²¨ ®²±¾¤  ¢»²¥ª ¥², ·²® ¯«®¹ ¤¼ «¾¡®£® ª¢ ¤°¨°³¥¬®£® ¬®¦¥±²¢  D S(D) =
∫∫
D

dxdy. 1.2. I
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§1.¢. �¢®©±²¢  ¤¢®©®£® ¨²¥£° « .

�¥®°¥¬  C 1.1: �¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ¨²¥£°¨°³¥¬®±²¨.
�³±²¼ ´³ª¶¨¿ f(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    ª¢ ¤°¨°³¥¬®¬ ¬®¦¥±²¢¥ D. �®£¤  f(M) ®£° ¨-
·¥    D. �»¬¨ ±«®¢ ¬¨, ¤«¿ ¨²¥£°¨°³¥¬®±²¨ ´³ª¶¨¨ f(x, y) ¥®¡µ®¤¨¬®, ® ®²¾¤¼ ¥ ¤®±² ²®·-
®, ·²®¡» ®  ¡»«  ®£° ¨·¥    ¬®¦¥±²¢¥ D. 1.1. B

�¯° ¦¥¨¥ C � 1.1. �°¨¢¥±²¨ ±®®²¢¥²±²¢³¾¹¨© ¯°¨¬¥°.

f(x, y) =

{
1, Ξδ«Υ x, y γ ιΥαΩ «πΩξ.
0, ∆α ∆δΞθ αδε «πΩξθ δ«ζκ τθ.

����� �������!!!

1.1. � B

�¥®°¥¬  C 1.2: �®±² ²®·®¥ ³±«®¢¨¥ ¨²¥£°¨°³¥¬®±²¨.
�³±²¼ f(M) ∈ C(D), £¤¥ D ⊂ R2-ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®. �®£¤  f(M) ¨²¥£°¨°³¥¬    ¬®¦¥±²¢¥
D. 1.2. B

�¥®°¥¬  C 1.3: �¨¥©®±²¼.
�³±²¼ ´³ª¶¨¨ f(M) ¨ g(M) ®¯°¥¤¥«¥» ¨ ¨²¥£°¨°³¥¬»   ª¢ ¤°¨°³¥¬®¬ ¬®¦¥±²¢¥ D. �®£¤  «¾-
¡ ¿ ¨µ «¨¥© ¿ ª®¬¡¨ ¶¨¿ ¨²¥£°¨°³¥¬    D ¨ ¯°¨ ½²®¬:

∫∫
D

[αf(M) + βg(M)dM = α
∫∫
D

f(M)dM +

β
∫∫
D

g(M)dM 1.3. B

�¥®°¥¬  C 1.4: �¤¤¨²¨¢®±²¼.
�³±²¼ D = E ∪ F , £¤¥

1) E ¨ F ª¢ ¤°¨°³¬»¥ ¬®¦¥±²¢ .

2) E ¨ F ¥ ¨¬¥¾² ®¡¹¨µ ¢³²°¥¨µ ²®·¥ª.

�³±²¼ f(M) ¨²¥£°¨°³¥¬    E ¨ F . �®£¤  f(M) ¨²¥£°¨°³¥¬    D ¨ ¯°¨ ½²®¬
∫∫
D

f(M)dM =∫∫
E

f(M)dM +
∫∫
F

f(M)dM 1.4. B

�¥®°¥¬  C 1.5: �¶¥ª  ¤¢®©®£® ¨²¥£° « .
�³±²¼ ´³ª¶¨¿ f(M), M(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    ª¢ ¤°¨°³¥¬®¬ ¬®¦¥±²¢¥ D (±«¥¤®¢ ²¥«¼-
® ®  ®£° ¨·¥    D, ²® ¥±²¼ ±³¹¥±²¢³¾² A ¨ B ² ª¨¥, ·²® A 6 f(M) 6 B ∀M ∈ D).
�®£¤  ¨¬¥¥² ¬¥±²® ®¶¥ª : AS(D) 6

∫∫
D

f(M)dM 6 BS(D) 1.5. B

�®ª § ²¥«¼±²¢® � C V.1.5. �³±²¼ τ = τ(D1, D2, . . . , Dn) ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ ¬®¦¥±²¢  D.
Mi ∈ Di, i = 1, . . . , n¯°®¨§¢®«¼ ¿ ²®·ª . �§ ®¶¥ª¨ A 6 f(Mi) 6 B ±«¥¤³¥², ·²® AS(Di) 6 f(Mi)S(Di) 6
BS(Di).
�°®±³¬¬¨°³¥¬ ½²¨ ¥° ¢¥±²¢ :
n∑
i=1

AS(Di) 6
n∑
i=1

f(Mi)S(Di) 6
n∑
i=1

BS(Di)

AS(D) = A
n∑
i=1

S(Di) 6 Iτ (Mi) 6 B
n∑
i=1

S(Di) = BS(D). �²  ®¶¥ª  ¨¬¥¥² ¬¥±²® ¤«¿ «¾¡®£® τ ¨ ¤«¿ «¾¡®©

²®·ª¨ Mi. �.².¤. V.1.5 B �.
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�¥®°¥¬  C 1.6: �¥®°¥¬  ® ±°¥¤¥¬ ¤«¿ ¨²¥£°¨°³¥¬®© ´³ª¶¨¨.
�³±²¼ ´³ª¶¨¿ f(M) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    ª¢ ¤°¨°³¥¬®¬ ¬®¦¥±²¢¥ D (±«¥¤®¢ ²¥«¼® ® 
®£° ¨·¥ , ²® ¥±²¼ ±³¹¥±²¢³¾² A ¨ B ² ª¨¥, ·²® ¨¬¥¥² ¬¥±²® AS(D) 6

∫∫
D

f(M)dM 6 BS(D).

�®£¤  ±³¹¥±²¢³¥² µ ∈ [A,B] ² ª ¿, ·²®
∫∫
D

f(M)dM = µS(D) 1.6. B

�®ª § ²¥«¼±²¢® � C V.1.6. �¥°¥¯¨¸¥¬ ¥° ¢¥±²¢® AS(D) 6
∫∫
D

f(M)dM 6 BS(D) ¢ ¢¨¤¥

A 6 1
S(D)

∫∫
D

f(M)dM 6 B, ¯®«®¦¨¬ µ = 1
S(D)

∫∫
D

f(M)dM , ²®£¤  A 6 µ 6 B,
∫∫
D

f(M)dM = µS(D)

�.².¤. V.1.6 B �.

�¥®°¥¬  C 1.7: �¥®°¥¬  ® ±°¥¤¥¬ ¤«¿ ¥¯°¥°»¢®© ´³ª¶¨¨.
�³±²¼ D-±¢¿§»© ª¢ ¤°¨°³¥¬»© ª®¬¯ ª² ¨ f(M) ∈ C(D). �®£¤  ±³¹¥±²¢³¥² M0 ∈ D ² ª ¿, ·²®∫∫
D

f(M)dM = f(M0)S(D) 1.7. B

�®ª § ²¥«¼±²¢® � C V.1.7. �§ ³±«®¢¨¿ ²¥®°¥¬» ±«¥¤³¥², ·²® ±³¹¥±²¢³¥² A = min
M∈D

f(M) B =

max
M∈D

f(M) A < B (±®£« ±® ²¥®°¥¬¥ � ©¥°¸²° ±± ). �§ (V.1.6) ±³¹¥±²¢³¥² µ ∈ [A,B] ² ª ¿, ·²®∫∫
D

f(M)dM = µS(D). �®£« ±® ²¥®°¥¬¥ �®¸¨ ® ¯°®¬¥¦³²®·®¬ § ·¥¨¨, ·²® ¤«¿ «¾¡®£® µ ∈ [A,B] ±³-

¹¥±²¢³¥² Mµ ∈ D ² ª ¿, ·²® f(Mµ) = µ. � · ±²®±²¨ ¤«¿ µ ¨§ ´®°¬³«»
∫∫
D

f(M)dM = µS(D) ±³¹¥±²¢³¥²

M0 ∈ D ² ª®¥, ·²® f(M0) = µ. �®¤±² ¢«¿¿ µ ²³¤ , ¯®«³· ¥¬ ¤®ª § ²¥«¼±²¢®. �.².¤. V.1.7 B �.

� § ª«¾·¥¨¨ ½²®£® ¯ ° ° ´  ¤ ¤¨¬ £¥®¬¥²°¨·¥±ª³¾ ¨²¥°¯°¥² ¶¨¾ ¤¢®©®£® ¨²¥£° « .
�³±²¼ f(M), M(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    ª¢ ¤°¨°³¥¬®¬ ¬®¦¥±²¢¥ D. � ±±¬®²°¨¬ ¶¨«¨¤°¨-
·¥±ª¨© ¡°³±, ¢ ®±®¢ ¨¨ ª®²®°®£® «¤¥¦¨² ¬®¦¥±²¢® D. ”�°»¸¥©” ±«³¦¨² ¯®¢¥°µ®±²¼ z = f(x, y),
®¡° §³¾¹¨¥ ¯ ° ««¥«¼» ®±¨ z.
�¥®¬¥²°¨·¥±ª®© ¨²¥°¯°¥² ¶¨¥© ¿¢«¿¥²±¿ ®¡º¥̈¬ ½²®£® ¶¨«¨¤°¨·¥±ª®£® ²¥« , ° ¢»©

∫∫
D

f(x, y)dxdy =

V (T ).
����� �������!!!

� ¬¥· ¨¥ � 1.7. �²¬¥²¨¬ ¤¢  ®¡±²®¿²¥«¼±²¢ :

1) �²® ®¯°¥¤¥«¥¨¥ ±®£« ±³¥²±¿ ±® ±«¥¤³¾¹¨¬ ´ ª²®¬: ¥±«¨ f(M) = 1, ²®
∫∫
D

1dxdy = S(D) V (T ) =

S(D) H︸︷︷︸
=1

= S(D)

2) �²® ®¯°¥¤¥«¥¨¥ ®¡º¥̈¬  ²¥«  ±®£« ±³¥²±¿ ± ®¡¹¨¬ ®¯°¥¤¥«¥¨¥¬ ®¡º¥̈¬  ¯°®±²° ±²¢¥®© ´¨£³°».

1.7. �

§1.£. �¢¥¤¥¨¥ ¤¢®©®£® ¨²¥£° «  ª ¯®¢²®°®¬³.

�¥®°¥¬  C 1.8: �³±²¼ f(x, y) ∈ C(Π), £¤¥ Π = {(x, y) | (x, y) ∈ R2 a 6 x 6 b, c 6 y 6 d}. �®£¤ 
¨¬¥¥² ¬¥±²® ´®°¬³« 
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∫∫
Π

f(x, y)dxdy =

b∫
a

dx

d∫
c

f(x, y)dy (1.1)

�²¥£° «, ±²®¿¹¨© ¢ ¯° ¢®© · ±²¨  §»¢ ¥²±¿ ¯®¢²®°»¬. 1.8. B

�®ª § ²¥«¼±²¢® � C V.1.8. �¢®©®© ¨²¥£° « ¢ «¥¢®© · ±²¨ ±³¹¥±²¢³¥² ±®£« ±® ²¥®°¥¬¥ (V.1.7).
( Π ª¢ ¤°¨°³¥¬»© ±¢¿§»© ª®¬¯ ª²,   f(x, y) ¥¯°¥°»¢    ¥̈¬, ±«¥¤®¢ ²¥«¼® ®  ¨²¥£°¨°³¥¬ ). �®-
±ª®«¼ª³ ½²®² ¨²¥£° « ±³¹¥±²¢³¥², ²® ® ¬®¦¥² ¡»²¼  ©¤¥ ¯°¨ ¯®¬®¹¨ ±¯¥¶¨ «¼® ¢»¡¨° ¥¬®£® ° §-
¡¨¥¨¿ ¨ ¢»¡®°  ²®·¥ª. � §¤¥«¨¬ ®²°¥§ª¨ [a, b] ¨ [c, d]   n ° ¢»µ · ±²¥©. �°¨ ½²®¬ ¯°¿¬®³£®«¼¨ª Π
° §®¡¼¥̈²±¿   n2 ¯°¿¬®³£®«¼¨ª®¢ Πij

����� �������!!!{
xi = a+ b−a

n , i = 0, 1, . . . , n
yi = y + d−c

n , j = 0, 1, . . . , n
²®·ª¨ ¤¥«¥¨¿.

Πij = {(x, y)|(x, y) ∈ R2, xi 6 x 6 xi+1, yi 6 y 6 yi+1 i, j = 0, 1, . . . , n}

�¢¥¤¥̈¬ ¢ ° ±±¬®²°¥¨¥ ¢±¯®¬®£ ²¥«¼³¾ ´³ª¶¨¾ I(x) =
d∫
c

f(x, y)dy ∈ C[a,b]. �  ®±®¢ ¨¨ ²¥®°¥¬» ®

¥¯°¥°»¢®±²¨ ¨²¥£° « , § ¢¨±¿¹¥£® ®² ¯ ° ¬¥²°  ±«¥¤³¥², ·²® I(x) ¨²¥£°¨°³¥¬    [a, b].

� ±±¬®²°¨¬ ¨²¥£° «
b∫
a

I(x, y)dx =
n−1∑
i=0

xi+1∫
xi

I(x)dx =
n−1∑
i=0

I(ξi)xi+1 − xi =
n−1∑
i=0

I(ξi) b−an , £¤¥ ξi ∈ [xi, xi+1] i =

0, 1, . . . , n.

� ±±¬®²°¨¬ I(ξi) =
b∫
c

f(ξi, y)dy =
n−1∑
j=0

yj+1∫
yj

f(ξi, y)dy =
n−1∑
j=0

f(ξi, ηij)(yj+1 − yj) =
n−1∑
j=0

f(ξi, ηij)d−cn , £¤¥

η ∈ [yj , yj+1].
�®¤±² ¢¨¬  ©¤¥®¥ ¢»° ¦¥¨¥ ¢ ¯°¥¤»¤³¹³¾ ´®°¬³«³:
b∫
a

dx
d∫
c

f(x, y)dy =
b∫
a

Idx =
n−1∑
i=0

n−1∑
j=0

f(ξi, ηij) b−an
d−c
n =

n−1∑
i=0

n−1∑
j=0

f(ξi, ηij)S(Πij) =
∫∫
Π
f(x, y)dxdy

�»° ¦¥¨¥, ±²®¿¹¥¥ ¢ ¯° ¢®© · ±²¨ ¯®±«¥¤¥© ´®°¬³«» ®¤  ¨§ ¢®§¬®¦»µ ¨²¥£° «¼»µ ±³¬¬ ¤¢®©-
®£® ¨²¥£° « 

∫∫
Π
f(x, y)dxdy. �¥°¥©¤¥̈¬ ª ¯°¥¤¥«³ ¯°¨ λ(τ)→n→∞ 0. ����� �������!!!

�°¨ n→∞ λ→ 0. λ = 1
n

√
(b− a)2 + (d− c)2 �.².¤. V.1.8 B �.

� ¬¥· ¨¥ � 1.8. � ¤®ª § ®© ´®°¬³«¥ ¯¥°¥¬¥»¥ x ¨ y ¢µ®¤¿² ±¨¬¬¥²°¨·»¬ ®¡° §®¬ ¨ ¬»
¯°¨µ®¤¨¬ ª ´®°¬³«¥:

∫∫
Π

f(x, y)dxdy =

d∫
c

dy

b∫
a

f(x, y)dx (1.2)

1.8. �

� ¬¥· ¨¥ � 1.9. �§ ´®°¬³« (1.1) ¨ (1.2) ±«¥¤³¥² ´®°¬³« 

b∫
a

dx

d∫
c

f(x, y)dy =

d∫
c

dy

b∫
a

f(x, y)dx (1.3)
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�®«®±²¼¾ ±®¢¯ ¤ ¥² ± ²¥®°¥¬®© ®¡ ¨²¥£°¨°®¢ ¨¨ ±®¡±²¢¥®£®,§ ¢¨±¿¹¥£® ®² ¯ ° ¬¥²° , ¨²¥-
£° «  ¯® ¯ ° ¬¥²°³.

1.9. �

�«¿ ²®£®, ·²®¡» ¯®«³·¥»¥ °¥§³«¼² ²» ° ±¯°®±²° ¨²¼   ª°¨¢®«¨¥©»¥ ²° ¯¥¶¨¨ ¢¢¥¤¥̈¬ ®¯°¥¤¥-
«¥¨¥:

�¯°¥¤¥«¥¨¥ C C 1.13.

1) �®¦¥±²¢® D = {(x, y)|(x, y) ∈ R2, a 6 x 6 b, α(x) 6 y 6 β(x) ∀x ∈ [a, b], α(x), β(x) ∈ C[a,b]}
 §»¢ ¥²±¿ ¯° ¢¨«¼»¬ ¬®¦¥±²¢®¬ ¯® ®²®¸¥¨¾ ª ®±¨ ox.

2) �®¦¥±²¢® D = {(x, y)|(x, y) ∈ R2, c 6 y 6 d, α(y) 6 x 6 β(y) ∀y ∈ [c, d], α(y), β(y) ∈ C[c,d]}
 §»¢ ¥²±¿ ¯° ¢¨«¼»¬ ¬®¦¥±²¢®¬ ¯® ®²®¸¥¨¾ ª ®±¨ oy.

����� �������!!!
1.13. B B

�¥®°¥¬  C 1.9:

1) �³±²¼ D-¯° ¢¨«¼®¥ ¬®¦¥±²¢® ¯® ®²®¸¥¨¾ ª ®±¨ ox, f(x, y) ∈ C(D).
�®£¤ 

∫∫
D

f(x, y)dxdy =

b∫
a

dx

β(x)∫
α(x)

f(x, y)dy (1.4)

2) �³±²¼ D-¯° ¢¨«¼®¥ ¬®¦¥±²¢® ¯® ®²®¸¥¨¾ ª ®±¨ oy, f(x, y) ∈ C(D).
�®£¤ 

∫∫
D

f(x, y)dxdy =

d∫
c

dy

β(y)∫
α(y)

f(x, y)dx (1.5)

1.9. B

� ¬¥· ¨¥ � 1.10. �²¨ ¨²¥£° «» ±³¹¥±²¢³¾², ² ª ª ª ¢±¿ª®¥ ¯° ¢¨«¼®¥ ¬®¦¥±²¢® ¯°¥¤±² -
¢«¿¥² ±®¡®© ª®¬¯ ª². 1.10. �

� ¬¥· ¨¥ � 1.11. � ª ¯° ¢¨«®, ¬®¦¥±²¢® ¢ ª®ª°¥²»µ ¯°¨¬¥° µ, ¢ ª®²®°®¬ ¡¥°¥̈²±¿ ¨²¥°¢ «
¿¢«¿¥²±¿ ¯° ¢¨«¼»¬ ª ª ¯® ®²®¸¥¨¾ ª ®±¨ ox, ² ª ¨ ¯® ®²®¸¥¨¾ ª ®±¨ oy. �®½²®¬³ ¢®§¬®¦ 
° ±±² ®¢ª  ¯°¥¤¥«®¢ ¨ ¢ ²®¬, ¨¢ ¤°³£®¬ ¢¨¤¥. 1.11. �

�°¨¬¥° J1.3. ����� �������!!!

y = x2 y+x3 �®¦¥±²¢® ®£° ¨·¥® ª°¨¢»¬¨. f ∈ C(D)
∫∫
D

f(x, y)dxdy =
1∫
0
dx

x3∫
x2

f(x, y)dy =
1∫
0
dy

3√y∫
√
y

f(x, y)dx

�°¨¬¥° ¢»·¨±«¥¨¿ ¤¢®©®£® ¨²¥£° « .
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� ©¤¥̈¬ ¤¢®©®© ¨²¥£° « ®² ¯°®¨§¢¥¤¥¨¿ ±²¥¯¥»µ ´³ª¶¨© ¯® ¤¢³¬¥°®¬³ ±¨¬¯«¥ª±³. D =

{
x > 0, y > 0
x+ y 6 1∫∫

D

xa−1yb−1dxdy =
1∫
0
dx

1−x∫
0
xa−1yb−1dy =

1
b

1∫
0
xa−1yb|1−x0 dx =

1∫
0
xa−1(1−x)bdx =

1
b
B(a, b+1) =

1
b

�(a)�(b+ 1)
�(a+ b+ 1)

=

1
b

�(a)b�(b)
a+ b�(a+ b)

⇒
∫∫
D

xa−1yb−1dxdy =
�(a)�(b)

(a+ b)�(a+ b)
1.3. I

� ¬¥· ¨¥ � 1.12. �¥®°¥¬  (V.1.9) £ ° ²¨°³¥² °¥§³«¼² ² «¨¸¼ ¯°¨ a ¨ b > 1. �¤ ª®, ¯°¨
0 < a < 1 ¨ 0 < b < 1, ½²®² ¨²¥£° « ¯®¨¬ ¥²±¿ ª ª ¥±®¡±²¢¥»©. 1.12. �

§2. � ¬¥  ¯¥°¥¬¥®© ¢ ¤¢®©®¬ ¨²¥£° «¥.

�°¨¬¥° J2.1. |x|α + |y|α = 1 α > 0
����� �������!!!

S = 4
1∫
0

(1−xα)
1
α dx = [t = xα x = t

1
α dx = 1

α t
1
α−1] = 4

α

1∫
0

(1−t) 1
α t

1
α dt = 4

αB( 1
α ; 1

α+1) = 4
α

�( 1
α )�( 1

α + 1)
�( 1

α + 1
α + 1)

=

4
α

�( 1
α ) 1

α�( 1
α )

2
α (�( 2

α ))
= 2

α

�2( 1
α )

�( 2
α )

lim
α→+∞

S(α) = lim
α→+∞

2
α
α2

α/2 = 4

�(a) ∼a→+0
1
a 2.1. I

§2. . �®°¬³«  ¤«¿ ½«¥¬¥²  ¯«®¹ ¤¨ ¢ ª°¨¢®«¨¥©»µ ª®®°¨ ² µ.

����� �������!!!

1) �³±²¼ ¯ °  ´³ª¶¨©

{
x = x(u, v)
y = y(u, v)

(2.1)

®±³¹¥±²¢«¿¥² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ D ↔ ∆, £¤¥ D ⊂ R2
xy; ∆ ⊂ R2, £¤¥ x(u, v), y(u, v) ∈

C1,1
u,v(∆)

2) ¨ ¯°¨ ½²®¬ ¿ª®¡¨  I(u, v) = D(x,y)
D(u,v) =

∣∣∣∣∣∣∣
∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v
.

∣∣∣∣∣∣∣ 6= 0 ∀(u, v) ∈ ∆

� ±±¬®²°¨¬ ¡¥±ª®¥·® ¬ «»© ¯°¿¬®³£®«¼¨ªQ ⊂ ∆ ±® ±²®°® ¬¨ du ¨ dv ¨ ± ¢¥°¸¨ ¬¨Q1(u, v); Q2(u+
du, v); Q3(u+du, v+dv); P4(x(u, v+dv); y(u, v+dv)). �°¨ ®²®¡° ¦¥¨¨ (2.1) Q→ P ⊂ D, £¤¥ P -¥ª®²®°»©
¡¥±ª®¥·® ¬ «»© ª°¨¢®«¨¥©»© ·¥²»°¥̈µ³£®«¼¨ª ± ¢¥°¸¨ ¬¨ ¢ ²®·ª µ P1

(
x(u, v); y(u, v)

)
P2
(
x(u +

du, v); y(u + du, v)
)
P3
(
x(u + du, v + dv); y(u + du, v + dv)

)
P4
(
x(u, v + dv); y(u, v + dv)

)
. �·¥¢¨¤®, ·²®

S(Q) = dudv. �°¥¡³¥²±¿  ©²¨ S(P ).
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�² ª, § ¬¥¨¬ ª°¨¢®«¨¥©»© ¯°¿¬®³£®«¼¨ª P   ¡¥±ª®¥·® ¡«¨§ª¨© ª ¥¬³ P ′ ± ²®·®±²¼¾ ¤® ¬ «»µ
¢»±¸¥£® ¯®°¿¤ª , ¯® ±° ¢¥¨¾ ± du ¨ dv ¢ ²®·ª µ P ′1 = P1(x, y) x(u+ du; v) = x(u, v) + ∂x

∂udu (¯®«³·¨«¨
¯°¨ ¯®¬®¹¨ «¨¥ °¨§ ¶¨¨).
P ′2(x+ ∂x

∂udu; y + ∂y
∂udu)

P ′3(x+ ∂x
∂udu+ ∂x

∂v dv; y + ∂y
∂udu+ ∂y

∂vdv)
P ′4(x+ ∂x

∂v dv; y + ∂y
∂vdv)

�²¬¥²¨¬, ·²® ¢±¥ ½²¨ ¢¥«¨·¨» ¢»·¨±«¿¾²±¿ ¢ ²®·ª¥ (u, v).
� ±±¬®²°¨¬ ¢¥ª²®°» P ′1P

′
2 = ( ∂x∂udu; ∂y∂udu) P ′3P

′
4 = ( ∂x∂udu; ∂x∂udu ⇒ P ′1P

′
2 = P ′3P

′
4 ⇒ P ′-¯ ° ««¥«®£° ¬¬,

P ′1P
′
4 = (∂x∂v dv; ∂y∂vdv)

� ª ª ª ¯«®¹ ¤¼ ¯ ° ««¥«®£° ¬¬  ° ¢  ¢¥ª²®°®¬³ ¯°®¨§¢¥¤¥¨¾ ¤¢³µ ¢¥ª²®°®¢, ²® S(P ′) =

∣∣∣∣∣
∣∣∣∣∣∣∣
∂x

∂u
du

∂y

∂u
du

∂x

∂v
dv

∂y

∂v
dv.

∣∣∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣∣∣
∂x

∂u

∂y

∂u
∂x

∂v

∂y

∂v
.

∣∣∣∣∣∣∣ dudv = |I(u, v)|dudv

�² ª, S(P ′) = |I(u, v)|dudv

S(P ) ≈ |I(u, v)|S(Q) (2.2)

� ²®·®±²¼¾ ¤® ¡¥±ª®¥·® ¬ «»µ ¢»±¸¥£® ¯®°¿¤ª  ¯® ±° ¢¥¨¾ ± du ¨ dv

§2.¡. �¥®°¥¬  ® § ¬¥¥ ¯¥°¥¬¥»µ ¢ ¤¢®©®¬ ¨²¥£° «¥.

�¥¬¬  C @ p 2.1: �®°¬³«  ¤«¿ ¯«®¹ ¤¨ ª¢ ¤°¨°³¥¬®£® ¬®¦¥±²¢  ¢ ª°¨¢®«¨¥©»µ ª®®°¤¨ ² µ.

1) �³±²¼ ¯ °  ´³ª¶¨©

{
x = x(u, v)
y = y(u, v)

®±³¹¥±²¢«¿¥² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ D ↔ ∆, £¤¥

D ⊂ R2
xy; ∆ ⊂ R2, £¤¥ x(u, v), y(u, v) ∈ C1,1

u,v(∆)

2) ¨ ¯°¨ ½²®¬ ¿ª®¡¨  I(u, v) = D(x,y)
D(u,v) =

∣∣∣∣∣∣∣
∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v
.

∣∣∣∣∣∣∣ 6= 0 ∀(u, v) ∈ ∆

�®£¤  ¨¬¥¥² ¬¥±²® ´®°¬³« 

S(D) =
∫∫
D

dxdy =
∫∫
∆

|I(u, v)|dudv (2.3)

2.1 A B

�®ª § ²¥«¼±²¢® � C ??. ����� �������!!!
� §«®¦¨¬ ¬®¦¥±²¢® ∆ ¯°¿¬»¬¨, ¯ ° ««¥«¼»¬¨ ª®®°¤¨ ²»¬ ®±¿¬   ¡¥±ª®¥·® ¬ «»¥ ¯°¿¬®³£®«¼-
¨ª¨. �®£¤  D ° §®¡¼¥̈²±¿   ¡¥±ª®¥·® ¬ «»¥ ª°¨¢®«¨¥©»¥ ·¥²»°¥̈µ³£®«¼¨ª¨.∫∫
D

dxdy = S(D) =
∑
i

S(Di) ≈
∑
i

|I(ui; vi)|S(∆i).
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�°¨ ½²®¬ ¬» ¯°¥¥¡°¥£ ¥¬ ·«¥ ¬¨ ¢»±¸¥£® ¯®°¿¤ª  ¬ «®±²¨ ¯°¨ ¨±¯®«¼§®¢ ¨¨ (2.2) ¨ ”¥¯° ¢¨«¼»-
¬¨” ½«¥¬¥² ¬¨ ³ £° ¨¶» ¬®¦¥±²¢ . �®¦® ¤®ª § ²¼, ·²® ¢±¥̈ ½²® ¥±²¼ o-¬ «®¥ ®² ®±®¢®£® ¢ª« ¤ .
�®£¤ , ¢ ¯°¥¤¥«¥ ±«¥¤³¥² ´®°¬³«  (2.3) �.².¤. ?? B �.

�®°¬³«  ¤«¿ ¯«®¹ ¤¨ ±¢¿§®£® ª¢ ¤°¨°³¥¬®£® ª®¬¯ ª² .
�³±²¼ ¢»¯®«¥» ³±«®¢¨¿ 1) ¨ 2) «¥¬¬» (V.2.1). �³±²¼ ² ª¦¥ 3) ∆ ( ¢²®¬ ²¨·¥±ª¨ ¨ D) ¿¢«¿¥²±¿ ±¢¿§»¬
ª®¬¯ ª²®¬.
�°¨¬¥¨¬ ª ¯° ¢®© · ±²¨ ´®°¬³«» (2.3) ²¥®°¥¬³ ® ±°¥¤¥¬ ¤«¿ ¥¯°¥°»¢®© ´³ª¶¨¨:∫∫
∆
|I(u, v)|dudv = |I(u, v)|S(∆), £¤¥ (u, v) ∈ ∆⇒

S(D) = |I(u, v)|S(∆) (2.4)

£¤¥ (u, v) ∈ ∆
�¥®°¥¬  C 2.1:

1) �³±²¼ ¯ °  ´³ª¶¨©

{
x = x(u, v)
y = y(u, v)

®±³¹¥±²¢«¿¥² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ ¬¥¦¤³ ±¢¿§-

»¬¨ ª¢ ¤°¨°³¥¬»¬¨ ª®¬¯ ª² ¬¨ D ¨ ∆, £¤¥ x(u, v), y(u, v) ∈ C1,1
u,v(∆)

2) |I(u, v)| 6= 0 ∀(u, v) ∈ ∆

3) f(x, y) ∈ C(D)

�®£¤  ¨¬¥¥² ¬¥±²® ´®°¬³« :

∫∫
D

f(x, y)dxdy =
∫∫
∆

f
(
x(u, v); y(u, v)

∣∣I(u, v)|dudv (2.5)

2.1. B

�®ª § ²¥«¼±²¢® � C V.2.1. � ª ª ª ®¡  ¨²¥£° «  ¢ ´®°¬³«¥ (2.5) § ¢¥¤®¬® ±³¹¥±²¢³¾² (² ª
ª ª ¯®¤¨²¥£° «¼»¥ ´³ª¶¨¨ ¥¯°¥°»¢») ²®  ¸ ¤¢®©®© ¨²¥£° « ¬®¦¥² ¡»²¼  ©¤¥ ± ¯®¬®¹¼¾
±¯¥¶¨ «¼® ¢»¡° »µ ¯°®¬¥¦³²®·»µ ²®·¥ª.
�³±²¼ τ = τ(D1, D2, . . . , Dn)-¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ ¬®¦¥±²¢  D; Mi(xi; yi) ∈ Di. � ±±¬®²°¨¬ ¨²¥-

£° «¼³¾ ±³¬¬³ σ = Iτ =
n∑
i=1

f(xi, yi)S(Di).

� ±¨«³ ´®°¬³« (2.1) ° §¡¨¥¨¾ τ ±®®²¢¥²±²¢³¥² τ ′ = τ(∆1,∆2, . . . ,∆n)
�§ ´®°¬³«» (2.4) ±«¥¤³¥² S(Di) = |I(ui, vi)|S(∆i), i = 1, 2, . . . (ui, vi) ∈ ∆i

⇒ σ =
n∑
i=1

f(xi, yi)|I(ui, vi)|S(∆i) �.².¤. V.2.1 B �.

�°¨¬¥° J2.2. � ©²¨ ®¡º¥̈¬ ²¥« , ®£° ¨·¥»© ½²®© ¯®¢¥°µ®±²¼¾.
xn

an + yn

bn = rn

����� �������!!!

V (n) =
∫∫
D

n

√
1− (xnan + yn

bn )dxdy

�¥°¥©¤¥̈¬ ª ®¡®¡¹¥̈»¬ ½««¨¯²¨·¥±ª¨¬ ¨²¥£° « ¬
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V (∞) = lim
n→∞

V (n) = abc Vn = c
∫∫
D

n

√
1− (xnan + yn

bn )dxdy = c 2ab
n

π
2∫
0
dφ

1∫
0
r cos

2
n−1 φ sin

2
n−1 φ n

√
1− rnd? =

2abc
n I1I2

I1 =
π
2∫
0

cos
2
n−1 φ sin

2
n−1 φdφ = 1

2B( 1
n ,

1
n ) = 1

2

�2( 1
n )

�( 2
n )

I2 =
1∫
0
r n
√

1− rdr = [rn = t r = t
1
n dr = 1

n t
1
n−1dt] = 1

n

1∫
0
t

1
n
n
√

1− tt 1
n−1dt = 1

n

1∫
0
t

2
n−1(1 − t)

1
n dt =

1
nB( 2

n ,
1
n + 1) = 1

n

�( 2
n ) 1

n�( 1
n )

3
n�( 3

n )

V (n) = 2abc
n

2
n

�2( 1
n )

�( 2
n )

1
n

�( 2
n )�( 1

n ) 1
n

3
n�( 3

n )

V (n) = abc
3n2

�3( 1
n )

�( 3
n )

2.2. I
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�°¨¢®«¨¥©»¥ ¨ ¯®¢¥°µ®±²»¥ ¨²¥£° «».

§1. �°¨¢®«¨¥©»© ¨²¥£° « ¯¥°¢®£® °®¤ .

§1. . �±®¢»¥ ®¯°¥¤¥«¥¨¿.

�°¥ ¬¡³« :¯³±²¼ ´³ª¶¨¨ x(t), y(t), z(t) ∈ C ′[a;b] ¨ ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ [a; b]

¨ ª°¨¢®© L = ÃB ⊂ R3
x,y,z. M = M(t) = M(x(t), y(t), z(t)) ∈ L, ∀t ∈ [a; b]; M(a) = A; M(b) = B;

� ¯®¬¨¬,·²® ¤«¨  ª°¨¢®© s(L) ¥±²¼:

b∫
a

|M
′

(t) | dt =

b∫
a

√
(ẋ)2(t) + (ẏ)2(t) + (ż)2(t)dt

�¯°¥¤¥«¥¨¥ C C 1.1. (� §¡¨¥¨¥):
�³±²¼:
1) τ = {tk}i=ni=0 ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ [a; b];
2) Mk = M(tk);
�®£¤ : ¯°¥¤±² ¢«¥¨¥ L = L1 ∪ L2 ∪ · · · ∪ Ln, £¤¥ Lk = M̃k−1Mk  §»¢ ¥²±¿ ° §¡¨¥¨¥¬ ª°¨¢®©

L,±®®²¢¥²±²¢³¾¹¨¬ ¤ ®¬³ ° §¡¨¥¨¾ [a; b]. �²® ° §¡¨¥¨¥ ² ª¦¥ ®¡®§ · ¥²±¿ τ .
1.1. B B

�¯°¥¤¥«¥¨¥ C C 1.2. 2:
�³±²¼ τ ¥ª®²®°®¥ ° §¡¨¥¨¥ ª°¨¢®© L. �®£¤  ·¨±«® λ(τ) = max s(Lk)  §»¢ ¥²±¿ ¯ ° ¬¥²°®¬ ¤ -

®£® ° §¡¨¥¨¿. 1.2. B B

�¯°¥¤¥«¥¨¥ C C 1.3. 3 (�²¥£° «¼ ¿ ±³¬¬ ):
�³±²¼:
1) τ - ¯°®¨§¢®«¼®¥° §¡¨¥¨¥ L;
2) M̄∈ Lk, k = 1, 2, . . . , n-¯°®¨§¢®«¼»¥ ¯°®¬¥¦³²®·»¥²®·ª¨;
3) ´³ª¶¨¿ f(M) = f(x, y, z) ®¯°¥¤¥«¥    L.
�®£¤  ±³¬¬ 

Iτ (Mk =
n∑
k=1

f(Mk)s(Lk)

96
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 §»¢ ¥²±¿ ¨²¥£° «¼®© ±³¬¬®© ¯® ª°¨¢®© L, ±®®²¢¥²±²¢³¾¹¥© ¤ ®¬³ ° §¡¨¥¨¾ τ ¨ ¤ ®¬³ ¢»-
¡®°³ ¯°®¬¥¦³²®·»µ ²®·¥ª Mk. 1.3. B B

�¯°¥¤¥«¥¨¥ C C 1.4. (�°¨¢®«¨¥©»© ¨²¥£° « ¯¥°¢®£® °®¤ ):
�³±²¼ :

1) ´³ª¶¨¿ f(M) = f(x, y, z) ®¯°¥¤¥«¥    L;

2) τ — ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ L;

3) M = Mk ∈ Lk-¯°®¬¥¦³²®·»¥ ²®·ª¨.

�±«¨

∃ lim
λ(τ)→ 0

IτMk = lim
λ(τ)→ 0

n∑
k=1

f(Mk) · s(Lk) = I,

²® ½²®² ¯°¥¤¥«  §»¢ ¥²±¿ ª°¨¢®«¨¥©»¬ ¨²¥£° «®¬ ´³ª¶¨¨ f(M) ¯® ª°¨¢®© L ¨ ®¡®§ · ¥²±¿
I =

∫
L

f(M)ds =
∫
L

f(x, y, z)ds . 1.4. B B

�¯° ¦¥¨¥ C � 1.1. �´®°¬³«¨°®¢ ²¼ ®¯°¥¤¥«¥¨¥   ¿§»ª¥ ε− δ. 1.1. � B

§1.¡. �±®¢»¥ ±¢®©±²¢  ª°¨¢®«¨¥©®£® ¨²¥£° «  ¯¥°¢®£® °®¤ .

�³±²¼ ´³ª¶¨¨ x(t), y(t), z(t) ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ [a; b] ¢ L ∈ R3 ² ª, ·²®
M = M(t) ∈ L∀t ∈ [a; b]. M(a) = A;M(b) = B. �®£¤  ¨¬¥¥² ¬¥±²® ²¥®°¥¬ :

1. �±«¨ f(M) = f(x, y, z) ®¯°¥¤¥«¥    L ,¨²¥£°¨°³¥¬  ¯® L ¢ ±¬»±«¥ �¯°¥¤¥«¥¨¿ 4,²® ®  ®£° ¨-
·¥    L . �¡° ²®¥ ¢®®¡¹¥ £®¢®°¿ ¥¢¥°®.

� ¯®¬¨ ¨¥: �¥¯°¥°»¢®±²¼ ¯® ¬®¦¥±²¢³.
 )´³ª¶¨¿ f(M)  §»¢ ¥²±¿ ¥¯°¥°»¢®© ¢ ²®·ª¥ M0 ∈ L ¯® ª°¨¢®© L, ¥±«¨ ∀ ε > 0∃ δ > 0 :

¨§ρ(M0M) < δ , M ∈ L.⇒ |f(M)− f(M0)| < ε

.
¡)f(M),®¯°¥¤¥«¥ ¿  L,  §»¢ ¥²±¿ ¥¯°¥°»¢®© ¯® L(f(M) ∈ C(L)), ¥±«¨ ®  ¥¯°¥°»¢  ¯® L ¯®

ª ¦¤®© ¥¥ ²®·ª¥ (¢ ±¬»±«¥ ®¯°¥¤¥«¥¨¿  )).
2. �±«¨ f(M) ∈ C(L), ²® f(M) ¨²¥£°¨°³¥¬  ¯® L ¢ ±¬»±«¥ �¯°¥¤¥«¥¨¿ 4.
3. �±«¨ f(M) ¨ g(M) ®¯°¥¤¥«¥» ¨ ¨²¥£°¨°³¥¬» ¯® L ,²® «¾¡ ¿ ¨µ «¨¥© ¿ ª®¬¡¨ ¶¨¿ (αf(M) +

βg(M)) ¨²¥£°¨°³¥¬  ¯® L ¨∫
L

[αf(M) + βg(M)]ds = α

∫
L

f(M)ds+ β

∫
L

g(M)ds

.
4. �³±²¼: 1)L = ĂB=ĂC∪C̆B ( ĂC ∪ C̆B= C); 2)f(M) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬    ĂC ¨ C̆B.

�®£¤ :f(M) ¨²¥£°¨°³¥¬    ĂB¨ ¯°¨ ½²®¬:∫
AB

f(M) ds =
∫
AC

f(M)ds+
∫
CB

f(M) ds
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.
5.
∫
L

Cds = Cs(L)⇒ s(L) =
∫
L

ds.

� ¬¥· ¨¥: �±² «¼»¥ ±¢®©±²¢ (±¢®©±²¢  ± ®¶¥ª ¬¨ ¨ ²¥®°¥¬  ® ±°¥¤¥¬) ¢²®¬ ²¨·¥±ª¨ ¢»²¥ª ¾²
¨§ ±¢®©±²¢ ®¡»·®£® ®¯°¥¤¥«¥®£® ¨²¥£° «  ± ³·¥²®¬ ²¥®°¥¬» ® ±¢¥¤¥¨¨ª° ²®£® ¨²¥£° «  ¢²®°®£®
°®¤  ª ®¯°¥¤¥«¥®¬³ ¨²¥£° «³.

§1.¢. �¢¥¤¥¨¥ ª°¨¢®«¨¥©®£® ¨²¥£° «  1-£® °®¤  ª ®¯°¥¤¥«¥̈®¬³ ¨-
²¥£° «³

.
�¥®°¥¬  C 1.1: �¥®°¥¬  ® ±¢¥¤¥¨¨ ª°¨¢®«¨¥©®£® ¨²¥£° « . �³±²¼:

1)x(t), y(t), z(t) ∈ C
′

[a;b] ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ [a; b] ¨ L, ¯°¨ ½²®¬ M =
M(t) = M(x(t), y(t), z(t)) ∈ L∀ t ∈ [a; b];M(a) = A;M(b) = B.

2)´³ª¶¨¿ f(M) = f(x, y, z) ∈ C(L) ¢ ±¬»±«¥ ®¯°¥¤¥«¥¨¿ ¯°¥¤»¤³¹¥£® ¯³ª² .�®£¤  ¨¬¥¥² ¬¥±²®
´®°¬³«  (*):

(∗)
∫
L

f(M)ds =
∫
L

f(x, y, z)ds =

b∫
a

f(M(t))|M(t)|dt =

b∫
a

f(x(t), y(t), z(t))
√
x′2(t) + y′2(t) + z′2(t)dt

. 1.1. B

�®ª § ²¥«¼±²¢®:
�³±²¼ τ - ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥;L = L1 ∪ L2, . . . ,∪Ln; Lk = Mk−1 ·Mk; Mk ∈ Lk, k = 1, 2, . . . , n.

� ±±¬®²°¨¬ ¨²¥£° «¼³¾ ±³¬¬³ ¤«¿ ª° ²®£® ¨²¥£° «  :

Iτ (Mk) =
n∑
k=1

f(Mk) · s(Lk)

, ².ª. ½²®² ¨²¥£° « § ¢¥¤®¬® ±³¹¥±²¢³¥²,²® ¬» ¬®¦¥¬ ¥£®  ©²¨ ± ¯®¬®¹¼¾ ±¯¥¶¨ «¼®£® ¢»¡®°  ²®·¥ª
Mk.

s(Lk) =

tk∫
tk−1

|M ′(tk)|dt = [(∗)]

M
′
(t) = (x′(t), y′(t), z′(t)

[(∗)] = |M ′(tk)| · (tk − tk−1) = |M ′(overlinetk)|· M tk

,£¤¥ tk ∈ [tk−1; tk], k = 1, 2, . . . , n �®«®¦¨¬ Mk = M(tk).�·¥¢¨¤®, ·²® M(tk) ∈ L− k.
�®«³·¨¬:

Iτ (Mk) =
n∑
k=1

f(M(fk)) · |M ′(tk)|· M tk →
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(∗∗)Ik(Mk) =
n∑
k=1

f(x(tk), y(tk), z(tk)) ·
√

(x′(tk))2 + (y′(tk))2 + (z′(tk))2δtk

�·¥¢¨¤®,·²® ¢ ¯° ¢®© · ±²¨ ±²®¨² ®¤  ¨§ ¢®§¬®¦»µ ¨²¥£° «¼»µ ±³¬¬ ¤«¿ ¨²¥£° « , ±²®¿¹¥£® ¢
¯° ¢®© · ±²¨ ´®°¬³«» (*).�¥°¥µ®¤¿ ª ¯°¥¤¥«³ ¢ ° ¢¥±²¢¥ ¯°¨ λ(τ) −→ 0→ (∗).

�¥®°¥¬  ¤®ª §  . �
� ¬¥· ¨¥ � 1.1. : � ±«³· ¥, ¥±«¨ L ¿¢«¿¥²±¿ ¯«®±ª®© (xOy) ,²® ´®°¬³«  (∗) ¯°¨®¡°¥² ¥² ¢¨¤:

∫
L

f(x, y)ds =

b∫
a

f(x(t), y(t)) ·
√

(x′(t))2 + (y′(t))2dt (∗′)

. 1.1. �

� ¬¥· ¨¥ � 1.2. : � ±«³· ¥ , ¥±«¨ ª°¨¢ ¿ L ° ±¯®«®¦¥  ¢ xOy ¨ § ¤   ¿¢»¬ ³° ¢¥¨¥¬
y = y(x); a 6 x 6 b , ²® ´®°¬³«  (∗) ¯°¨¨¬ ¥² ¢¨¤ :

∫
L

f(x, y)ds =

b∫
a

f(x, y(x)) ·
√

1 + (y′(x))2dx (∗′′)

.
1.2. �

� ¬¥· ¨¥ � 1.3. : �³±²¼ ¢»¯®«¥» ³±«®¢¨¿ § ¬¥· ¨¿ 2;

y′(x) = tanα(x) −→
√

1 + (y′(x))2 =
1

| cosα(x)|
−→ (∗ ∗ ∗) :

∫
L

f(x, y)ds =

b∫
a

f(x, y(x))
dx

| cosα(x)|

.
1.3. �

�«¥¤±²¢¨¥ 1 ¨§ ??.

�«¨  L =
∫
L

ds = (¯°¨ ³±«®¢¨¨ , ·²® L ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ § ¬¥· ¨¿ 2) =
b∫
a

dx
| cosα(x)| .

1 ¨§ ??.

� ¬¥· ¨¥ � 1.4. : �§ ®¯°¥¤¥«¥¨¿ 4 ±«¥¤³¥²:∫
ÃB

f(M) ds =
∫
B̃A

f(M) ds .

� ª¨¬ ®¡° §®¬ ª°¨¢®«¨¥©»© ¨²¥£° « ¯¥°¢®£® °®¤  ¥ § ¢¨±¨² ®²  ¯° ¢«¥¨¿ ®¡µ®¤  L. 1.4. �
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§1.£. �»·¨±«¥¨¥ ¥ª®²®°»µ ª°¨¢®«¨¥©»µ ¨²¥£° «®¢ 1-£® °®¤ 

1) ∫
L

xα · yβds , £¤¥ L =
{
x2 + y2 = 1
x > 0, y > 0

}

{
x = cos t;
y = sin t;

0 6 t 6 π/2

, ¯®«³·¨¬:

π/2∫
0

cosα t · sinβ t ·
√

(− sin t)2 + (cos t)2dt = 1/2 ·B
(
α+ 1

2
;
β + 1

2

)
,

{
α > −1
β > −1.

2) ∫
L

n√x2 + y2ds, £¤¥ L =
{

(x, y) : x2 + y2 = 2ax , a > 0.
}
.
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§2. �°¨¢®«¨¥©»© ¨²¥£° « ¢²®°®£® °®¤ .

§2. . �¥µ ¨·¥±ª®¥ ° ±±¬®²°¥¨¥.


x = x(t)
y = y(t)
z = z(t).

M = M(x(t), y(t), z(t))∫
l

(~F , d~r) =
∫

(Pdx+Qdy +Rdz), dr = (dx, dy, dz)

� ¬¥· ¨¥ � 2.1. :¨§ ½²®£® ®¯°¥¤¥«¥¨¿ ±«¥¤³¥², ·²® ª°¨¢®«¨¥©»© ¨²¥£° « ¢²®°®£® °®¤ , ¢
®²«¨·¨¥ ®² ¨²¥£° «  ¯¥°¢®£® °®¤ , ª®²®°»© ¥ § ¢¨±¥« ®²  ¯° ¢«¥¨¿ ®¡µ®¤  ª°¨¢®© L, ¬¥¿¥² § ª
  ¯°®²¨¢®¯®«®¦»© ¯°¨ ¨§¬¥¥¨¨  ¯° ¢«¥¨¿ ®¡µ®¤ :∫

B̃A

(~F , d~r) = −
∫
ÃB

(~F ,~r)

. 2.1. �

§2.¡. �®¿²¨¥ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤ .

�°¥ ¬¡³« :�³±²¼ :
1) ´³ª¶¨¨ x(t), y(t) ∈ C ′[a;b] ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ [a; b] ⊂ Rt ¨ ª°¨¢ ¿ L =

ÃB ⊂ R2
x,y;

2)M = M(t) = M(x(t), y(t)) ∈ L∀t ∈ [a; b]; M(a) = A,M(b) = B;
3)τ = {tk}n0 ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ [a; b]; λ(τ) = max

16k6n
lk;

4)M(tk) = Mk, Lk = M̃k−1Mk, k = 1, 2, . . . , n; L = L1 ∪ L2 ∪ . . . ∪ Ln -° §¡¨¥¨¥ ª°¨¢®© L;
5) Mk ∈ Lk;
6)´³ª¶¨¿ f(M) = f(x, y) ®¯°¥¤¥«¥    L.

�¯°¥¤¥«¥¨¥ C C 2.1. (�²¥£° «¼ ¿ ±³¬¬ ):�³¬¬ 

!!!x = Iτ (Mk) =
n∑
k=1

f(Mk)· M xk

, £¤¥ M xk = xk − xk−1, xk = x(tk),  §»¢ ¥²±¿ ¨²¥£° «¼®© ±³¬¬®© f(M) ¯® ª°¨¢®© L ¢  ¯° ¢«¥¨¨
®±¨ Ox, ±®®²¢¥²±²¢³¾¹¥© ¤ ®¬³ ° §¡¨¥¨¾ τ ¨ ¤ ®¬³ ¢»¡®°³ ¯°®¬¥¦³²®·»µ ²®·¥ª Mk.

2.1. B B

� ¬¥· ¨¥ � 2.2. :� «®£¨·® ®¯°¥¤¥«¿¥²±¿ ¨²¥£° «¼ ¿ ±³¬¬  ´³ª¶¨¨ f ¯® ª°¨¢®© L ¢  ¯° -
¢«¥¨¨ ®±¨ Oy.

!!!!y = Iτ =
n∑
k=1

f(Mk)· M yk, M yk = yk − yk−1, yk = y(tk)
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. 2.2. �

� ¬¥· ¨¥ � 2.3. :�§ ½²®£® ±«¥¤³¥², ·²® ±³¬¬  ¬¥¿¥² § ª   ¯°®²¨¢®¯®«®¦»© ¯°¨ ¨§¬¥¥¨¨
 ¯° ¢«¥¨¿ ®¡µ®¤  ª°¨¢®© . 2.3. �

�¯°¥¤¥«¥¨¥ C C 2.2. :�±«¨

∃ lim
λ(τ)→0

!!!x = lim
λ(τ) to0

Ik(Mk) = Ix

, ¥ § ¢¨±¿¹¨© ®² ...........,²® f(M)  §»¢ ¥²±¿ ¨²¥£°¨°³¥¬®© ¯® L ¢  ¯° ¢«¥¨¨ ®±¨ Ox,   ·¨±«®
Ix  §»¢ ¥²±¿ ª°¨¢®«¨¥©»¬ ¨²¥£° «®¬ ¢²®°®£® °®¤  ´³ª¶¨¨ f(M) ¯® L ¢  ¯° ¢«¥¨¨ ®±¨ Ox ¨
®¡®§ · ¥²±¿:

Ix =
∫
L

f(M)dx =
∫
L

f(x, y)dx

. 2.2. B B

� ¬¥· ¨¥ � 2.4. :� «®£¨·® ®¯°¥¤¥«¿¥²±¿ ª°¨¢®«¨¥©»© ¨²¥£° « ¢²®°®£® °®¤  ´³ª¶¨¨ f(M)
¯® ª°¨¢®© L ¢  ¯° ¢«¥¨¨ ®±¨ Oy:

Iy =
∫
L

f(M)dy =
∫
L

f(x, y)dy = lim
λ(τ)→0

!!!y

. 2.4. �

� ¬¥· ¨¥ � 2.5. :�³±²¼   ª°¨¢®© L ®¯°¥¤¥«¥» ¤¢¥ ´³ª¶¨¨ P (x, y) ¨ Q(x, y), ¯°¨·¥¬ P (x, y)
¨²¥£°¨°³¥¬  ¯® L ¢  ¯° ¢«¥¨¨ ®±¨ Ox,   Q(x, y) - ¢  ¯° ¢«¥¨¨ ®±¨ Oy.�®£¤ :

I =
∫
L

P (x, y)dx+
∫
L

Q(x, y)dy =
∫
L

P (x, y)dx+Q(x, y)dy − ¨²¥£° « ®¡¹¥£® ¢¨¤ .

2.5. �

�¯° ¦¥¨¥ C � 2.1. :� ±¯°®±²° ¨²¼   3-µ ¬¥°»© ±«³· ©.
2.1. � B

§2.¢. �¢®©±²¢  ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤ .

�°¥ ¬¡³« :(±¬. ¯°¥¤»¤³¹¨© ¯®¤¯³ª²...)
�¬¥¾² ¬¥±²® ±«¥¤³¾¹¨¥ ±¢®©±²¢ :
1.�±«¨ ´³ª¶¨¿ f(M) = f(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬  ¯® ª°¨¢®© L ¢  ¯° ¢«¥¨¨ ®±¨ Ox (Oy),

²® f(M) ®£° ¨·¥    L.�¡° ²®¥ ³²¢¥°¦¤¥¨¥ ¢®®¡¹¥ £®¢®°¿ ¥¢¥°®.
2.�±«¨ f(x, y) ∈ C(L) , ²® f(x, y) ¨²¥£°¨°³¥¬  ¯® ª°¨¢®© L , ª ª ¢  ¯° ¢«¥¨¨ ®±¨ Ox, ² ª ¨ ¢

 ¯° ¢«¥¨¨ ®±¨ Oy.
3.�¬¥¥² ¬¥±²® «¨¥©®±²¼ (± ¬®±²®¿²¥«¼®).
4.�¤¤¨²¨¢®±²¼(± ¬®±²®¿²¥«¼®).
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5. ∫
L

Cdx = C · �°xL;
∫
L

Cdy = C · �°xL.

!!!!!x = C ·
n∑
k=1

M xk = C(M x1 + . . .+ M xn) = C · (x1 − x0 + x2 − x1 + x3 − x2 + . . .+ xn − xn−1) =

= C · (xn − x0) = C · (x(tn)− x(t0)) = C · (x(b)− x(a)) = C ·�°xL.

6.�³±²¼ ´³ª¶¨¿ f(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³¥¬  ¯® ª°¨¢®© L = ÃB ¢  ¯° ¢«¥¨¨ ®±¨ Ox.�®£¤ :f(x, y)
¨²¥£°¨°³¥¬  ¯® ª°¨¢®© L = B̃A ¢  ¯° ¢«¥¨¨ ®±¨ Ox ¨ ¯°¨ ½²®¬ :∫

BA

f(x, y)dx = −
∫
AB

f(x, y)dx

∫
−L

f(x, y)dx = −
∫
L

f(x, y)dx.

7.�³±²¼ ª°¨¢ ¿ L ¯°¥¤±² ¢«¿¥² ±®¡®© ¢¥°²¨ª «¼»© ®²°¥§®ª,   ´³ª¶¨¿ f(x, y) ®¯°¥¤¥«¥  ¨ ¨²¥£°¨°³-
¥¬  ¯® L.�®£¤  : ∫

L

f(x, y)dx = 0.

�±«¨ L - £®°¨§®² «¼»© ®²°¥§®ª, ²® : ∫
L

f(x, y)dy = 0.

§2.£. �¢¥¤¥¨¥ ª°¨¢®«¨¥©®£® ¨²¥£° «  2-£® °®¤  ª ®¯°¥¤¥«¥®¬³ ¨-
²¥£° «³ .

�¥®°¥¬  C 2.1: (® ±¢¥¤¥¨¨ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤  ª ®¯°¥¤¥«¥®¬³ ¨²¥£° -
«³):�³±²¼:

1)x = x(t), y = y(t) ∈ C ′[a;b] ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ L ¨ [a; b] ,M = M(t) =
M(x(t), y(t)) ∈ L ∀ t ∈ [a; b],M(a) = A,M(b) = B;

2)f(x, y) ∈ C(L).
�®£¤ : ¨¬¥¾² ¬¥±²® ´®°¬³«» :

∫
L

f(x, y)dx =

b∫
a

f(x(t), y(t)) · x
′
dt (1)
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,

∫
L

f(x, y)dy =

b∫
a

f(x(t), y(t)) · y
′
dt (2).

2.1. B

�®ª § ²¥«¼±²¢® � C VI.2.1. �®ª ¦¥¬ ´®°¬³«³ (1):

�³±²¼ τ -¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ τ = {tk}k=n
k=0 ,Mk = M(tk), Lk = M̃k−1Mk, Mk = M(x(tk), y(tk)), Mk ∈

Lk, tk ∈ [tk−1, tk].

!!!x = Iτ (Mk) =
n∑
k=1

f(Mk)· M xk = (z)

(M xk = xk − xk−1 = x(tk)− x(tk−1) =
tk∫

tk−1

x
′
(t)dt).

(z) =
n∑
k=1

f(Mk) ·
tk∫

tk−1

x
′
(t)dt.

(∗) !!!!x =
n∑
k=1

f(x(tk), y(tk)) ·
tk∫

tk−1

x
′
(t)dt =

n∑
k=1

tk∫
tk−1

f(x(tk), y(tk)) · x
′
dt.

�²¥£° «, ±²®¿¹¨© ¢ ¯° ¢®© · ±²¨ :

I =

b∫
a

f(x(t), y(t)) · x
′
(t)dt =

n∑
k=1

tk∫
tk−1

f(x(t), y(t)) · x
′
(t)dt;

|!!!x − I| 6
n∑
k=1

tk∫
tk−1

|f(x(tk), y(tk))− f(x(t), y(t))| · |x
′
(t)|dt (∗ ∗ ∗)

�³±²¼:
1) ε - «¾¡®¥ ·¨±«® ¡®«¼¸¥ 0,
2) M = max

[a;b]
|x′(t)|.

�®£¤ : ¯® ·¨±«³ ε
M(b−a) > 0 ∃ δ > 0 ( ¨§ ®¯°¥¤¥«¥¨¿ ° ¢®¬¥°®© ¥¯°¥°»¢®±²¨ f(x(t), y(t)) [a; b] )

² ª®¥, ·²®: ¨§ λ
′

= max
16t6n

M t < δ ⇒

⇒ |f(x(tk), y(tk))− f(x(t), y(t))| < ε

M(b− a)
⇒ |!!x I| <

n∑
k=1

tk∫
tk−1

ε

M(b− a)
·Mdt =
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=
ε

b− a

n∑
k=1

∫
tk−1

tkdt =
ε

b− a

n∑
k=1

M tk =
ε

b− a
· (b− a) = ε⇒ ∃ lim

λ(τ)→0
!!!x = I; λ

′
→ 0 ⇔ λ(τ)→ 0⇒

1) lim
λ(τ)→0

!!!x = I

2) lim
λ(τ)→0

!!!x =
∫
L

f(x, y)dx

�§ ½²®£® ±«¥¤³¥² ( ¯® ²¥®°¥¬¥ ® ¥¤¨±²¢¥®±²¨ ¯°¥¤¥«  ):

∫
L

f(x, y)dx =

b∫
a

f(x(t), y(t)) · x
′
(t)dt.

�.².¤. VI.2.1 B �.

� ¬¥· ¨¥ � 2.6. : ´®°¬³«  (2) ¤®ª §»¢ ¥²±¿   «®£¨·®. 2.6. �

� ¬¥· ¨¥ � 2.7. : �³±²¼: P (x, y)¨Q(x, y) ∈ C(L), ²®£¤  ±¯° ¢¥¤«¨¢  ´®°¬³«  (3):

(3)
∫
L

P (x, y)dx+Q(x, y)dy =

b∫
a

[P (x(t), y(t)) · x
′
+Q(x(t), y(t)) · y

′
]dt;

2.7. �

§2.¤. �¢¿§¼ ¬¥¦¤³ ª°¨¢®«¨¥©»¬¨ ¨²¥£° « ¬¨ 2-£® ¨ 1-£® °®¤ .

�³±²¼ ¢»¯®«¥» ¢±¥ ³±«®¢¨¿ ²¥®°¥¬ ® ±¢¥¤¥¨¨ ª°¨¢®«¨¥©»µ ¨²¥£° «®¢ ¯¥°¢®£® ¨ ¢²®°®£® °®¤®¢
ª ®¯°¥¤¥«¥®¬³ ¨²¥£° «³.�®£¤  ¨¬¥¾² ¬¥±²® ±«¥¤³¾¹¨¥ ´®°¬³«» :

(1)
∫
L

f(x, y)ds =

b∫
a

f(x(t), y(t)) ·
√

(x′(t))2 + (y′(t))2dt;

(2)
∫
L

f(x, y)dx =

b∫
a

f(x(t), y(t)) · dt =

b∫
a

f(x(t), y(t)) · x
′
(t)√

(x′(t))2(y′(t))2
·
√

(x′(t))2 + (y′(t))2dt.

k
′

(t) = x
′
(t)√

(x′ )2+(y′ )2
; y

′
(t)√

(x′ (t))2+(y′ (t))2
= (cosα, sinα) = (cosα, cosβ; )

(2
′
)

∫
L

f(x, y)dx =

b∫
a

f(x(t), y(t)) · cosα ·
√

(x′(t))2 + (y′(t))2dt =
∫
L

f(x, y) · cosαds⇒

⇒ (3)
∫
L

f(x, y)dx =
∫
L

f(x, y) · cosαds.
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� «®£¨·®  µ®¤¨¬ (4):

(4)
∫
L

f(x, y)dy =
∫
L

f(x, y) · cosβds.

� ¬¥· ¨¥ � 2.8. : �§ ´®°¬³« (3) ¨ (4) ⇒ (5):

(5)
∫
L

p(x, y)dx+Q(x, y)dy =
∫
L

[P (x, y) · cosα+Q(x, y) · β]ds.

2.8. �
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§3. �®°¬³«  �°¨  (,®²ª°»² ¿ �©«¥°®¬ § ¤®«£® ¤® °®¦¤¥¨¿ �°¨ ).

§3. . �»¢®¤ ´®°¬³«» �°¨ .

�³±²¼: P (x, y), ∂P (x,y)
∂y ∈ C(G) , £¤¥ G-¯° ¢¨«¼®¥ ¬®¦¥±²¢® ®²®±¨²¥«¼® ®±¨ Ox:

G = {(x, y)|a 6 x 6 b, y1(x) 6 y 6 y2(x)}, £¤¥ y1(x, y2(x) ∈ C[a;b].)
� ±±¬®²°¨¬:

∫∫
G

(−∂P∂y )dxdy =

=

b∫
a

dx

y2(x)∫
y1(x)

(−∂P
∂y

)dy =

b∫
a

[P (x, y)|y2(x)
y1(x)]dx =

b∫
a

P (x, y1(x))dx−
b∫
a

P (x, y2(x))dx =

=
∫
ÃB

P (x, y) dx+
∫
B̃C

P (x, y) dx+
∫
C̃D

P (x, y) dx+
∫
D̃A

P (x, y)dx =  ¤¤¨²¨¢®±²¼ =
∫
L

P (x, y)dx

, £¤¥ L = ÃB ∪ B̃C ∪ C̃D ∪ D̃A.

(1)
∫∫
G

(−∂P
∂y

)dxdy =
∮
L

p(x, y)dx

. � «®£¨·® ¤®ª §»¢ ¥²±¿ ´®°¬³«  (2).∫∫
G

(
∂Q

∂x
)dxdy =

∮
L

Q(x, y)dy

, £¤¥ G-¯° ¢¨«¼®¥ ¬®¦¥±²¢® ®²®±¨²¥«¼® ®±¨ Oy; Q, ∂P
∂x ∈ C(G).

�¥®°¥¬  C 3.1: (® ´®°¬³«¥ �°¨ ):
�³±²¼:
1)G ∈ R2-¬®¦¥±²¢®, ¯° ¢¨«¼®¥ ®²®±¨²¥«¼®¥ ®±¥© Ox, Oy.
2)´³ª¶¨¨ P, ∂P

∂y , Q,
∂Q
∂x ∈ C(G).

�®£¤ : ¨¬¥¥² ¬¥±²® ´®°¬³«  (3):

(3)
∮
L

P (x, y)dx+Q(x, y)dy =
∫∫
G

(
∂Q

∂x
− ∂P

∂y
)dxdy

3.1. B

�°¨¬¥°:∫
L

(x1999 − y)dx+ (x+ y2000)dy =
∫∫
G

(1 + 1)dxdy = 2S(G) = 2πab
{
L =

x2

a2 +
y2

b2
= 1
}

�«¥¤±²¢¨¥ 1 ¨§ VI.3.1. (�»° ¦¥¨¥ ¯«®¹ ¤¨ ¯°¨ ¯®¬®¹¨ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£®
°®¤ .)

�³±²¼: G - ¬®¦¥±²¢®, ³¤®¢«¥²¢®°¿¾¹¥¥ ³±«®¢¨¿¬ �¥®°¥¬» 1 ;
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L - £° ¨¶  ½²®£® ¬®¦¥±²¢ , ¯°®¡¥£ ¥¬ ¿ ¢ ¯®«®¦¨²¥«¼®¬  ¯° ¢«¥¨¨.
�®£¤  : S(G) ¬®¦¥² ¡»²¼ ¡¥±ª®¥·»¬ ¬®¦¥±²¢®¬ ±¯®±®¡®¢ § ¯¨±   ¯°¨ ¯®¬®¹¨ ª°¨¢®«¨¥©®£®

¨²¥£° « . �«¿ ½²®£® ¤®±² ²®·® ¯®¤®¡° ²¼ ´³ª¶¨¨ P,Q, ³¤®¢«¥²¢®°¿¾¹¨¥ ³±«®¢¨¾ :

∂Q

∂x
− ∂P

∂y
≡ 1

S(G) =
∮
L

xdy = −
∮
L

ydx = 1/2
∮
L

xdy − ydx =
∫∫
G

dxdy = S(G).

1 ¨§ VI.3.1.

�°¨¬¥°: xn

an + yn

bn = 1, x > 0, y > 0, (a, b, n > 0); � ±±¬®²°¨¬ ½²³ ¯«®¹ ¤¼ ª ª 1/4 ¯«®¹ ¤¨ ½²®©
ª°¨¢®©.

|x|n

an
+
|y|n

bn
= 1

S = 1/4 · 1/2
∮
L

xdy − ydx = (∗)

{
x = a(cos)

2
n t

y = b(sin)
2
n t.

1/4 · 1/2(later . . . )

� ¬¥· ¨¥ � 3.1. �®°¬³«  �°¨  ¬®¦¥² ¡»²¼ ¤®ª §   ¯°¨ ¯®¬®¹¨ �¥®°¥¬» 2. 3.1. �

�¥®°¥¬  C 3.2: �³±²¼ ´³ª¶¨¨ P (x, y), Q(x, y), ∂Q(x,y)
∂x , ∂P (x,y)

∂y ∈ C(G
′
), £¤¥ G

′
= G ∪ L, £¤¥ G -

®¡« ±²¼, ®£° ¨·¥ ¿ ª³±®·®£« ¤ª®© ¦ °¤ ®¢®© ª°¨¢®©.
�®£¤ : ±¯° ¢¥¤«¨¢  ´®°¬³«  : ∮

L

P dx+Qdy =
∫∫
G

(
∂Q

∂x
+
∂P

∂y
) dxdy.

3.2. B

§3.¡. �°¨¢®«¨¥©»¥ ¨²¥£° «» ¢²®°®£® °®¤ , ¥ § ¢¨±¿¹¨¥ ®² ¯³²¨ ¨-
²¥£°¨°®¢ ¨¿ .

�°¥¤³¢¥¤®¬«¥¨¥: ¢±¥ ª°¨¢»¥ ¯°¥¤¯®« £ ¾²±¿ ª³±®·®-£« ¤ª¨¬¨ ¨ ¦®°¤ ®¢»¬¨.
�¯°¥¤¥«¥¨¥ C C 3.1. (®¤®±¢¿§®© ®¡« ±²¨):

�¡« ±²¼, £° ¨¶» ª®²®°®© ±®±²®¿² ¨§ ®¤®© ª³±®·®£« ¤ª®© ¦ °¤ ®¢®© ª°¨¢®©  §»¢ ¥²±¿ ®¤®±¢¿§-
®© ®¡« ±²¼¾.
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(x2 +y2 < 4- ®¤®±¢¿§ ¿ ®¡« ±²¼, 1/4 < x2 +y2 < 4-¥ ®¤®±¢¿§ ¿, 0 < x2 +y2 < 4- ¥ ®¤®±¢¿§ ¿).
3.1. B B

�¥®°¥¬  C 3.3: (® ¥§ ¢¨±¨¬®±²¨ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤  ®² ¯³²¨ ¨²¥£°¨°®¢ -
¨¿)(”�°®© ¿ ²¥®°¥¬ ”).

�³±²¼ : ´³ª¶¨¨ P (x, y), Q(x, y) ∈ C(G), £¤¥ G -®¤®±¢¿§ ¿ ®¡« ±²¼.
�®£¤  : ½ª¢¨¢ «¥²» ±«¥¤³¾¹¨¥ 3 ³±«®¢¨¿ :
1.
∮
γ

Pdx+Qdy = 0− ¤«¿ «¾¡®£® § ¬ª³²®£® ª®²³°  γ ∈ G

2.
b∫
a

Pdx + Qdy ¥ § ¢¨±¨² ®² ª°¨¢®©, ±®¥¤¨¿¾¹¥© ²®·ª¨ a ¨ b,   § ¢¨±¨² ²®«¼ª® ®² ¯®«®¦¥¨¿

²®·¥ª a ¨ b.
3.Pdx+Qdy ¿¢«¿¥²±¿ ¯®«»¬ ¤¨´´¥°¥¶¨ «®¬ ¢ G,².¥. ∃ U = U(x, y), ®¯°¥¤¥«¥ ¿ ¨ ¨²¥£°¨°³¥¬ ¿

¢ ®¡« ±²¨ G ¨ ² ª ¿, ·²® dU = Pdx+Qdy.
3.3. B

�®ª § ²¥«¼±²¢® � C VI.3.3. 1.⇒ 2.⇒ 3.⇒ 1. (±µ¥¬  ¤®ª § ²¥«¼±²¢ )
1)1.⇒ 2. � ®:

∮
γ

Pdx+Qdy = 0, γ ⊂ G;

�®ª § ²¼ :
b∫
a

Pdx+Qdy ¥ § ¢¨±¨² ®² ª°¨¢®© ãb

� ±±¬®²°¨¬ ª®²³° γ = (ÃB)1 ∪ (B̃A)2. �®£¤ : 0 =
∮
γ

Pdx+Qdy =

=
∫

(ÃB)1

. . .+
∫

(B̃A)2

. . . =
∫

(ÃB)1

. . .−
∫

(ÃB)2

. . . =
∫

(ÃB)1

Pdx+Qdy =
∫

(ÃB)2

P dx+Qdy

,².¥. ¢»¯®«¥® ³±«®¢¨¥ 2.
2)2. ⇒ 3. � ®: ¨²¥£° « ¥ § ¢¨±¨² ®² ¯³²¨ ¨²¥£°¨°®¢ ¨¿ ⇒ ®¯°¥¤¥«¥  ®¤®§ · ¿ ´³ª¶¨¿

U = U(x, y) =
∫

M̃0M

P dx+Qdy. �®ª ¦¥¬, ·²® :

1) U ¿¢«¿¥²±¿ ¤¨´´¥°¥¶¨°³¥¬®© ¢ G;
2) dU = Pdx+Qdy.

U(x+ h, y)− U(x, y) =
∫

M̃0Mh

Pdx+Qdy −
∫

M̃0M

Pdx+Qdy =
∫

M̃Mh

Pdx+Qdy =
∫

M̃Mh

Pdx+
∫

M̃Mh

Qdy =

=


∫

M̃Mh

Qdy ⇒ 0 ².ª. [MMh] ‖ Ox

 =
∫

M̃Mh

P (x, y) dx =

x+h∫
x

P (t, y) dt =

= (±®£« ±® ²¥®°¥¬¥ ® ±°¥¤¥¬ ¤«¿ ¥¯°¥°»¢®© ´³ª¶¨¨) P (x+ θh, y) · h, (0 < θ < 1)⇒

⇒ U(x+h,y)+U(x,y)
h = P (x+ θh, y).
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�¥°¥µ®¤¿ ª : lim
h→0

P (x+ θh, y) = P (x, y) ¯®«³· ¥¬, ·²® ∃ ∂U
∂x = P (x, y).

� «®£¨·® ¤®ª §»¢ ¥²±¿ ±³¹¥±²¢®¢ ¨¥ ∂U
∂y = Q(x, y).

�§ ¥¯°¥°»¢®±²¨ P ¨ Q⇒ ¥¯°¥°»¢®±²¼ ∂U
∂x ¨ ∂U

∂y ⇒ ¤¨´´¥°¥¶¨°³¥¬®±²¼ U(x, y):

dU =
∂U

∂x
· dx+

∂U

∂y
· dy = Pdx+Qdy

.
�¥¬¬ : �³±²¼ U = U(x, y) ¤¨´´¥°¥¶¨°³¥¬  ¢ ®¡« ±²¨ G. dU = Pdx+Qdy
�®ª ¦¥¬, ·²® ¤«¿ «¾¡»µ ²®·¥ª A ¨ B, ¯°¨ ¤«¥¦ ¹¨¬ G ±¯° ¢¥¤«¨¢® ° ¢¥±²¢®:∫

ÃB

Pdx+Qdy = U(B)− U(A)

. �³±²¼ L -ª°¨¢ ¿, L :

{
x = x(t)
y = y(t).

}
� ±±¬®²°¨¬ U(t) = U(x(t), y(t)); U

′(t) = ∂U
∂x · x

′
(t) + @U

@y · y
′
(t) = (P = ∂U

∂x ; Q = ∂U
∂y ; a 6 t 6 b, A =

(x(a), y(a)), B = (x(b), y(b)) ) = P (x(t), y(t)) · x′(t) +Q(x(t), y(t)) · y′(t).
� ±±¬®²°¨¬

∫
ÃB

Pdx + Qdy = (±®£« ±® ²¥®°¥¬¥ ® ±¢¥¤¥¨¨ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤ 

ª ®¯°¥¤¥«¥®¬³ ¨²¥£° «³ =
b∫
a

[P (x(t), y(t)) · x′(t) + Q(x(t), y(t)) · y′(t)]dt =
b∫
a

U
′
(t) = U(b) − U(a) =

U(x(b), y(b))− U(x(a), y(a)) = U(B)− U(A)
3)3.⇒ 1. � ®: ³±«®¢¨¥ 3. �®ª § ²¼ - ¯¥°¢®¥ ³±«®¢¨¥ .
�³±²¼ :
1)γ ∈ G - ¯°®¨§¢®«¼»© § ¬ª³²»© ª®²³°,
2)A ∈ γ,
3) B = A;
�®£¤ : ∮

γ

Pdx+Qdy =
∮
ÃB

Pdx+Qdy = U(B)− U(A) = 0

.
�.².¤. VI.3.3 B �.

�¥®°¥¬  C 3.4: (�°¨²¥°¨© ¥§ ¢¨±¨¬®±²¨ ª°¨¢®«¨¥©®£® ¨²¥£° «  ¢²®°®£® °®¤  ®² ¯³²¨ ¨-
²¥£°¨°®¢ ¨¿.)(”�¥²¢¥°²¨· ¿ ²¥®°¥¬ ”.)

�³±²¼: ´³ª¶¨¨ P (x, y), Q(x, y), ∂Q(x,y)
∂x , ∂P (x,y)

∂y ∈ G , £¤¥ G ®¤®±¢¿§ ¿ ®¡« ±²¼.
�®£¤ :ª ¦¤®¥ ¨§ ³±«®¢¨© ²¥®°¥¬» 1 ½ª¢¨¢ «¥²® ³±«®¢¨¾ 4:

∂Q

∂x
=
∂P

∂y
∀².(x, y) ∈ G

3.4. B

�®ª § ²¥«¼±²¢® � C VI.3.4. �®ª ¦¥¬: 1.⇒ 2.⇒ 3.⇒ 4.⇒ 1.
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1)3.⇒ 4. � ®: ∃ ¤¨´´¥°¥¶¨°³¥¬ ¿ ¢ G ´³ª¶¨¿ U(x, y) ² ª ¿, ·²® : ∂U = Pdx +Qdy = ∂U
∂x · dx+

∂U
∂y · dy ⇒ {

∂U
∂x = P (x, y)
∂U
∂y = Q(x, y).

∣∣∣∣∣⇒
{

∂2U
∂x∂y = ∂P (x,y)

∂y − ¥¯°¥°»¢ 
∂2U
∂y∂x = ∂Q(x,y)

∂x − ¥¯°¥°»¢ .

∣∣∣∣∣⇒
∂2U
∂x∂y ,

∂2U
∂y∂x − ¥¯°¥°»¢» ⇒ (±®£« ±® ²¥®°¥¬¥ �¢ °¶  ® ¢²®°»µ ±¬¥¸ »µ ¯°®¨§¢®¤»µ ) ⇒ ∂2U

∂x∂y =
∂2U
∂y∂x ⇒

∂P
∂y = ∂Q

∂x .

2)4.⇒ 1.
�³±²¼ γ ⊂ G- ¯°®¨§¢®«¼»© § ¬ª³²»© ª®²³°.� ±±¬®²°¨¬

∮
γ

Pdx+Qdy = (∗)

�³±²¼ D -¢³²°¥®±²¼ ª®²³°  γ:

(∗) =
∫∫
D

(
∂Q

∂x
− ∂P

∂y
)dxdy = 0 ±®£« ±® ³±«®¢¨¾ 4

. �.².¤. VI.3.4 B �.

� ¬¥· ¨¥ � 3.2. : �±«®¢¨¥ ®¤®±¢¿§®±²¨ G ¢ ²¥®°¥¬¥1 ¨ ²¥®°¥¬¥2 ±³¹¥±²¢¥®. 3.2. �

�°¨¬¥°:
G = 1/4 < x2 + y2 < 4, P = −y

x2+y2 , Q = x
x2+y2 , L = x2 + y2 = 1 ∈ G, ³±«®¢¨¥ 4 ¢»¯®«¥®.

� ®¤®© ±²®°®»:

∂Q

∂x
=

y2 − x2

(x2 + y2)2

∂P

∂x
=

y2 − x2

(x2 + y2)2 .

∀ ².(x, y) ∈ G

� ¤°³£®© ±²®°®»:
∮
L

Pdx+Qdy = (∗)

{
x = cost

y = sint.
(∗) =

2∫
0
π . . . = 2π 6= 0−³±«®¢¨¥ ®¤®±¢¿§®±²¨ ±³¹¥±²¢¥®.

� ¬¥· ¨¥ � 3.3. �¥¬ ¥ ¬¥¥¥ ³±«®¢¨¥ ®¤®±¢¿§®±²¨ ®¡« ±²¨ G ®²¾¤¼ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨-
¬»¬. 3.3. �

�°¨¬¥°: �¡« ±²¼ G ¨ L ¡¥°¥¬ ² ª¨¥ ¦¥:

P =
x

(x2 + y2)2 , Q =
y

(x2 + y2)2 ;

� ¸ ª°¨²¥°¨© ¢»¯®«¿¥²±¿ ¤«¿ ½²¨µ ´³ª¶¨©, ®
∮
L

Pdx+Qdy = 0
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§4. �«®¹ ¤¼ ¯®¢¥°µ®±²¨.

§4. . � ° ¬¥²°¨·¥±ª¨ § ¤  ¿ ¯®¢¥°µ®±²¼.

�¯°¥¤¥«¥¨¥ C C 4.1.
�³±²¼ ´³ª¶¨¨ x(u, v), y(u, v), z(u, v) ∈ C(D) ®±³¹¥±²¢«¿¾² ¢§ ¨¬®®¤®§ ·®¥ ®²®¡° ¦¥¨¥ (∗)D ↔

S, £¤¥ D ⊂ R2
u,v, S ⊂ R3

x,y,z 
x = x(u, v)
y = y(u, v)
z = z(u, v).

. (∗)

�®£¤  £®¢®°¿², ·²® ¯®¢¥°µ®±²¼ S § ¤   ³° ¢¥¨¿¬¨ (∗). 4.1. B B

�°¨¬¥°: 
x = R cosu sin v
y = R sinu cos v
z = R sin v.

0 6 u 6 2π
0 6 v 6 π/2

� ¬¥· ¨¥ � 4.1. � ¤ «¼¥©¸¥¬ ¡³¤¥² ¯°¥¤¯®« £ ²¼±¿, ·²® ´³ª¶¨¨ x(u, v), y(u, v), z(u, v) ∈
C1,1
u,v(D). 4.1. �

� ¬¥· ¨¥ � 4.2. � ±±¬®²°¨¬ ¬ ²°¨¶³ �ª®¡¨ ®²®¡° ¦¥¨¿ (∗):

[J] =

 ∂x

∂u

∂y

∂u

∂z

∂u
∂x

∂v

∂y

∂v

∂z

∂v
.

 .
�§ ²¥®°¨¨ ¥¿¢»µ ´³ª¶¨© ±«¥¤³¥², ·²® ¤«  ²®£®, ·²®¡» ®²®¡° ¦¥¨¥ (∗) ¡»«® ¢§ ¨¬®®¤®§ ·»¬
,·²®¡» ° £ ¬ ²°¨¶» �ª®¡¨ ¡»« ° ¢¥ 2:

rank[J] = 2⇒ D ↔ S

� ±±¬®²°¨¬ ¬¨®°» ¬ ²°¨¶» �ª®¡¨:

A =

∣∣∣∣∣
∂y

∂u

∂z

∂u
∂y

∂v

∂z

∂v
.

∣∣∣∣∣; B =

∣∣∣∣∣
∂z

∂u

∂x

∂u
∂z

∂v

∂x

∂v
.

∣∣∣∣∣; C
∣∣∣∣∣
∂x

∂u

∂y

∂u
∂x

∂v

∂y

∂v
.

∣∣∣∣∣ .
rank[J] = 2⇒ (∗∗)A2 +B2 + C2 > 0 ∀(u, v) ∈ D

� ¤ «¼¥©¸¥¬ ¡³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²® (∗∗) ¢»¯®«¥®. 4.2. �
� ¬¥· ¨¥ � 4.3. �®·ª  (u0, v0), ¢ ª®²®°®© A = B = C = 0  §»¢ ¥²±¿ ®±®¡®© ²®·ª®© ¯®¢¥°µ®±²¨

S. �³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ¯®¢¥°µ®±²¨ ¡¥§ ®±®¡»µ ²®·¥ª. 4.3. �
� ¬¥· ¨¥ � 4.4. �°¨¢¨ «¼»¬ · ±²»¬ ±«³· ¥¬ ¯ ° ¬¥²°¨·¥±ª¨ § ¤ ®© ¯®¢¥°µ®±²¨ ¿¢«¿¥²±¿
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¿¢® § ¤  ¿ ¯®¢¥°µ®±²¼ z = z(x, y); z(x, y) ∈ C1,1
x,y(D),

[J] =

 1 0
∂z

∂x

0 1
∂z

∂y
.

 C =

∣∣∣∣∣ 1 0
0 1.

∣∣∣∣∣= 1 6= 0

, ².¥. «¾¡ ¿ ¿¢® § ¤  ¿ ¯®¢¥°µ®±²¼ ¥ ±®¤¥°¦¨² ®±®¡»µ ²®·¥ª. 4.4. �

§4.¡. �®®°¤¨ ²» ¢¥ª²®°  ¯®¢¥°µ®±²¨. � ± ²¥«¼ ¿ ¯«®±ª®±²¼.

�³±²¼ S § ¤   ³° ¢¥¨¿¬¨ (∗), £¤¥ ´³ª¶¨¨ x(u, v), y(u, v), z(u, v) ∈ C1,1
u,v(D) ¨ ¢»¯®«¿¥²±¿ ³±«®¢¨¥

(∗∗). �¯°¥¤¥«¥¨¥ C C 4.2. (� ¤¨³±-¢¥ª²®° ¯®¢¥°µ®±²¨):
�³±²¼ : M = M(u, v) = M(x(u, v), y(u, v), z(u, v)) ∈ S -¯°®¨§¢®«¼ ¿ ²®·ª .
�®£¤ : ¢¥ª²®° R = R(u, v) = ~OM = (x(u, v), y(u, v), z(u, v))- §»¢ ¥²±¿ ° ¤¨³±®¬-¢¥ª²®°®¬ ¯®¢¥°µ®-

±²¨. 4.2. B B

�¯°¥¤¥«¥¨¥ C C 4.3. �¨¨¨   ¯®¢¥°µ®±²¨ S, ±®®²¢¥²±²¢³¾¹¨¥ (¢ ±¨«³ ®²®¡° ¦¥¨¿ (∗))
¯°¿¬»¬ u = c, v = c  §»¢ ¾²±¿ ª®®°¤¨ ²»¬¨ «¨¨¿¬¨ ¯®¢¥°µ®±²¨. 4.3. B B

� ¬¥· ¨¥ � 4.5. �¢¨¤³ ½²®£® u ¨ v ¯°¨¿²®  §»¢ ²¼ ª°¨¢®«¨¥©»¬¨ ª®®°¤¨ ² ¬¨. 4.5. �

�¯° ¦¥¨¥ C � 4.1. ®±²°®¨²¼ ª®®°¤¨ ²»¥ «¨¨¨ ±´¥°». 4.1. � B

�¯°¥¤¥«¥¨¥ C C 4.4. �°¿¬ ¿  §»¢ ¥²±¿ ª ± ²¥«¼®© ª S ¢ ¤ ®¥ ¥¥̈ ²®·ª¥, ¥±«¨ ½²  ¯°¿¬ ¿
¢ ¤ ®© ²®·ª¥ ª ± ¥²±¿ ¥ª®²®°®© ª°¨¢®©, «¥¦ ¹¥© ¢ S. 4.4. B B

�³±²¼: {
U + U(t)
V = V (t).

t ∈ [t1, t2]−

¯°®¨§¢®«¼ ¿ £« ¤ª ¿ ª°¨¢ ¿, ¯°¨ ¤«¥¦ ¹ ¿ S.� ±±¬®²°¨¬ ¢¥ª²®° ~r = ~r(t) = ~r(u(t), v(t)) =
= (x(u(t), v(t)), y(u(t), v(t)), z(u(t), v(t))) d~r

dt = ∂r
∂u

du
dt + ∂r

∂v
dv
dt ;

�¢¥¤¥¬ ¢ ° ±±¬®²°¥¨¥ ½²¨ ¢¥ª²®°»:

~ru = (
∂x

∂u
,
∂y

∂u
,
∂z

∂u
)

~rv = (
∂x

∂v
,
∂y

∂v
,
∂z

∂v
)

�®£¤  ¨¬¥¥² ¬¥±²® ´®°¬³«  (1):

(1) d~r = ~ru ·
du

dt
+ ~rv

dv

dt
.

�¯°¥¤¥«¥¨¥ C C 4.5. �¥ª²®°» ~ru~rv  §»¢ ¾²±¿ ª®®°¤¨ ²»¬¨ ¢¥ª²®° ¬¨ ¯®¢¥°µ®±²¨ S.
4.5. B B

�¢®©±²¢  ª®®°¤¨ ²»µ ¢¥ª²®°®¢:
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1) ~ru 6= 0;

2) ~rv 6= 0;

3) ~ru ∦ ~rv.
¨§ ³±«®¢¨¿ (∗∗)⇒ 1., 2., 3.

4) �®®°¤¨ ²»¥ ¢¥ª²®°» ¿¢«¿¾²±¿ ª ± ²¥«¼»¬¨ ¢¥ª²®° ¬¨ ª ª®®°¤¨ ² »¬ «¨¨¿¬  ¸¥© ¯®¢¥°µ-
®±²¨, ¯°®µ®¤¿¹¨¬¨ ·¥°¥§ ¤ ³¾ ²®·ª³.

�®ª § ²¥«¼±²¢® � C . � ±±¬®²°¨¬ ª°¨¢³¾ : Γ1 :

{
u = C

v = t.

d~r

dt

∣∣∣∣∣
�1

= (¯® ´®°¬³«¥ (1) ) = ~rv ⇒ ~rv − ª ± ²¥«¼ ¿ ¯°¿¬®© Γ1;

~ru- ª ± ²¥«¼ ¿ ª°¨¢®© Γ2 :

{
u = t

v = C.

�§ ±¢®©±²¢ 1., 2., 3.⇒ ~ru ¨ ~rv ®¤®§ ·® ®¯°¥¤¥«¿¾² ¥ª®²®°³¾ ¯«®±ª®±²¼. �  ¡³¤¥² ª ± ²¥«¼®©
¯«®±ª®±²¼¾.
� ±±¬®²°¨¬ ¬®¦¥±²¢® ¢±¥µ ¯°¿¬»µ, ª ± ²¥«¼»µ ª ª°¨¢»¬, ¯°¨ ¤«¥¦ ¹¨¬ S ¨ ¯°®µ ®¤¿¹¨µ ·¥°¥§
¤ ³¾ ²®·ª³. �·¥¢¨¤®, ·²® ¢±¥ ½²¨ ª°¨¢»¥ ¢ ¯«®±ª®±²¨, ®¯°¥¤¥«¥®© ª®®°¤¨ ² ¬¨ ¢¥ª²®°®¢ ~ru ¨ ~rv.
�²® ±«¥¤³¥² ¨§ ´®°¬³«» (1), ².ª. ª ± ²¥«¼»© ¢¥ª²®° «¾¡®© ² ª®© ª°¨¢®© ¯°¥¤±² ¢«¿¥² ±®¡®© «¨¥©³¾
ª®¬¡¨ ¶¨¾ ¢¥ª²®°®¢ ~ru ¨ ~rv. �.².¤. B �.

�¯°¥¤¥«¥¨¥ C C 4.6. (� ± ²¥«¼ ¿ ¯«®±ª®±²¼)
�«®±ª®±²¼, ±®¤¥°¦ ¹ ¿ ¢±¥ ¯°¿¬»¥, ª ± ²¥«¼»¥ ª ¤ ®© ¯®¢¥°µ®±²¨ ¢ ¤ ®© ²®·ª¥,  §»¢ ¥²±¿
ª ± ²¥«¼®© ¯«®±ª®±²¼¾ ª S ¢ ¤ ®© ²®·ª¥.
�»¢¥¤¥¬ ³° ¢¥¨¥ ª ± ²¥«¼®© ¯«®±ª®±²¨:
�³±²¼ : ~r-° ¤¨³±-¢¥ª²®°; ~ρ-° ¤¨³±-¢¥ª²®° ¯°®¨§¢®«¼®© ª ± ²¥«¼®© ¯«®±ª®±²¨; ~ρ− ~r-«¥¦¨² ¢ ª -
± ²¥«¼®© ¯«®±ª®±²¨.

�®«®¦¨¬ ~n = [~ru, ~rv], ~n ⊥ ~ρ− ~r.
�®²°¥¡³¥¬ : (~n, ~ρ− ~r) = 0.

�®«³· ¥¬ : ([~ru, ~rv], ~ρ− ~r) = 0.
�²® ¨ ¥±²¼ ³° ¢¥¨¥ ª ± ²¥«¼®© ¯«®±ª®±²¨. 4.6. B B

�¯° ¦¥¨¥ C � 4.2. ®ª § ²¼, ·²® ³° ¢¥¨¥ ª ± ²¥«¼®© ¯«®±ª®±²¨ ¿¢® § ¤ ®© ¯®¢¥°µ®±²¨
¯°¥¤±² ¢«¿¥² ±®¡®© · ±²»© ±«³· © ²®«¼ª® ·²® ¢»¢¥¤¥®£® ³° ¢¥¨¿. 4.2. � B

§4.¢. �¨¥©»© ½«¥¬¥², ¤«¨  ¤³£¨ ¨ ¯¥°¢ ¿ ª¢ ¤° ²¨· ¿ ´®°¬  ¯®¢¥°µ-
®±²¨.

�³±²¼ S § ¤   ³° ¢¥¨¿¬¨ (∗), ´³ª¶¨¨ x, y, z ¨¬¥¾² ¥¯°¥°»¢»¥ · ±²»¥ ¯°®¨§¢®¤»¥ ¨ ¢»¯®«-
¥® ³±«®¢¨¥ (∗∗).
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�±«¨ x = x(t), y = y(t), z = z(t), x, y, z ∈ C
′

[t1,t2] ¯°®±²° ±²¢¥ ¿ ¯ ° ¬¥²°¨·¥±ª¨ § ¤  ¿ ª°¨¢ ¿,
²®£¤  ¥¥ ¤«¨  s ° ¢  :

s =

t2∫
t1

√
(x′(t))2 + (y′(y))2 + (z′(t))2dt, ¯°¨ ½²®¬ ¤¨´´¥°¥¶¨ « s : ds2 = dx2 + dy2 + dz2.

� ®¤®© ±²®°®»:
d~r = (dx dy dz); d(~r)2 = (d~n, d~r) = |d~r|2 = dx2 + dy2 + dz2; d(~r)2 = ds;
� ¤°³£®© ±²®°®» :
(1)⇒ d~rudu+ ~rvdv ⇒ d(~r)2 = (~ru)2du2 + 2~ru~rvdudv + (~rv)2dv2;
�®«³· ¥¬ (2) :

(2) ds2 = (~ru)2du2 + 2~ru~rvdudv + (~rv)2dv2;

~ru =
(
∂x

∂u
,
∂y

∂u
,
∂z

∂u

)
; ~rv =

(
∂x

∂v
,
∂y

∂v
,
∂z

∂v

)
;

�¢¥¤¥¬ ±«¥¤³¾¹¨¥ ®¡®§ ·¥¨¿ :

E =
(
∂x

∂u

)2

+
(
∂y

∂u

)2

+
(
∂z

∂u

)2

; G =
(
∂x

∂v

)2

+
(
∂y

∂v

)2

+
(
∂z

∂v

)2

; F =
∂x

∂u

∂x

∂v
+
∂y

∂u

∂y

∂v
+
∂z

∂u

∂z

∂v
.

�¯°¥¤¥«¥¨¥ C C 4.7. �¢¥¤¥»¥ ¢¥«¨·¨» E, G, F  §»¢ ¾²±¿ ª®½´´¨¶¥² ¬¨ � ³±±  ¯®¢¥°µ®±²¨
S. � ¯®¬®¹¼¾ ² ª¨µ ª®½´´¨¶¥²®¢ ´®°¬³«  (2) § ¯¨±»¢ ¥²±¿ ² ª¨¬ ®¡° §®¬ :

(2′) ds2 = Edu2 + 2Fdudv +Gdv2;

4.7. B B
�¯°¥¤¥«¥¨¥ C C 4.8. �»° ¦¥¨¥ ¤«¿ ds2  §»¢ ¥²±¿ «¨¥©»¬ ª®½´´¨¶¨¥²®¬ ¯®¢¥°µ®±²¨ S.

4.8. B B
�«¥¤±²¢¨¥: ¨§ ´®°¬³«» (2’) ¯®«³· ¥¬ ´®°¬³«³ ¤«¿ ¤«¨» ¤³£¨ :

(3) s =

t2∫
t1

√
E

(
∂u

∂t

)2

+ 2F
∂u

∂t

∂v

∂t
+G

(
∂v

∂t

)2

dt;

�¯°¥¤¥«¥¨¥ C C 4.9. �»° ¦¥¨¥, ®¯°¥¤¥«¥®¥ ´®°¬³«®© (2’) ¯°¥¤±² ¢«¿¥² ±®¡®© ¤¨´´¥°¥¶¨-
 «¼³¾ ª¢ ¤° ²¨·³¾ ´®°¬³. �²  ´®°¬   §»¢ ¥²±¿ ¯¥°¢®© ª¢ ¤° ²¨·®© ´®°¬®© S. 4.9. B B

�¥¬¬ : �¥°¢ ¿ ª¢ ¤°¨²¨· ¿ ´®°¬  ¯®¢¥°µ®±²¨ ¿¢«¿¥²±¿ ¯®«®¦¨²¥«¼® ®¯°¥¤¥«¥®© ª¢ ¤° ²¨·®©
´®°¬®©.

�®ª § ²¥«¼±²¢® � C . � ±±¬®²°¨¬ EG− F 2; �¥²°³¤® ¤®ª § ²¼, ·²®: EG− F 2 = A2 +B2 +C2,
£¤¥ A, B, C - ¬¨®°».
EG− F 2 > 0 (¢ ±¨«³ ³±«®¢¨¿ (∗∗)),E > 0, G > 0; ((∗∗))
� ±±¬®²°¨¬ ¬ ²°¨¶³ ª¢ ¤° ²¨·®© ´®°¬» (2’):[

E F
F G

] {
D1 = E > 0
D2 = EG− F 2 > 0

∣∣∣∣∣⇒ ª¢.´®°¬  (2’) > 0 ±®£« ±® ª°¨²¥°¨¾ �¨«¼¢¥±²° 
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�.².¤. B �.

�°¨¬¥° : � ©¤¥¬ ª®½´´¨¶¨¥²» � ³±±  ¿¢® § ¤ ®© ¯®¢¥°µ®±²¨. z = z(x, y), £¤¥ z(x, y) ∈ C1,1
x,yD

x = x

y = y

z = z(x, y)
⇔


x = u

y = v

z = z(u, v)

∣∣∣∣∣∣∣
∂x

∂u
= 1

∂y

∂u
= 0

∂z

∂u
=
∂z

∂x
∂x

∂v
= 0

∂y

∂v
= 1

∂z

∂v
=
∂z

∂y

∣∣∣∣∣∣∣⇒

⇒ E = 1 +
(
∂z

∂x

)2

; G = 1 +
(
∂z

∂y

)2

; F =
(∂z)2

∂x∂y
.

§4.£. �«®¹ ¤¼ ¯®¢¥°µ®±²¨. �¯°¥¤¥«¥¨¿ ¨ ®±®¢»¥ ´®°¬³«».

�¯°¥¤¥«¥¨¥ C C 4.10. �³±²¼ :
S - § ¤   ±¢®¨¬¨ ¯ ° ¬¥²°¨·¥±ª¨¬¨ ³° ¢¥¨¿¬¨ (∗), £¤¥ x(u, v), y(u, v), z(u, v) ∈ C1,1

u,v(D), £¤¥ D ª¢ ¤°¨-
°³¥¬®¥ ¬®¦¥±²¢® : D ⊂ R2

u,v, ¨ ¢»¯®«¥» ³±«®¢¨¿ (∗∗)(A,B,C - ¬¨®°» ¬ ²°¨¶» �ª®¡¨ ®²®¡° ¦¥¨¿ (∗));
� §¤¥«¨¬ D   ½«¥¬¥² °»¥ ¯°¿¬®³£®«¼¨ª¨ du ¨ dv ¯°¿¬»¬¨, ¯ ° ««¥«¼»¬¨ xOy, ¯°¨ ½²®¬ S ° §®¡º-
¥²±¿   ½«¥¬¥² °»¥ ¯«®¹ ¤ª¨ ª®®°¤¨ ²»¬¨ «¨¨¿¬¨, ±®®²¢¥²±²¢³¾¹¨¬¨ ±¥²ª¥   D. �°¨ ½²®¬
”¥¯° ¢¨«¼»¬¨” ½«¥¬¥² ¬¨ ¡³¤¥¬ ¯°¥¥¡°¥£ ²¼, ¯®±ª®«¼ª³ ®¨ ±¢®¤¿²±¿ ª ¡¥±ª®¥·® ¬ «»¬ ¢»±¸¥-
£® ¯®°¿¤ª . � ±±¬®²°¨¬ Si, § ¬¥¨¬   ¯«¹ ¤¼ ¯°¿¬®³£®«¼¨ª , ¯®±²°®¥®£®   ¢¥ª²®° µ ~ru4u,~rv4v.
�«®¹ ¤¼ ¯°¿¬®³£®«¼¨ª  :

!!i = |[~ru4u,~rv4v]|i = |[~ru, ~rv]|i4u4v;

�®±² ¢¨¬ ±³¬¬³ :

!! =
∑
i

!!!i =
∑
i

|[~ru, ~rv]|i4u4v;

�°¨¬¥¬ §  ®¯°¥¤¥«¥¨¥ ¯«®¹ ¤¨  ¸¥© ¯®¢¥°µ®±²¨ : S = lim
λ→0

!!, £¤¥ λ- ¯ ° ¬¥²° ° §¡¨¥¨¿, ª ¯°¨¬¥°³

λ =
√
4u2 +4v2;

S = lim
λ→0

∑
i

|[~ru, ~rv]|4u4v =
∫∫
D

|[~ru, ~rv]|dudv (4)

�°¥®¡° §³¥¬ (4): . . .

(5) S(s) =
∫∫
D

√
EG− F 2dudv ⇒ (6)

(6) S(s) =
∫∫
D

√
A2 +B2 + C2dudv

, £¤¥ A, B, C -¬¨®°».
4.10. B B

**** **** *** *** * * * * * ** * * ** ** ** * * **** * * * ** * * * * **
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�¢®©±²¢  ¯®¢¥°µ®±²®£® ¨²¥£° «  ¯¥°¢®£® °®¤ .

1) �±«¨ ´³ª¶¨¿ f(M) ¨²¥£°¨°³¥¬  ¯® ¯®¢¥°µ®±²¨ S, ²® f(M) ®£° ¨·¥    S. �¡° ²®¥ ¢®®¡¹¥
£®¢®°¿ ¥¢¥°®.

2) �±«¨ ´³ª¶¨¿ f(M) ∈ C(S), ²® f(M) ¨²¥£°¨°³¥¬  ¯® S.

3) �¨¥©®±²¼.(± ¬®±²®¿²¥«¼®)

4) �¤¤¨²¨¢®±²¼.(± ¬®±²®¿²¥«¼®)

5) ∫∫
S

Cds = C · S(s)(s - ¯®¢¥°µ®±²¼)⇒
∫∫
S

ds.

§4.¤. �¢¥¤¥¨¥ ¯®¢²®°®£® ¨²¥£° «  1-£® °®¤  ª ¤¢®©®¬³ ¨²¥£° «³.

�¥®°¥¬  C 4.1: (® ±¢¥¤¥¨¨ ¯®¢²®°®£® ¨²¥£° «  ¯¥°¢®£® °®¤  ª ¤¢®©®¬³ ¨²¥£° «³.)
�³±²¼ s § ¤   ±¢®¨¬¨ ¯ ° ¬¥²°¨·¥±ª¨¬¨ ³° ¢¥¨¿¬¨ (∗), £¤¥ x(u, v), y(u, v), z(u, v) ∈ C ′u,v(D), £¤¥ D ∈

R2- ª¢ ¤ °¨°³¥¬®¥ ¬®¦¥±²¢® ¨ rank[J(x)] = 2
�³±²¼: f(M) ∈ C(s)
�®£¤ : ¨¬¥¥² ¬¥±²® ´®°¬³«  (1):

(1)
∫∫
s

f(x, y, z)ds =
∫∫
D

f(x(u, v), y(u, v), z(u, v)) ·
√
EG− F 2dudv;

£¤¥, E, G, F - ª®½´´¨¶¨¥²» � ³±± . � ² ª¦¥ ±¯° ¢¥¤«¨¢  ½ª¢¨¢ «¥² ¿ ´®°¬³« :

(1
′
)
∫∫
s

f(x, y, z)ds =
∫∫
D

f(x(u, v), y(u, v), z(u, v)) · sqrtA2 +B2 + C2dudv;

£¤¥ A, B, C - ª®½´´¨¶¨¥²» �ª®¡¨ ¯®¢¥°µ®±²¨ s (².¥. ¬¨®°» ¬ ²°¨¶» �ª®¡¨ ®²®¡° ¦¥¨¿ (∗))
4.1. B

�°¨¬¥°
∫∫
s

zds = (∗)

s :


x = u cos v
y = u sin v
z = v.

{
0 6 u 6 a

0 6 u 6 2π.

}

� ©¤¥¬ ª®½´´¨¶¨¥²» � ³±± :

∂x

∂u
= cos v,

∂y

∂u
= sin v,

∂z

∂u
= 0,

∂x

∂v
u sin v,

∂y

∂v
= u cos v,

∂z

∂v
= 1;
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E = 1, G = u2 + 1, F = 0

(∗) =
∫∫
D

v ·
√
u2 + 1 dudv =

a∫
0

du

2π∫
0

v ·
√
u2 + 1 dudv = 2π2 ·

a∫
0

√
u2 + 1 du =

= π2[u ·
√
u2 + 1 + ln(u+

√
u2 + 1)]

∣∣∣∣∣
a

0

= π[a ·
√
a+ 1 + ln(a+

√
a2 + 1)].
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§5. �®¢¥°µ®±²»© ¨²¥£° « ¢²®°®£® °®¤ .

§5. . �±®¢»¥ ®¯°¥¤¥«¥¨¿ ¨ ±¢®©±²¢ .

 )�°¥¤³¢¥¤®¬«¥¨¥:

1) �±«¨ ° ±±¬ ²°¨¢ ¥²±¿ § ¬ª³² ¿ ¯®¢¥°µ®±²¼ s, ²® ·¥°¥§ s+ ®¡®§ · ¥²±¿ ¥¥ ¢¥¸¿¿ ±²®°® ,  
·¥°¥§ s− - ¢³²°¥¿¿.

2) �±«¨ ° ±±¬ ²°¨¢ ¥²±¿ ¿¢® § ¤  ¿ ¯®¢¥°µ®±²¼ z = z(x, y), ²® ·¥°¥§ s ®¡®§ · ¥²±¿ ¥¥ ¢¥°µ¿¿
±²®°® ,   ·¥°¥§ s - ¨¦¿¿.

3) �® ¢±¥¬ ¤ «¼¥©¸¥¬ ° §«®¦¥¨¨ ¢±¥ ° ±±¬ ²°¨¢»¥¬»¥ ¯®¢¥°µ®±²¨ ¯°¥¤¯®« £ ¾²±¿ ª³±®·®£« ¤-
ª¨¬¨ ª°¨¢»¬¨.

¡) �±®¢»¥ ®¯°¥¤¥«¥¨¿ :
�§«®¦¥¨¥ ¡³¤¥¬ ¢¥±²¨ ¤«¿ ±«³· ¿ ¯®¢¥°µ®±²¨, § ¤ ®© ¿¢® ³° ¢¥¨¥¬ z = z(x, y) .

�³±²¼ : ¯®¢¥°µ®±²¼ § ¤   ¿¢® ³° ¢¥¨¥¬ z = z(x, y), z(x, y) ∈ C(D),, £¤¥ D - ¯°®¥ª¶¨¿ s   ¯«®±ª®±²¼
xOy - ¥±²¼ ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®.

�¯°¥¤¥«¥¨¥ C C 5.1. �³±²¼:
1) f(M) = f(x, y, z) ®¯°¥¤¥«¥    s
2) τ = τ(D1, D2, . . . , Dn) - ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ D   · ±²¨ ª³±®·®£« ¤ª¨¬¨ ª°¨¢»¬¨.

�®£¤  :

!! = I(Mi) =
n∑
i=1

f(Mi)di,

£¤¥

di =

{
s(Di), ¥±«¨ ° ±±¬ ²°¨¢ ¥²±¿ ¢¥°µ¿¿ ±²®°®  s
−s(Di), ¥±«¨ ° ±±¬ ²°¨¢ ¥²±¿ ¨¦¿¿ ±²®°® .

,

Mi ∈ si, £¤¥ si ²  · ±²¼ ¯®¢¥°µ®±²¨ s, ª®²®° ¿ ¯°®¥ª²¨°³¥²±¿ ¢ Di. !!  §»¢ ¥²±¿ ¨²¥£° «¼®©
±³¬¬®© f(M) ¯® s.

5.1. B B

� ¬¥· ¨¥ � 5.1. � ª²¨·¥±ª¨ ¢ ½²®¬ ®¯°¥¤¥«¥¨¨ ° ±±¬ ²°¨¢ ¾²±¿ ¤¢  ¢»° ¦¥¨¿:

!! = Iτ (Mi) =
n∑
i=1

f(Mi)s(Di)

!! = Iτ (Mi) = −
n∑
i=1

f(Mi)s(Di)

!! = −!!

5.1. �
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�¯°¥¤¥«¥¨¥ C C 5.2. �±«¨

∃ lim
λ to0

!! = lim
λ→0

Iτ (Mi) = lim
λ→0

n∑
i=1

f(Mi)di = I,

¥ § ¢¨±¿¹¨© ®² λ,Mi, ²® ´³ª¶¨¿ f(M)  §»¢ ¥²±¿ ¨²¥£°¨°³¥¬®© ¯® s,   I ¯®¢¥°µ®±²»¬ ¨²¥-
£° «®¬ ¢²®°®£® °®¤  ´³ª¶¨¨ f(M) ¯® s ¨ ®¡®§ · ¥²±¿:

I =
∫∫
s

f(M)dxdy =
∫∫
s

f(x, y, z)dxdy.

5.2. B B

� ¬¥· ¨¥ � 5.2. � ª²¨·¥±ª¨ §¤¥±¼ ®¯°¥¤¥«¥» ¤¢  ·¨±« ,   ¨¬¥®:

I = lim
λ→0

!! =
∫∫
s

f(x, y, z)dxdy

¨

I = lim
λ→0

!! =
∫∫
s

f(x, y, z)dxdy.

5.2. �

� ¬¥· ¨¥ � 5.3. �§ ®¯°¥¤¥«¥¨© 1 ¨ 2 ±«¥¤³¥², ·²® ¥±«¨ ±³¹¥±²¢³¾² I ¨ I ²®:

I = −I

5.3. �

� ¬¥· ¨¥ � 5.4. � «®£¨·® ®¯°¥¤¥«¿¾²±¿
∫∫
s

f(x, y, z)dzdx,
∫∫
s

f(x, y, z)dydz.

5.4. �

� ¬¥· ¨¥ � 5.5. �» ®¯°¥¤¥«¨«¨ ²°¨ ¢¨¤  ¯®¢¥°µ®±²»µ ¨²¥£° «®¢ ¢²®°®£® °®¤ :∫∫
s

f(x, y, z) dx dy,
∫∫
s

f(x, y, z) dx dz,
∫∫
s

f(x, y, z) dy dz.

�  ± ¬®¬ ¤¥«¥ ½²¨ ²°¨ ¨²¥£° «  ´¨£³°¨°³¾² ±®¢¬¥±²®. � °¥§³«¼² ²¥ ·¥£® ¯®¿¢«¿¥²±¿ ¯®¢¥°µ®±²»©
¨²¥£° « ¢²®°®£® °®¤  ®¡¹¥£® ¢¨¤  :∫∫

s

P (x, y, z) dy dz +Q(x, y, z) dz dx+R(x, y, z) dx dy,

£¤¥ ´³ª¶¨¨ P, Q, R ®¯°¥¤¥«¥»   ¯®¢¥°µ®±²¨ s. 5.5. �

� ¬¥· ¨¥ � 5.6. �» ®¯°¥¤¥«¨«¨ ¯®¢¥°µ®±²»© ¨²¥£° « ¢²®°®£® °®¤  ¤«¿ ¯®¢¥°µ®±²¥©, ª®²®-
°»¥ ®¤®§ ·® ¯°®¥ª²¨°³¾²±¿   ²³ ¨«¨ ¨³¾ ¯«®±ª®±²¼. �²® ®¯°¥¤¥«¥¨¥ ¬®¦¥² ¡»²¼ ° ±¯°®±²° ¥®
  ±«³· © ª³±®·®£« ¤ª®© ¯®¢¥°µ®±²¨.
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5.6. �
¢)�±®¢»¥ ±¢®©±²¢  :

�¢®©±²¢  ¨§« £ ¾²±¿ ¤«  ±«³· ¿, ª®£¤  s : z = z(x, y)
1) �±«¨ f(x, y, z) ¨²¥£°¨°³¥¬  ¯® s, ²® f(x, y, z) ®£° ¨·¥    s. �¡° ²®¥ ¥¢¥°®.
2) �±«¨ f(x, y, z) ∈ C(s), ²® f(x, y, z) ¨²¥£°¨°³¥¬  ¯® s.
3) �¨¥©®±²¼.(± ¬®±²®¿²¥«¼®)
4) �¤¤¨²¨¢®±²¼.(± ¬®±²®¿²¥«¼®)
5) ∫∫

s

C dx dy = C · S(D),
∫∫
s

C dx dy = −C · S(D),

£¤¥ D - ¯°®¥ª¶¨¿ s   xOy.
5
′
)

S(D) =
∫∫
s

dx dy = −
∫∫
s

dx dy

6) � ±«³· ¥, ¥±«¨ s ¿¢«¿¥²±¿ ¶¨«¨¤°¨·¥±ª®© ± ®¡° §³¾¹¨¬¨ ¯ ° ««¥«¼»¬¨ ®±¨ Oz, ²®∫∫
s

f(x, y, z) dx dy = 0,

².ª. «¾¡ ¿ ¨²¥£° «¼ ¿ ±³¬¬  ° ¢  0, ¯°¨ ∀ f, ∀ τ, ∀Mi.

§5.¡. �¢¥¤¥¨¥ ¯®¢¥°µ®±²®£® ¨²¥£° «  ¢²®°®£® °®¤  ª ¤¢®©®¬³ ¨²¥-
£° «³.

�°¥ ¬¡³« : �³±²¼ :
1) s § ¤   ±¢®¨¬ ³° ¢¥¨¥¬ z = z(x, y), z(x, y) ∈ C1,1

x,y(D), £¤¥ D - ¯°®¥ª¶¨¿ ¯®¢¥°µ®±²¨ s   xOy -
ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®.

2) f(x, y, z) ∈ C(s).
� ±±¬®²°¨¬:

∫∫
s

f(x, y, z) dx dy. �«¿ ®¯°¥¤¥«¥®±²¨ ° ±±¬®²°¨¬:

∫∫
s

f(x, y, z) dx dy = limlλ→0suml
n
i=1f(xi, yi, zi)s(Di) = (∗)

¯°¨ ½²®¬ (xi, yi, zi) ∈ si, ².¥. zi = z(xi, yi);

(∗) = lim
λ→0

n∑
i=1

f(xi, yi, z(xi, yi))s(Di)︸ ︷︷ ︸ (z)

�²® ¨ ¥±²¼ ®¤  ¨§ ¢®§¬®¦»µ ¨²¥£° «¼»µ ±³¬¬ ¤«¿ ¤¢®©®£® ¨²¥£° « ∫∫
D

f(x, y, z(x, y)) dx dy

︸ ︷︷ ︸
↓

´³ª¶¨¿ ¥¯°¥°»¢ 
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(z)
∫∫
D

f(x, y, z(x, y)) dx dy

, £¤¥

λ(τ) = max
i

diam si

l
λ
′
(τ) = max

i
diam Di

λ(τ)→ 0 ⇔ λ
′
(τ)→ 0

�®¦¥¬ ¯®«¼§®¢ ²¼±¿ «¾¡»¬ ¨§ ½²¨µ ¤¢³µ λ
�¥®°¥¬  C 5.1:

( ¯¥°¢ ¿ ²¥®°¥¬  ® ±¢¥¤¥¨¨ ¯®¢¥°µ®±²®£® ¨²¥£° «  ª ¤¢®©®¬³ ¨²¥£° «³):
�³±²¼ ¢»¯®«¥» ³±«®¢¨¿ 1 ¨ 2.
�®£¤ : ¨¬¥¾² ¬¥±²® ´®°¬³«»:

(∗)
∫∫
s

f(x, y, z) dx dy =
∫∫
D

f(x, y, z(x, y)) dx dy;

(∗∗)
∫∫
s

f(x, y, z) dx dy = −
∫∫
D

f(x, y, z(x, y)) dx dy

5.1. B
�°¨¬¥°:

O
∫∫
S+

z dx dy S : x2 + y2 + z2 = 1.

O
∫∫
S+

z dx dy =
∫∫
s1

+
∫∫
s2

= (∗)

z

∣∣∣∣∣
s1

=
√

1− x2 − y2

z

∣∣∣∣∣
s2

= −
√

1− x2 − y2

∫∫
D

√
1− x2 − y2 dx dy −

∫∫
D

(−
√

1− x2 − y2) dx dy = 2 ·
∫∫
D

√
1− x2 − y2 dx dy =

= 2 ·
2π∫
0

dφ

1∫
0

r
√

1− z2dr = 2π(−r2)3/2

∣∣∣∣∣
1

0

2/3 = 4/3π.

�¥®°¥¬  C 5.2: (�²®° ¿ ²¥®°¥¬  ® ±¢¥¤¥¨¨ ¯®¢¥°µ®±²®£® ¨²¥£° «  ¢²®°®£® °®¤  ª ¤¢®©®¬³):
�³±²¼:
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1) �®¢¥°µ®±²¼ s § ¤   ±¢®¨¬¨ ¯ ° ¬¥²°¨·¥±ª¨¬¨ ³° ¢¥¨¿¬¨ (∗)
x = x(u, v)
y = y(u, v)
z = z(u, v),

£¤¥ x(u, v), y(u, v), z(u, v) ∈ C1,1
u,v(D), £¤¥ D ⊂ R2 - ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®,

2) rank[J] =


∂x

∂u

∂y

∂u

∂z

∂u
∂x

∂v

∂y

∂v

∂z

∂v

 = 2,

3) P (x, y, z), Q(x, y, z), R(x, y, z) ∈ C(s) — ´³ª¶¨¨ ¥¯°¥°»¢»   ¯®¢¥°µ®±²¨.

�®£¤ : ¨¬¥¥² ¬¥±²® ´®°¬³« :

(∗ ∗ ∗)
∫∫
s

P (x, y, z) dy dz +Q(x, y, z) dz dx+R(x, y, z) dx dy =

= ±
∫∫
D

[P (x(u, v), y(u, v), z(u, v)) ·A+Q(x(u, v), y(u, v), z(u, v)) ·B +R(x(u, v), y(u, v), z(u, v)) · C] du dv,

£¤¥ A, B, C - ª®½´´¨¶¨¥²» �ª®¡¨ ¯®¢¥°µ®±²¨ s (².¥. ¬¨®°» ¬ ²°¨¶» �ª®¡¨, ¢§¿²»¥ ¢ ¥±²¥±²¢¥®¬
¯®°¿¤ª¥, ¯°¨ ½²®¬ ¢»¡®° § ª  + ¨«¨ - ±¢¿§  ± ¢»¡®°®¬ ±²®°®» ¯®¢¥°µ®±²¨ s ¢ ¨²¥£° «¥, ±²®¿¹¥¬
¢ «¥¢®© · ±²¨. � ±«³· ¥ § ¬ª³²®© ¯®¢¥°µ®±²¨ ¢»¡®° § ª  + ¡³¤¥² ¨¬¥²¼ ¬¥±²®, ª®£¤  ¯° ¢®©
®°¨¥² ¶¨¨   ¯«®±ª®±²¨ uv ±®®²¢¥²±²¢³¥² ¢»¡®° ¢¥¸¥© ®°¬ «¨ s.) 5.2. B

�°¨¬¥°:

(I) =
∫∫
s

dydz

xα
= (∗)

s :
x2

a2 +
y2

b2
+
z2

c2
= 1⇔


x = a cosu cos v
y = b sinu cos v
z = c sin v

x > 0, y > 0, z > 0
0 6 u 6 π/2, 0 6 v 6 π/2

A =

 ∂y∂u ∂z

∂u
∂y

∂v

∂z

∂v

 =
[

b cosu cos v 0
b sinu sin v c cos v

]
= bc cosu cos2 v.

(∗) =
∫∫
D

bc cosu cos2 v

aα cosα u cosα v
du dv =

bc

aα

π/2∫
0

cos1−α u du

π/2∫
0

cos2−α v dv =
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=
bc

4aα
·B(1/2, 1− α/2) ·B(1/2, 3/2− α/2) =

({
1− α/2 > 0
3/2− α/2 > 0

⇒ α < 2

)
=

=
bc

4aα
· Γ(1/2) · Γ(1− 1/2)

Γ(3/2− α/2)
· Γ(1/2) · Γ(3/2− α/2)

Γ(3/2− α/2)
=
πbc

4aα
· Γ(1− 1/2)

(1− 1/2) · Γ(1− 1/2)
=

πbc

4aα(1− 1/2)
,

£¤¥ α < 2.
�¯° ¦¥¨¥

O
∫∫
S

dzdx

y
+
dzdy

y
+
dxdy

z
; s :

x2

a2 +
y2

b2
+
z2

c2
= 1.

§5.¢. �®°¬³«  � ³±± .

�¥®°¥¬  C 5.3: (�®°¬³«  � ³±± ):
�³±²¼:
1) �¨«¨¤°¨·¥±ª¨© ¡°³± V ®£° ¨·¥ ±¨§³ ¯®¢¥°µ®±²¼¾ s1 : z = z1(x, y), ±¢¥°µ³ s2 : z = z2(x, y),

£¤¥z1(x, y) ¨ z2(x, y) ∈ C1,1
x,y(D) ² ª¨¥, ·²® z1(x, y) 6 z2(x, y) ∀ (x, y) ∈ D,D - ¯°¥ª¶¨¿ ¡°³±    xOy,  

± ¡®ª®¢ ® ®£° ¨·¥ ¶¨«¨¤°¨·¥±ª®© ¯®¢¥°µ®±²¼¾ s3, ®¡° §³¾¹¨¥ ª®²®°®© ¯ ° ««¥«¼» Oz,    ¯° -
¢«¿¾¹¥© ±«³¦¨² ª³±®·®£« ¤ª ¿ § ¬ª³² ¿ ª°¨¢ ¿, ®£° ¨·¨¢ ¾¹ ¿ D,

2) ´³ª¶¨¿ R(x, y, z), ∂R∂z (x, y, z) ∈ C(V ), £¤¥ V : V ∪ s, s : s1 ∪ s2 ∪ s3
�®£¤ : ¨¬¥¥² ¬¥±²® ´®°¬³«  (1):

(1) O
∫∫
S+

R(x, y, z) dx dy =
∫∫∫
V

∂R

∂z
dx dy dz

5.3. B

�®ª § ²¥«¼±²¢® � C ??. � ±±¬®²°¨¬:∫∫∫
V

∂R

∂z
dx dy dz

�®£« ±® ¯¥°¢®© ²¥®°¥¬¥ ® § ¬¥¥ ²°®©®£® ¨²¥£° «  ª ¯®¢²®°®¬³ ⇒:

⇒
∫∫
D

 z2(x,y)∫
z1(x,y)

∂R

∂z

 dx dy =
∫∫
D

R(x, y, z)

∣∣∣∣∣
z2(x,y)

z1(x,y)

dx dy =

∫∫
D

R(x, y, z2(x, y)) dx dy −
∫∫
D

R((x, y, z1(x, y)) = ¯°¨¬¥¨¬ ¯¥°¢³¾ ²¥®°¥¬³ ® ±¢¥¤¥¨¨ ¯®¢¥°µ®±²®£®

¨²¥£° «  ¢²®°®£® °®¤  ª ¤¢®©®¬³ =
∫∫
s2

R(x, y, z) dx dy +
∫∫
s1

R(x, y, z) dx dy+
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+
∫∫
s3

R(x, y, z) dx dy

︸ ︷︷ ︸
= O

∫∫
S

R(x, y, z) dx dy;

‖
0 (±®£«. ±¢®©±²¢³ 6).

�.².¤. ?? B �.

� ¬¥· ¨¥ � 5.7. � «®£¨·® ¢»¢®¤¿²±¿ ´®°¬³«» (2) ¨ (3):

(2) O
∫∫
S+

Q(x, y, z) dz dx =
∫∫∫
V

∂Q

∂y
(x, y, z) dx dy dz

(3) O
∫∫
S+

P (x, y, z) dy dz =
∫∫∫
V

∂P

∂x
(x, y, z) dx dy dz

5.7. �

� ¬¥· ¨¥ � 5.8. � ±«³· ¥ ¥±«¨ ®¡« ±²¼ V ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾, ¯°¨ ª®²®°®¬ ±¯° ¢¥¤«¨¢»
´®°¬³«» (1), (2), (3), ²® ¬®¦® § ¯¨± ²¼ ®¡®¡¹¥³¾ ´®°¬³«³:

(4) O
∫∫
S+

P dy dz +Q dz dx+R dx dy =
∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz

5.8. �

� ¬¥· ¨¥ � 5.9. �» ¤®ª § «¨ ´®°¬³«³ � ³±±  ¤«¿ ®¡« ±²¥© ±¯¥¶¨ «¼®£® ¢¨¤ , ®¤ ª® ¬®¦®
¤®ª § ²¼, ·²® ½²  ´®°¬³«  ±¯° ¢¥¤«¨¢  ¤«¿ ¯°®¨§¢®«¼®© ®¡« ±²¨ V, ®£° ¨·¥®© § ¬ª³²®© ª³±®·®-
£« ¤ª®© ¯®¢¥°µ®±²¼¾ s. 5.9. �
�«¥¤±²¢¨¥ 1 ¨§ VI.5.3. (�»° ¦¥¨¥ ¤«¿ ®¡º¥¬  ²¥«  ·¥°¥§ ¯®¢¥°µ®±²»© ¨²¥£° «) :

�³±²¼: ª³¡¨°³¥¬®¥ ²¥«® V ®£° ¨·¥® § ¬ª³²®© ª³±®·®£« ¤ª®© ¯®¢¥°µ®±²¼¾ s.
�®£¤ : ®¡º¥¬ ½²®£® ²¥« 

V (V ) =
∫∫∫
V

dx dy dz

¡¥±ª®¥·»¬ ¬®¦¥±²¢®¬ ±¯®±®¡®¢ ¬®¦¥² ¡»²¼ § ¯¨±  ¯°¨ ¯®¬®¹¨ ¯®¢¥°µ®±²®£® ¨²¥£° «  ¯® ¯®-
¢¥°µ®±²¨ s. 1 ¨§ VI.5.3.
� ¯°¨¬¥°:

V = O
∫∫
S+

x dy dz = O
∫∫
S+

y dx dz = O
∫∫
S+

z dx dy ⇒

⇒ (5) V = 1/3 O
∫∫
S

x dy dz + y dx dz + z dx dy.
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§5.£. �¢¿§¼ ¬¥¦¤³ ¯®¢¥°µ®±²»¬¨ ¨²¥£° « ¬¨ ¯¥°¢®£® ¨ ¢²®°®£® °®¤®¢.

�³±²¼:

1) ¯®¢¥°µ®±²¼ s : z = z(x, y), £¤¥ z(x, y) ∈ C(D),£¤¥ D ¯°®¥ª¶¨¿ ¯®¢¥°µ®±²¨ s   ¯«®±ª®±²¼ xOy
¥±²¼ ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®,

2) f(M) = f(x, y, z).

� ¯®¬¨¬, ·²® ° ¥¥ ¡»«® ¤®ª § ®, ·²® ¯«®¹ ¤¼ S(s) ¯®¢¥°µ®±²¨ s ¢»·¨±«¿¥²±¿ ¯® ´®°¬³«¥

S(s) =
∫∫
D

dx dy

cos γ

£¤¥ γ — ³£®«, ®¡° §®¢ »© ®°¬ «¼¾ −→n ± ®±¼¾ Oz.

3) τ = τ(s1, s2, . . . , sn) - ¯°®¨§¢®«¼®¥ ° §¡¨¥¨¥ s, Di - ¯°®¥ª¶¨¿ si   ¯«®±ª®±²¼ xOy.

� ±±¬®²°¨¬ ¯®¢¥°µ®±²»© ¨²¥£° « 2-£® °®¤ ∫∫
s

f(M) dx dy .

� ¬¥²¨¬, ·²® ® ±³¹¥±²¢³¥² ².ª. ¯®¢¥°µ®±²¼ ®¡« ¤ ¥² ³¦®© ±²¥¯¥¼¾ £« ¤ª®±²¨ ⇒ ® ¬®¦¥² ¡»²¼
¢»·¨±«¥ ± ±®®²¢¥²±²¢³¾¹¨¬ ¢»¡®°®¬ ¯°®¬¥¦³²®·»µ ²®·¥ª.

S(si) =
∫∫
Di

dx dy

| cos γ|
= ♣

| cos γ| =

{
cos γ ¥±«¨ M ∈ s+

cos γ ¥±«¨ M ∈ s−

♣ =
∫∫
Di

dx dy

cos γ
= ²¥®°¥¬  ® ±°¥¤¥¬ =

1
cos γi

· s(Di)

£¤¥ γ - ³£®« ®¡° §³¥¬»© ®°¬ «¼¾ ¢ ¥ª®²®°®© ¯°®¬¥¦³²®·®© ²®·ª¥ M i ∈ si ⇒ s(Di) = cos γi ¬»
¬®¦¥¬:

S(si) =
∫∫
s

f(M) dx dy = lim
λ(τ)→0

Iτ (Mi) = ±¯¥¶. ¢»¡®° = lim
λ(τ)→0

Iτ (M i) = lim
λ(τ)→0

n∑
i=1

f(M i) · s(Di) =

= lim
λ(τ)→0

n∑
i=1

f(M i) · cos γ =
∫∫
s

f(M) · cos γds =
∫∫
s

f(x, y, z) · cos γds⇒ ¢»¢¥¤¥  ´®°¬³«  (1)

(1)
∫∫
s

f(x, y, z)dx dy =
∫∫
s

f(x, y, z) · cos γds
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� «®£¨·® ³±²  ¢«¨¢ ¥¬ ´®°¬³«³ (2):

(2)
∫∫
s

f(x, y, z) dx dy =
∫∫
s

f(x, y, z) · cos γds

�§ (1) ¨ (2) ⇒ ²¥®°¥¬ :
�¥®°¥¬  C 5.4: (® ±¢¿§¨ ¯®¢¥°µ®±²»µ ¨²¥£° «®¢ ¯¥°¢®£® ¨ ¢²®°®£® °®¤®¢.)

�³±²¼: 1)¯®¢¥µ®±²¼ s § ¤   ±¢®¨¬ ³° ¢¥¨¥¬ s : z = z(x, y), £¤¥ z(x, y) ∈ C1,1
x,y(D), £¤¥ D - ¯°®¥ª¶¨¿

s   xOy - ª¢ ¤°¨°³¥¬®¥ ¬®¦¥±²¢®
2)f(M) ∈ C(s).
�®£¤  : ±¯° ¢¥¤«¨¢  ´®°¬³«  (3):

(3)
∫∫
s

f(x, y, z) dx dy =
∫∫
s

f(x, y, z) · cos γds,

£¤¥ γ - ³£®«, ®¡° §³¥¬»© ®°¬ «¼¾ ¯®¢¥°µ®±²¨ s ± ®±¼¾ Oz,   ¯®¢¥°µ®±²¼ s ¢ «¥¢®© · ±²¨ ´®°¬³«»
(3) ¡¥°¥²±¿ ¯® «¾¡®© ±²®°®¥ ¯®¢¥°µ®±²¨ s. 5.4. B

� ¬¥· ¨¥ � 5.10. � «®£¨·® ¤®ª §»¢ ¥²±¿ ¯°¨ ±®®²¢¥²±²¢³¹¨µ ¯°¥¤¯®«®¦¥¨¿µ ´®°¬³«  (4):

(4)
∫∫
s

f(x, y, z) dz dy =
∫∫
s

f(x, y, z) · cosβds

  ² ª¦¥ ´®°¬³«  (5):

(5)
∫∫
s

f(x, y, z) dy dz =
∫∫
s

f(x, y, z) · cosαds

£¤¥ α, β, γ ³£«», ®¡° §®¢ »¥ ®°¬ «¼¾ ¯®¢¥°µ®±²¨ ± ®±¿¬¨ Oz, Oy, Ox. 5.10. �
� ¬¥· ¨¥ � 5.11.

(6)
∫∫
s

P dy dz +Q dz dx+R dx dy =
∫∫
s

(P · cosα+Q · cosβ +R · cos γ)ds

�°¨·¥¬ ´®°¬³«  (6) ±¯° ¢¥¤«¨¢  ¤«¿ «¾¡®© ª³±®·®£« ¤ª®© ¤¢³µ±²®°®¥© ¯®¢¥°µ®±²¨ s ¯°¨ ³±«®¢¨¿µ,
·²® P,Q,R ∈ C(s),¯°¨·¥¬ α, β, γ ³£«», ®¡° §®¢ »¥ ®°¬ «¼¾ ª s ± ®±¿¬¨ ª®®°¤¨ ²,   ¯®¢¥°µ®±²¨ s ¢
«¥¢®© · ±²¨ ´®°¬³«» (6) ¡¥°¥²±¿ ¯® «¾¡®© ±²®°®¥ ¯®¢¥°µ®±²¨ s. 5.11. �

� ¬¥· ¨¥ � 5.12. �°³£ ¿ § ¯¨±¼ ´®°¬³«» � ³±± 
� ±±¬®²°¨¬:

O
∫∫
S

P · cosα+Q · cosβ +R · cos γ = ( ¨§ (6)) = O
∫∫
S+

P dy dz +Q dz dx+R dx dy = (¨§ ´®°¬³«» � ³±± ) =

=
∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz. �®«³·¨¬:

(7) O
∫∫
S

(P · cosα+Q · cosβ +R · cos γ) ds =
∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
ds

¢ ¯°¥¤¯®«®¦¥¨¥ ±³¹¥±²¢³¥² ®¡« ±²¼ V, ®£° ¨·¥ ¿ ª³±®·®£« ¤ª®© § ¬ª³²®© ¯®¢¥°µ®±²¼¾ s.�³ª¶¨¨
P,Q,R, ∂P∂x ,

∂Q
∂y ,

∂R
∂z ∈ C(V ) £¤¥ V = V ∪ s 5.12. �
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§5.¤. �¥ª²®° ¿ § ¯¨±¼ ´®°¬³«» � ³±± .

�³±²¼:

1) ¨¬¥¥²±¿ V ∈ R3 - ®¡« ±²¼, ®£° ¨·¥ ¿ ª³±®·®£« ¤ª®© ¯®¢¥°µ®±²¼¾ s;

2) ¢ V § ¤ ® ¢¥ª²®°®¥ ¯®«¥ ~A(τ) = ~A(x, y, z) = (Ax Ay Az) £¤¥ ±ª «¿°»¥ ´³ª¶¨¨ Ax Ay Az
¥¯°¥°»¢» ±® ±¢®¨¬¨ · ±²»¬¨ ¯°®¨§¢®¤»¬¨.

�¯°¥¤¥«¥¨¥ C C 5.3. �»° ¦¥¨¥

O
∫∫
S

( ~A,~n)ds = O
∫∫
S

~Ands

(£¤¥ ~n = (cosα, cosβ, cos γ) - ¥¤¨¨·»© ¢¥ª²®° ®°¬ «¨ ª ¯®¢¥°µ®±²¨) - ¯®²®ª ¢¥ª²®°®£® ¯®«¿ A
·¥°¥§ ¯®¢¥°µ®±²¼ s. 5.3. B B

�¯°¥¤¥«¥¨¥ C C 5.4.

∂Ax

∂x
+
∂Ay

∂y
+
∂Az

∂z
= div ~A− ¤¨¢¥°£¥¶¨¿ ¢¥ª²®°®£® ¯®«¿ A, ±ª «¿° ¿ ´³ª¶¨¿.

5.4. B B

�§ ®¯°¥¤¥«¥¨© 1, 2 ¨ ´®°¬³«» (7) ⇒

O
∫∫
S

( ~A,~n)ds =
∫∫∫
V

div ~AdV − ¢¥ª²®° ¿ § ¯¨±¼ ´®°¬³«» � ³±± .

�°¨¬¥°: � ©²¨ ¯®²®ª ¢¥ª²®°  ~A = (x3y3z3) ·¥°¥§ ¯®¢¥°µ®±²¼ s : x2 + y2 + z2 = 1 ¨§ ´®°¬³«» � ³±± .

O
∫∫
S

( ~A,~n)ds = 3
∫∫∫
V

(x2 + y2 + z2) dx dy dz =

� ±´¥°¨·¥±ª¨µ ª®®°¤¨ ² µ:

= 3

2π∫
0

dϕ

π/2∫
0

dQ

sinQ∫
0

τ2r2 cosQdr = 6π/5

π/2∫
0

sin5Q cosQdQ = π/6 sin6Q

∣∣∣∣∣
π/2

0

=
π

5

§5.¥. �°¨²¥°¨© ° ¢¥±²¢  ³«¾ ¨²¥£° «  ¯® § ¬ª³²®© ¯®¢¥°µ®±²¨ ¢²®-
°®£® °®¤ .

�¯°¥¤¥«¥¨¥ C C 5.5. �¡« ±²¼ V ⊂ R3  §»¢ ¥²±¿ ¯°®±²° ±²¢¥® ®¤®±¢¿§®© ¥±«¨ ½²®©
®¡« ±²¨ ¢¬¥±²¥ ± «¾¡®© § ¬ª³²®© ¯®¢¥°µ®±²¼¾ ±³¹¥±²¢³¹¥© ¢ ½²®© ®¡« ±²¨ ±³¹¥±²¢³¥² ² ª¦¥
¢³²°¥®±²¼ ½²®© ¯®¢¥°µ®±²¨.(®¡« ±²¼ ¡¥§ ¤»°) 5.5. B B

�¥®°¥¬  C 5.5: �³±²¼:
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1) V — ¯°®±²° ±²¢¥®-®¤®±¢¿§ ¿ ®¡« ±²¼;

2) P,Q,R, ∂P∂x ,
∂Q
∂y ,

∂R
∂z ∈ C(V ).

�®£¤ : ·²®¡» ¨²¥£° « ®² ¢¥ª²®°-´³ª¶¨¨
−−−−−−→{P,Q,R} ¯® «¾¡®© § ¬ª³²®© ª³±®·®£« ¤ª®© ¯®¢¥°µ®-

±²¨ s ¯° ¤«¥¦ ¹¥©  ¸¥© ®¡« ±²¨ V ° ¢¿«±¿ ³«¾, ¥®¡µ®¤¨¬® ¨ ¤®±² ²®·®, ·²®¡» ±³¬¬  · ±²»µ
¯°®¨§¢®¤»µ ´³ª¶¨© P, Q ¨ R ° ¢¿« ±¼ ³«¾, ².¥.:

O
∫∫
S+

P dy dz +Q dx dz +R dx dy = 0⇔ ∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= 0 (∀s, V, ∀(x, y, z) ∈ V )

5.5. B

�®ª § ²¥«¼±²¢® � C VI.5.5.
�®ª § ²¥«¼±²¢® ¥®¡µ®¤¨¬®±²¨ ®¯³±ª ¥¬.
�®±² ²®·®±²¼.� ®:

∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= 0

∀(x, y, z) ∈ V ⇒ O
∫∫
S+

P dy dz +Q dz dx+R dx dy =

∫∫∫
D

∂P
∂x

+
∂Q

∂y
+
∂R

∂z︸ ︷︷ ︸
 dx dy dz

‖
0 .

£¤¥ D - ¢³²°¥®±²¼ ¯®¢¥°µ®±²¨ s⇒( ±®£« ±® ³±«®¢¨¾ ®¤®±¢¿§®±²¨)⇒D ⊂ V ⇒= 0 �.².¤. VI.5.5 B �.

�°¨¬¥°, ¯®ª §»¢ ¾¹¨©, ·²® ³±«®¢¨¥ ®¤®±¢¿§®±²¨ ®¡« ±²¨ ±³¹¥±²¢¥®:

s : x2 + y2 + z2 = 1
∫∫
s+

x dy dz + y dx dz + z dx dy

(x2 + y2 + z2)3/2 V : 1/4 < x2 + y2 + z2 < 4

�±¥ ³±«®¢¨¿ ª°®¬¥ ®¤®±¢¿§®±²¨ ¢»¯®«¥».

P =
x

(x2 + y2 + z2)3/2 ;
∂P

∂x
=

(x2 + y2 + z2)3/2 + x · 3/2(x2 + y2 + z2)1/2 · 2x
(x2 + y2 + z2)3 =

=
x2 + y2 + z2 − 3x2 + x2 + y2 + z2 − 3z2

(x2 + y2 + z2)5/2 = 0

∂P

∂x
+
∂Q

∂y
+
∂R

∂z
=
x2 + y2 + z2 − 3x2 + x2 + y2 + z2 − 3y2

(x2 + y2 + z2)5/2
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� ®¤®© ±²®°®» div = 0.

O
∫∫
S+

x dy dz + y dz dx+ z dx dy

(x2 + y2 + z2)3/2 s : x2 + y2 + z2 = 1


x = cosu cos v
y = sinu cos v
z = sin v.

J =
∣∣∣∣ − sinu cos v cosu cos v 0
− cosu sin v − sinu sin v cos v

∣∣∣∣
A = cosu cos2 v, B = sinu cos2 v, C = sin2 u sin v cos v + cos2 u sin v cos v = sin v cos v

∫∫
S

x dy dz + y dz dx+ z dx dy

(x2 + y2 + z2)3/2 =
∫∫
D

(cos2 u cos3 v + sin2 u cos3 v + . . . ) =

=
∫∫
D

cos v du dv =

2π∫
0

du

π/2∫
−π/2

cos v dv = 4π 6= 0.

�¯° ¦¥¨¥ C � 5.1. ®ª § ²¼, ·²® ³±«®¢¨¥ ¯°®±²° ±²¢¥®© ®¤®±¢¿§®±²¨ ¢ ®¡« ±²¨ V ¥ ¿¢«¿-
¥²±¿ ¥®¡µ®¤¨¬»¬. 5.1. � B

s : x2 + y2 + z2 = 1 V = 1/4 < x2 + y2 + z2 < 4

∫∫
S+

y − z
x2 + y2 + z2 dy dz +

z − x
x2 + y2 + z2 dz dx+

x− y
x2 + y2 + z2 dx dy.

�¾¡®© ¨§ ½²¨µ ¢®¯°®±®¢ § ¬¥¿¥²±¿ ´®°¬³«®© � ³±± . (4 ¨ 5 ¯³ª² §6.)



����� VII

�°¨«®¦¥¨¥ 1. �®¯°®±» ¨ § ¤ ·¨ ª ª®««®ª¢¨³¬³.

�®¯°®±» ª ª®««®ª¢¨³¬³ ±®±²®¿² ¨§ ²°¥̈µ · ±²¥©.
�¥°¢»¥ ¤¢¥ · ±²¨ ¤¥©±²¢¨²¥«¼® ®¡° §³¾² ¢®¯°®±» ª ª®««®ª¢¨³¬³.
�°¥²¼¿ · ±²¼ — ½²® ¢®¯°®±» ª § ·¥̈²³.
�±¥ ²°¨ · ±²¨, ¢§¿²»¥ ¢¬¥±²¥ — ½²® ¢®¯°®±» ª ½ª§ ¬¥³.

§1. �®¯°®±» ª ª®««®ª¢¨³¬³. � ±²¼ 1.

1) �®ª § ²¼ ª°¨²¥°¨© �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨. �»¢¥±²¨
¨§ ¥£® ª°¨²¥°¨© �®¸¨ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤ . �®ª § ²¼, ·²® ¥±«¨ ´³ª-

¶¨® «¼»© °¿¤
∞∑
n=1

un(x) ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E, ¨ ¥±«¨ ´³ª¶¨¿ ϕ(x) — ®£° ¨·¥ 

  ¬®¦¥±²¢¥ E, ².¥. |ϕ(x)| 6 M ∀x ∈ E, ²® ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

ϕ(x)un(x) ±µ®¤¨²±¿ ° ¢®-

¬¥°®   E.

2) �»¢¥±²¨ ¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤ .

�  ¯°¨¬¥°¥
∞∑
n=1

1
x2 + n

, x ∈ R ¯®ª § ²¼, ·²® ½²® ³±«®¢¨¥ ¿¢«¿¥²±¿ ¥ ¤®±² ²®·»¬.

3) �»¢¥±²¨ ¯°¨§ ª �¥©¥°¸²° ±±  ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼®£® °¿¤ .

�°¨¬¥´̈¬ «¨ ½²®² ¯°¨§ ª ª °¿¤³
+∞∑
n=1

(−1)n+1

x2 + n
, x ∈ R ?

�®ª ¦¨²¥, ·²® ½²®² °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E = R.

4) �´®°¬³«¨°³©²¥ ¯°¨§ ª �¨°¨¸«¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ´³ª¶¨® «¼»µ °¿¤®¢.

�®ª ¦¨²¥, ·²® ´³ª¶¨® «¼»© °¿¤
∞∑
n=1

sinnx
n

±µ®¤¨²±¿ ° ¢®¬¥°®   ¬®¦¥±²¢¥ E =
[
π

2
;

3π
2

]
.

�°¨¬¥´̈¬ «¨ ª ½²®¬³ °¿¤³ ¯°¨§ ª �¥©¥°¸²° ±±    ¬®¦¥±²¢¥ E?

5) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¥¯°¥°»¢®±²¨ ¯°¥¤¥«¼®© ´³ª¶¨¨ ´³ª¶¨® «¼®© ¯®±«¥¤®¢ ²¥«¼®±²¨.
�®ª ¦¨²¥, ·²® ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¢ ½²®© ²¥®°¥¬¥ ±³¹¥±²¢¥®.
�´®°¬³«¨°³©²¥   «®£¨·³¾ ²¥®°¥¬³ ¤«¿ ±³¬¬» ´³ª¶¨® «¼®£® °¿¤ .

6) �¢«¿¥²±¿ «¨ ³±«®¢¨¥ ° ¢®¬¥°®© ±µ®¤¨¬®±²¨   ¬®¦¥±²¢¥ E ¥®¡µ®¤¨¬»¬ ¤«¿ ¥¯°¥°»¢®±²¨
±³¬¬» ´³ª¶¨® «¼®£® °¿¤ ? � ±±¬®²°¨²¥ ¯°¨¬¥°
∞∑
n=1

[
nxe−nx − (n− 1)xe−(n−1)x

]
, E = [0, 1].

131
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7) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨ ´³ª¶¨® «¼®£® °¿¤ .

�  ¯°¨¬¥°¥ °¿¤ 
∞∑
n=1

[
nxe−nx

2 − (n− 1)xe−(n−1)x2
]
, x ∈ [0, 1] ¯®ª ¦¨²¥, ·²® ³±«®¢¨¥ ° ¢®¬¥°®©

±µ®¤¨¬®±²¨ ¢ ½²®© ²¥®°¥¬¥ ¿¢«¿¥²±¿ ±³¹¥±²¢¥»¬.

8) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨ ´³ª¶¨® «¼®£® °¿¤ .

�  ¯°¨¬¥°¥ ´³ª¶¨® «¼®£® °¿¤ 
∞∑
n=1

[
nxe−nx − (n− 1)xe−(n−1)x

]
, x ∈ [0, 1] ¯®ª ¦¨²¥, ·²® ³±«®¢¨¥

° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ¢ ½²®© ²¥®°¥¬¥ ¥ ¿¢«¿¥²±¿ ¥®¡µ®¤¨¬»¬.

9) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ´³ª¶¨® «¼®£® °¿¤ .
�´®°¬³«¨°³©²¥   «®£¨·³¾ ²¥®°¥¬³ ¤«¿ ¯®±«¥¤®¢ ²¥«¼®±²¥©.

10) �®ª ¦¨²¥ ¯¥°¢³¾ ²¥®°¥¬³ �¡¥«¿ ® ±²¥¯¥»µ °¿¤ µ.
� ©²¥ ®¯°¥¤¥«¥¨¥ ° ¤¨³±  ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .

11) � ©²¥ ®¯°¥¤¥«¥¨¥ ° ¤¨³±  ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ .
�®ª ¦¨²¥ ²¥®°¥¬³ ® ° ¤¨³±¥ ±µ®¤¨¬®±²¨.
�°¨¢¥¤¨²¥ ¯°¨¬¥° ±²¥¯¥®£® °¿¤ , ³ ª®²®°®£®:
a) R = 0, ¡) R =∞, ¢) R = 3.

12) �»¢¥¤¨²¥ ´®°¬³«» ¤«¿ ° ¤¨³±  ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤ 
∞∑
n=1

cnx
n .

 ) ±µ®¤¿¹¥£®±¿ ¯°¨ x = ±R;

¡) ° ±µ®¤¿¹¥£®±¿ ¯°¨ x = ±R;

¢) ±µ®¤¿¹¥£®±¿ ¯°¨ x = R ¨ ° ±µ®¤¿¹¥£®±¿ ¯°¨ x = −R;

£) ° ±µ®¤¿¹¥£®±¿ ¯°¨ x = R ¨ ±µ®¤¿¹¥£®±¿ ¯°¨ x =R.

13) � ©²¥ ®¯°¥¤¥«¥¨¥ ¢¥°µ¥£® ¯°¥¤¥«  ¯®±«¥¤®¢ ²¥«¼®±²¨.
�´®°¬³«¨°³©²¥ ²¥®°¥¬³ �®¸¨-�¤ ¬ ° .

� ±±¬®²°¨²¥ ¯°¨¬¥°
∞∑
n=1

[2 + (−1)n]n · xn.

14) �®ª ¦¨²¥ ²¥®°¥¬» ® ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ ±²¥¯¥®£® °¿¤  ¨ ® ¥¯°¥°»¢®±²¨ ±³¬¬» ±²¥¯¥-
®£® °¿¤ .
�°¨¢¥¤¨²¥ ¯°¨¬¥° ±²¥¯¥®£® °¿¤ :

 ) ° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ ¢ (−R,R);

¡) ¥° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ ¢ (−R,R).

15) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ ±²¥¯¥®£® °¿¤ .
�°¨¬¥¨²¥ ¥¥̈ ª ° §«®¦¥¨¾: a) ln(1 + x), ¡) arctg x.

16) �´®°¬³«¨°³©²¥ ¢²®°³¾ ²¥®°¥¬³ �¡¥«¿ ® ±²¥¯¥»µ °¿¤ µ. �±¯®«¼§³¿ ½²³ ²¥®°¥¬³, ³±² ®¢¨²¥
±¯° ¢¥¤«¨¢®±²¼ ° §«®¦¥¨¿:
 ) ln(1 + x) ¯°¨ x ∈ (−1; 1];
¡) arctg x ¯°¨ x ∈ [−1; 1].

17) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ ±²¥¯¥®£® °¿¤ .

18) � ©²¥ ®¯°¥¤¥«¥¨¥ °¿¤  �¥©«®°  ¨   «¨²¨·¥±ª®© ´³ª¶¨¨. �®ª ¦¨²¥ ²¥®°¥¬³ ® °¿¤¥ �¥©«®° .
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19) �°¨¢¥¤¨²¥ ¯°¨¬¥° ¡¥±ª®¥·® ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨, ¥ ¿¢«¿¾¹¥©±¿   «¨²¨·¥±ª®©.

20) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¤®±² ²®·®¬ ³±«®¢¨¨ ° §«®¦¥¨¿ ¡¥±ª®¥·® ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨ ¢
°¿¤ �¥©«®° .

21) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  ex, sinx, cosx.

22) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  shx, chx.

23) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  (1 + x)α, α 6= 0, α 6= n ∈ N.

24) �±±«¥¤³©²¥ ¯®¢¥¤¥¨¥ ¡¨®¬¨ «¼®£® °¿¤    ª®¶ µ ¨²¥°¢ «  ±µ®¤¨¬®±²¨.

25) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  arcsin x, arcshx.
�±±«¥¤®¢ ²¼ ¯®¢¥¤¥¨¥ ½²¨µ ±²¥¯¥»µ °¿¤®¢   ª®¶ µ ¨²¥°¢ «  ±µ®¤¨¬®±²¨.

26) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  ¯®«»© ½««¨¯²¨·¥±ª¨© ¨²¥£° « 1-£® °®¤ 

K(k) =

π/2∫
0

dt√
1− k2 sin2 t

, 0 < k < 1.

27) � §«®¦¨²¥ ¢ °¿¤ �¥©«®°  ¯®«»© ½««¨¯²¨·¥±ª¨© ¨²¥£° « 2-£® °®¤ 

E(k) =

π/2∫
0

√
1− k2 sin2 t dt , 0 < k < 1.

28) � ©²¥ ®¯°¥¤¥«¥¨¥ ®°²®£® «¼®© ±¨±²¥¬» ´³ª¶¨©. �®ª ¦¨²¥ ®°²®£® «¼®±²¼ ²°¨£®®¬¥²°¨·¥-
±ª®© ±¨±²¥¬» ´³ª¶¨©   [−π;π]. �¢«¿¥²±¿ «¨ ½²  ±¨±²¥¬  ®°²®£® «¼®©   [0; π]?

29) � ©²¥ ®¯°¥¤¥«¥¨¥ ²°¨£®®¬¥²°¨·¥±ª®£® ¯®«¨®¬  ¨ ²°¨£®®¬¥²°¨·¥±ª®£® °¿¤ . �®ª ¦¨²¥, ·²® ¥
¢±¿ª ¿ ¥¯°¥°»¢ ¿ 2π-¯¥°¨®¤¨·¥±ª ¿ ´³ª¶¨¿ ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢«¥  ¢ ¢¨¤¥ ²°¨£®®¬¥²°¨·¥-
±ª®£® ¯®«¨®¬ .

30) � ©²¥ ®¯°¥¤¥«¥¨¥ °¿¤  �³°¼¥ ´³ª¶¨¨, ¨²¥£°¨°³¥¬®©   [−π;π]. �®ª ¦¨²¥ ²¥®°¥¬³: ¥±«¨ ²°¨-
£®®¬¥²°¨·¥±ª¨© °¿¤ ±µ®¤¨²±¿ ° ¢®¬¥°®   [−π;π], ²® ® ¿¢«¿¥²±¿ °¿¤®¬ �³°¼¥ ±¢®¥© ±³¬¬».

31) �»¢¥¤¨²¥ ´®°¬³«» ¤«¿ ª®½´´¨¶¨¥²®¢ �³°¼¥ ·¥̈²®© ¨ ¥·¥̈²®© ´³ª¶¨©.
� §«®¦¨²¥ f(x) = x   [0;π] ¢ °¿¤ ¯® ª®±¨³± ¬.

32) �»¢¥¤¨²¥ ª®¬¯«¥ª±³¾ ´®°¬³ § ¯¨±¨ °¿¤  �³°¼¥.

33) �»¢¥¤¨²¥ ´®°¬³«³ °¿¤  �³°¼¥   ®²°¥§ª¥ [−l, l] ¨ ±®®²¢¥²±²¢³¾¹³¾ ¥© ª®¬¯«¥ª±³¾ ´®°¬³ § ¯¨±¨.

34) �»¢¥¤¨²¥ ¯®¤£®²®¢¨²¥«¼®¥ ²®¦¤¥±²¢® �¥±±¥«¿ ¤«¿ ∆n = ∆(f ;Tn), £¤¥ f(x) — ¨²¥£°¨°³¥¬   
[−π;π],   Tn(x) — ²°¨£®®¬¥²°¨·¥±ª¨© ¯®«¨®¬.

35) �®ª ¦¨²¥ ²¥®°¥¬³ ®¡ ½ª±²°¥¬ «¼®¬ ±¢®©±²¢¥ ª®½´´¨¶¨¥²®¢ �³°¼¥ ¨ ³±² ®¢¨²¥ ²®¦¤¥±²¢® �¥±-
±¥«¿.

36) �»¢¥¤¨²¥ ¥° ¢¥±²¢® �¥±±¥«¿. �®ª ¦¨²¥ ·²® °¿¤, ±®±² ¢«¥»© ¨§ ª¢ ¤° ²®¢ ª®½´´¨¶¨¥²®¢ �³-
°¼¥, ±µ®¤¨²±¿.
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37) �®ª ¦¨²¥ «¥¬¬³ �¨¬  . �°¨¢¥¤¨²¥ ¯°¨¬¥° ¢±¾¤³ ±µ®¤¿¹¥£®±¿ ²°¨£®®¬¥²°¨·¥±ª®£® °¿¤ , ¥ ¿¢«¿-
¾¹¥£®±¿ °¿¤®¬ �³°¼¥ ¨ª ª®© ¨²¥£°¨°³¥¬®© ´³ª¶¨¨.

38) � ©²¥ ®¯°¥¤¥«¥¨¿ ª³±®·®-¥¯°¥°»¢®© ¨ ª³±®·® ¥¯°¥°»¢®-¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨. �®-
ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¤¨´´¥°¥¶¨°®¢ ¨¨ °¿¤  �³°¼¥.

39) �»¢¥¤¨²¥ ®¶¥ª³ ª®½´´¨¶¨¥²®¢ �³°¼¥.

40) �®ª ¦¨²¥, ·²® ¥±«¨ f(x) ∈ C[−π;π], f(−π) = f(π), f(x) — ª³±®·® ¥¯°¥°»¢®-¤¨´´¥°¥¶¨°³¥¬   

[−π;π], ²® °¿¤»
∞∑
n=1
|an|,

∞∑
n=1
|bn| ±µ®¤¿²±¿. (�¤¥±¼ an ¨ bn — ª®½´´¨¶¨¥²» �³°¼¥.)

�»¢¥¤¨²¥ ¯°¨§ ª ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.

41) �´®°¬³«¨°³©²¥ ±¢®©±²¢® ¯®«®²» ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬» ´³ª¶¨©. �»¢¥¤¨²¥ ±«¥¤±²¢¨¥ ®
±®¢¯ ¤¥¨¨ ¤¢³µ ¥¯°¥°»¢»µ ´³ª¶¨©, ¨¬¥¾¹¨µ ®¤¨ ¨ ²¥ ¦¥ ª®½´´¨¶¨¥²» �³°¼¥.

42) �®ª ¦¨²¥ ²¥®°¥¬³ ® ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.
�®ª ¦¨²¥ ¤«¿ ´³ª¶¨¨ f(x) = |x|, ·²® °¿¤ �³°¼¥ ½²®© ´³ª¶¨¨ ±µ®¤¨²±¿ ° ¢®¬¥°®   [−π;π] ª
½²®© ´³ª¶¨¨.
�®ª ¦¨²¥   «®£¨·®¥ ³²¢¥°¦¤¥¨¥ ¤«¿ ´³ª¶¨¨ f(x) = x2.
�«¿ ½²¨µ ¤¢³µ °¿¤®¢ �³°¼¥  °¨±³©²¥ £° ´¨ª¨ ¨µ ±³¬¬   ¢±¥© ®±¨.

43) �®ª ¦¨²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ °¿¤  �³°¼¥.

44) �´®°¬³«¨°³©²¥ ²¥®°¥¬³ ® ¯®·«¥®¬ ¨²¥£°¨°®¢ ¨¨ °¿¤  �³°¼¥. �»¢¥¤¨²¥ ¨§ ½²®© ²¥®°¥¬» ±¢®©-
±²¢® ¯®«®²» ²°¨£®®¬¥²°¨·¥±ª®© ±¨±²¥¬».

45) �´®°¬³«¨°³©²¥ ¥° ¢¥±²¢® �¥±±¥«¿.
�»¢¥¤¨²¥ ° ¢¥±²¢® � °±¥¢ «¿.

46) �´®°¬³«¨°³©²¥ ° ¢¥±²¢® � °±¥¢ «¿.
�°¨¬¥¨²¥ ¥£® ª f(x) = |x|, x ∈ [−π;π].

�»¢¥¤¨²¥ ´®°¬³«»
∞∑
n=1

1
(2n− 1)4 =

π4

96
,

∞∑
n=1

1
n4 =

π4

90
.

47) �´®°¬³«¨°³©²¥ ²¥®°¥¬³ �¨°¨¸«¥ ® «®ª «¼®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.
¤®ª ¦¨²¥ ²¥®°¥¬³ ® ° ¢®¬¥°®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.

48) � ©²¥ ®¯°¥¤¥«¥¨¿ ®¤®±²®°®¨µ ¯°¥¤¥«¼»µ ¯°®¨§¢®¤»µ.
�´®°¬³«¨°³©²¥ ²¥®°¥¬³ �¨°¨¸«¥ ® «®ª «¼®© ±µ®¤¨¬®±²¨ °¿¤  �³°¼¥.
�°¨¢¥¤¨²¥ ¯°¨¬¥° ¥° ¢®¬¥°® ±µ®¤¿¹¥£®±¿ °¿¤  �³°¼¥.
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